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CHAPTER 1 


THE NATURE AND PROPAGATION OF LIGHT 

1 1 The nature of light. Until about the middle of the 17th century, 
it was generally believed that light consisted of a stream of corpuscles. 
These corpuscles were emitted by light sources, such as the sun or a candle 
flame and traveled outward from the source in straight lines. They could 
penetrate transparent materials and were reflected from the surfaces of 
opaque materials. When the corpuscles entered the eye, the sense of sight 

thiTtest of the adequacy of any theory is its ability to account for 
known experimental facts with a minimum of hypotheses, we must admit 
that the corpuscular theory was an excellent one. The theory was called 
on to explain why light appeared to travel in straight lines, 
reflected from a smooth surface such as a mirror with the angle of reflect on 
equal to the angle of incidence, and why and how it was refracted at a 
boundary surface such as that between air and water or air and glass. 
For all of these phenomena, a corpuscular theory provides a simple ex- 

P ' aI Bv the middle of the 17th century, while most workers in the field of 
optics accepted the corpuscular theory, the idea had begun to develop 
that light might be a wave motion of some sort. Christian Huygens, in 
1670 showed that the laws of reflection and refraction could be explained 
on the basis of a wave theory and that such a theory furnished pimple 
explanation of the recently discovered phenomenon of double refract on. 

The wave theory failed of immediate acceptance, howe '' er - ^ or °" e thl °f” 
it was objected that if light were a wave motion one shou d be able to see 

around corners, since waves can bend around obstacles in their path We 
know now that the wave lengths of light waves in so short that°the 
bending, while it does actually take place, is so small that it is not ordi¬ 
narily observed. As a matter of fact, the bending of a light wave around 
the edges of an object, a phenomenon known as diffraction, was noted by 
Grimaldi as early as 1665, but the significance of his observations was not 

realised at t^e lg27 that the exper i me nts of Thomas Young and 

Augustin Fresnel on interference, and the measurements of the velocity 
of light in liquids by Leon Foucault at a somewhat later date, demonstrated 

1 
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the existence of optical phenomena for whose explanation a corpuscular 
theory was inadequate. The phenomena of interference and diffraction 
will be discussed further in Chaps. 8 and 9, where it will be shown that 
they are only what would be expected if light is a wave motion. Young’s 
experiments enabled him to measure the wave length of the waves and 
Fresnel showed that the rectilinear propagation of light, as well as the 
diffraction effects observed by Grimaldi and others, could be accounted 
for by the behaviour of waves of short wave length. 

The exact nature of light waves, and of the medium through which 
they were transmitted, remained an unsolved problem. The “ether,” 
which had been invented by Huygens as a medium of transmission and 
which was supposed to fill all of otherwise empty space and to permeate 
the pores of transparent materials, turned out to have some strikingly 
inconsistent properties. If waves of light were elastic waves similar to 
sound waves, then in order to account for the observed large velocity of 
propagat ion of light, the ether was required to be extremely rigid. Never¬ 
theless, it offered no opposition to the motion of a body, since the planets 
moved through it with no appreciable diminution of speed. 

The next great forward step in the theory of light was the work of the 
Scotch scientist, James Clerk Maxwell. In 1873, Maxwell showed that an 
oscillating electrical circuit should radiate electromagnetic waves. The 
velocity of propagation of the waves could be computed from purely 
electrical and magnetic measurements and it turned out to be very nearly 
3 X 10 s m/sec. Within the limits of experimental error, this was equal 
to the measured velocity of propagation of light. The evidence seemed 
inescapable that light consisted of electromagnetic waves of extremely 
short wave length. Fifteen years after this discovery of Maxwell, Heinrich 
Hertz, using an oscillating circuit of small dimensions, succeeded in pro¬ 
ducing short wave length waves (we would speak of them today as mi¬ 
crowaves) of undoubted electromagnetic origin and showed that they 
possessed all the properties of light waves. They could be reflected, re¬ 
fracted. focussed by a lens, polarized, and so on, just as could waves of 
light. Maxwell’s electromagnetic theory of light and its experimental 
justification by Hertz constituted one of the triumphs of physical science. 
By the end of t he 19th century it was the general belief that little, if any¬ 
thing, would be added in the future to our knowledge of the nature of 
light. Such was not to be the case. 

The classical electromagnetic theory failed to account for the phe¬ 
nomenon of Photoelectric emission, that is, the ejection of electrons from 
a conductor by light incident on its surface. In 1905, Einstein extended 
an idea proposed five years earlier by Planck and postulated that the 
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energy in a light beam, instead of being distributed through space in the 
electric and magnetic fields of an electromagnetic wave, was concentrated 
in small packets or photons. A vestige of the wave picture was retained, 
in that a photon was still considered to have a frequency, and the energy 
of a photon was proportional to its frequency. The mechanism of the 
photoelectric effect consisted in the transfer of energy from a photon to an 
electron. Experiments by Millikan showed that the kinet.c energies of 
photoelectrons were in exact agreement with the formula proposed by 

^"stmanother striking confirmation of the photon nature of light is the 
Compton effect. A. H. Compton, in 1921, succeeded in determining the 
motion of a photon and a single electron, both before and after a collision 
between them, and found that they behaved like material bodies haring 
kinetic energy and momentum, both of which were conserved in the 
collision. The photoelectric effect and the Compton effect, then, both 
seem to demand a return to a corpuscular theory of light. 

The present standpoint of physicists, in the face of apparently contra¬ 
dictory experiments, is to accept the fact that light appears to be dual*tic 
in nature. The phenomena of light propagation may best be explained by 
the electromagnetic wave theory, while the interaction of light with matter, 
in the processes of emission and absorption, is a corpuscular phenomenon. 

In the preceding discussion, the term “light” has been used in a purely 
objective or physical sense, with reference to electromagnetic waves or 
photons. The same word is used in a psychological or subjective sense to 
refer to the sensation in the consciousness of a human observer when 
electromagnetic waves, or photons, strike the retina of his eye. A com¬ 
mittee of the Optical Society of America has proposed a third definition 
of the term which combines both its objective and subjective aspects and 
is described as psychophysical. According to this definition, "Light isThat 
aspect of radiant energy of which a human observer is aware through the 
visual sensations which arise from stimulation of the retina of the eye. 
For the present, we shall be concerned only with the first, or objective, 

meaning of the word light. 

1 2 Wave fronts and rays. It is convenient to represent a train of 
waves of any sort by means of wave fronts. A wave front ,s defined as the 
locus of points, all of which are in the same phase. Thus in the case of 
sound waves spreading out in all directions from a point source any 
spherical surface concentric with the source is a possible wave front. 
Some spherical surfaces are the loci of points at which the pressure is a 
maximum, others where it is a minimum, and so on, but the phase of t 
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pressure waves is the same over any spherical surface. It is customary to 
draw only a few wave fronts, usually those which pass through the maxima 
and minima of the disturbance. Such wave fronts are separated from one 
another by one-half a wave length. 

If the wave is a light wave, 
the quantity which corresponds to 
the pressure in a sound wave is the 
electric or magnetic intensity. It is 
usually unnecessary to indicate in a 
diagram either the magnitude or 
direction of the intensity, but simply 
to show the shape of the wave by 
drawing the wave fronts or their 
intersections with some reference 
plane. For example, the electro¬ 
magnetic waves radiated by a small light source may be represented by 
spherical surfaces concentric with the source or, as in Fig. 1-1 (a), by the 
intersections of these surfaces with the plane of the diagram. At a suf¬ 
ficiently great distance from the source, where the radii of the spheres 
have become very large, the spherical surfaces can be considered planes 
and we have a train of plane waves as in Fig. 1-1 (b). 

Fig. 1-2 (a) illustrates the electric and magnetic field distributions in 
a train of plane electromagnetic waves at any one instant. The waves 
are advancing along the x-axis toward the right. The electric lines of 
force are shown in gray, and the magnetic lines in black. Where the lines 
are close together the intensities are large; where they are far apart the 
intensities are small. The directions of the electric and magnetic fields 
are shown by arrows and by the usual convention of dots and crosses. A 
more conventional diagram of the wave form is shown in Fig. 1-2 (b). 

The wave illustrated in Fig. 1-2 is of a relatively simple type known 
as linearly polarized (also as plane polarized). As the wave advances, the 
vector representing the electric or magnetic intensity at any fixed point 
oscillates along a straight line. Other more complicated tvpes of polar¬ 
ization are discussed in Chap. 7. 



'a> (6) 

Fio. 1-1. Wave fronts. 


A tram of light waves may often be represented more simply by means 
of rays than by wave fronts. In a corpuscular theory, a ray is simply the 
path followed by a light corpuscle. From the wave viewpoint, a ray is an 
magmary line drawn in the direction in which the wave is traveling. Thus 

Fie l i au l ray r are k , 6 rad " 0f the spheral wave fronts and in 
Tig 1-1 (b) thev are straight lines perpendicular to the wave fronts In 

fact, ,n every case ,n which the waves are traveling in a homogeneous 






Fig 1-2. (a) Electric and magnetic field distribution of a plane electro- 

* wave at any one instant. The electrostatic lines of force are shown 

in^ray and the magnetic lines of force are shown in black, (b) A convention¬ 
alized diagram of the wave form at the same instant. 
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isotropic medium, the rays are straight lines, normal to the wave fronts. 
At a boundary surface between two media, such as the surface between a 
glass plate and the air outside it, the direction of a ray may change sud¬ 
denly but it is a straight line both in the air and in the glass. If the 
medium is not homogeneous, for instance, if one is considering the passage 
of light through the earth’s atmosphere where the density and hence the 
velocity vary with elevation, the rays are curved but are still normal to 
the wave fronts. If the medium is anisotropic, as is the case in certain 
crystals, the direction of the rays is not always normal to the wave fronts. 
This problem will be considered in more detail in Chap. 7. 

A narrow cone of rays diverging from a common point is called a pencil. 
(Strictly, a homocentric pencil. Other types will be described later.) The 
entire group of pencils originating at all points of a surface of finite extent 
is called a beam. 

1-3 Huygens’ principle. Huygens’ principle is a geometrical method 
for finding, from the known shape of a wave front at some instant, what 
the shape will be at some later instant. The principle states that every 
point of a wave front may be considered as the source of small “secondary” 
wavelets, which spread out in all directions from their centers with a 
velocity equal to the velocity of propagation of the wave. The new wave 
front is then found by constructing a surface tangent to the secondary 
wavelets or, as it is called, the envelope of the wavelets. If the velocity 
of propagation is not the same at all portions of the wave front, the ap¬ 
propriate velocity must be used for the various wavelets. 



Fio. 1-3. Huygens’ principle. 


Huygens' principle is illustrated in Fig. 1-3. The original wave front, 
S-S, is traveling as indicated by the small arrows. We wish to find the 
shape of the wave front after a time interval t. Let v represent the velocity 
of propagation. Construct a number of circles (traces of spherical wave¬ 
lets) of radius r = vt, with centers along S-S. The trace of the envelope of 
these wavelets, which is the new wave front, is the curve S'-S'. The 
velocity v has been assumed the same at all points and in all directions. 
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In the simple form given above, Huygens’ principle is not fully satis¬ 
factory. For instance, the secondary wavelets, if they spread out in aU 
directions, should also combine to give a “back” wave which is not ob¬ 
served. The complete significance of Huygens’ method, which in fact was 
not fully appreciated by Huygens himself, is only to be understood when 
the principles of interference are applied to the secondary wavelets as will 
be done later in Chap. 9. It will be shown then that the absence of a 
back wave can be satisfactorily explained. 


1-4 Atmospheric refraction. The velocity of light in all material sub¬ 
stances is less than its velocity in free space and in a gas the velocity de¬ 
creases as the density increases. The density of the earth’s atmosphere 
is greatest at the surface of the earth and decreases with increasing ele¬ 
vation. As a result, light waves entering the earth’s atmosphere are con¬ 
tinuously deviated as shown in Fig. 1-4 (a). The line A-A' represents a 



(«) 

Fig. 1-4. 


(*> 

Deviation of a ray by the earth's atmosphere. 


wave front in the light from the sun or a star. The density of the air at 
the lower portion of the wave front is greater than that at the upper por¬ 
tion. Hence the lower portion of the wave always travels more slowly 
than the upper portion and Huygens’ construction leads to the shift in the 
direction of the wave front as shown. An observer at the earth’s surface 
sees the light source in the direction of the tangent to the rays when they 

reach the earth and concludes that the object is nearer the zenith than its 
true position. 

Rays entering the earth’s atmosphere horizontally are “lifted” by at- 
moephenc refraction through about 0.5”. This is very nearly equal to the 
angle subtended by the sun's disk, so that when the sun appear to be 
just above the horizon at sunrise or sunset, it is, geometrically, just below it. 
Furthermore since the sun requires about two minutes to move (ap- 

P , in *??“* equal t0 it3 own diameter, the day (at the equatort 
is lengthened by about two minutes at both sunrise and sunset. At hi^er 
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latitudes the increase is even greater. The necessary correction for at¬ 
mospheric refraction must be made by every navigator in the process of 

“shooting” the sun or any other heavenly body. 

The deviation of light by atmospheric refraction decreases with in¬ 
creasing angle of elevation of the light above horizontal, falling to zero for 
light incident normally on the earth’s surface. Since rays from the upper 
portion of the sun’s disk are incident at a slightly greater angle than those 
from the lower part, they are refracted to a smaller extent. This accounts 
for the slightly flattened appearance of the sun at sunset or sunrise, the 

lower portion being lifted more than the upper. 

Another phenomenon produced by atmospheric refraction is the mirage, 
illustrated in Fig. 1-5. The conditions necessary for its production require 
that the air nearer the surface of the ground shall be less dense than that 
above a situation which is sometimes found over an area intensely heated 
by the sun’s rays. Light from the upper portion of an object may reach 
the eye of an observer by the two paths shown in the figure, with the 



Fio. 1-5. The mirage. 



Fio. 1-6. Looming. 
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result that the object is seen in its actual position, together with its inverted 
image below it, as though a reflecting surface lay between the object and 
observer. The weary traveler in the desert interprets the reflecting surface 
as a body of water. This same phenomenon accounts for the “wet” 
appearance of the surface of a smooth highway under a hot sun, when a 
rise in the road ahead permits it to be seen at a glancing angle. Mirages 
are also produced when the reverse conditions obtain, which is sometimes 
the case over large bodies of water. Objects at a distance appear to be 
lifted above their true positions. This phenomenon is known as “loom¬ 
ing.” (Fig. 1-6.) 

1-5 Shadows. Probably one of the first optical phenomena to be 
noted was that the shadow of an object illuminated by a source of small 
dimensions has the same shape as the object and that the edges of the 
shadow are the extensions of straight lines from the source tangent to the 
edges of the object. Apart from diffraction effects, which will be dis¬ 
cussed in Chap. 9, the formation of shadows can be treated satisfactorily 
in terms of a ray picture. 

Point 0 in Fig. 1-7 (a) represents a point source of light. That is, the 
dimensions of the source are small in comparison with other distances 
involved. S is a screen and P is a circular obstacle between source and 
screen. The area of the screen, bounded by rays from the source tangent 
to the edges of the obstacle, is called the geometrical shadow of the obstacle. 

If the source is not sufficiently small to be considered a point, as in 
Fig. 1-7 (b), the shadow consists of two portions. The region behind the 
obstacle which receives no light from the source is called the umbra. This 
is surrounded by the penumbra, within which a part of the source is screened 
by the obstacle. 1 he fuzzy appearance of the edges of a shadow cast by 
a frosted bulb incandescent lamp is due to the penumbra. An observer 



Fig. 1-7. (a) A 

is not a point, 


point source of light casts a sharply-defined shadow, 
the shadow consists of a central umbra surrounded 


(b) If the source 
by a penumbra. 
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Fio. 1-8. A solar eclipse. The eclipse is total for an observer within the umbra U, 

partial for one within the penumbra P. 


within the umbra cannot see any part of the source, one within the pe¬ 
numbra can see a portion of the source, while from points outside the 
penumbra the entire source can be seen. 

The phenomenon of a partial or total solar eclipse is caused by the 
passage of a portion of the earth’s surface within the penumbra or umbra 
of the shadow of the moon, cast by the sun. In Fig. 1-8 (obviously not 
to scale) S, M, and E represent the sun, moon, and earth. The moon’s 
shadow in space consists of a conical umbra U surrounded by a penumbra 
P. When a portion of the umbra near the tip sweeps over the earth’s sur¬ 
face, the solar eclipse will be total for all observers within it. Within a 
band on either side lying in the penumbra, the eclipse will be only a partial 
one. Eclipses of the moon arise in a similar manner when the relative 
positions of sun, earth, and moon are such that the moon lies within the 
shadow of the earth. 

1-6 The velocity of light. The magnitude of the velocity of propa¬ 
gation of light in free space is one of the fundamental constants of nature. 
The velocity is so great (about 186,000 mi/sec or 3 X 10 8 m/sec) that it 
evaded experimental measurement until 1675. Up to that time it was 
generally believed that light traveled with an infinite velocity. 

The first attempts to measure the velocity of light were made in 1667, 
using a method proposed by Galileo. Two experimenters were stationed 
on the tops of two hills about a mile apart. Each was provided with a 
lantern, the experiment being performed at night. One man was first to 
uncover his lantern and, observing the light from this lantern, the second 
was to uncover his. The velocity of light could then be computed from 
the known distance between the lanterns and the time elapsing between 
the instant when the first observer uncovered his lantern and when he 
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observed the light from the second. While the experiment was entirely 
correct in principle, we know now that the velocity is too great for the 
time interval to be measured in this way with any degree of precision. 

Eight years later, in 1675, the Danish astronomer Olaf Roemer, from 
astronomical observations made on one of the satellites of the planet 
Jupiter, obtained the first definite evidence that light is propagated with 
a finite velocity. Jupiter has eleven small satellites or moons, four of 
which are sufficiently bright to be seen with a moderately good telescope 
or a pair of field glasses. The satellites appear as tiny bright points at 
one side or the other of the disk of the planet. These satellites revolve 
about Jupiter just as does our moon about the earth and, since the plane 
of their orbits is nearly the same as that in which the earth and Jupiter 
revolve, each is eclipsed by the planet during a part of every revolution. 

Roemer was engaged in measuring the time of revolution of one of the 
satellites by taking the time interval between consecutive eclipses. He 
found, by a comparison of results over a long period of time, that while 
the earth was receding from Jupiter the periodic times were all somewhat 
longer than the average, and that while it was approaching Jupiter the 
times were all somewhat shorter. He concluded rightly that the cause of 
these variations was the varying distance between the earth and Jupiter. 

Fig. 1-9, not to scale, illustrates the case. Let observations be started 
when the earth and Jupiter are in the positions E\ and J\. Since Jupiter 
requires about 12 years to make one revolution in its orbit, then by the 
time the earth has moved to E-> (about five months later) Jupiter has 
moved only to J t . During this interval the distance between the planets 
has been continually increasing. Hence at each eclipse, the light from the 



Fig. 1-9. Roemers method of deducing the velocity of light. 
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* uifo muQt travel a slightly greater distance than at the preceding 
eclipse and the observed time of revolution is slightly larger than the true 

bs-rr 

si :s, k ;.rs:rC 

tube must be held in a vertical direction as in Fig. 1-10 (a). If, 

™ 

the tube were held vertically. Iu 
order that they shall not, it is neces¬ 
sary to incline the tube forward in 
the direction of its motion as in Fig. 
1-10 (b). The angle of inclination 
must be such that the lower end of 
the tube, at the time a falling drop 
reaches it, is directly under the point 

velocity of the tube ’j? ’• t cover a vert ical distance ct, the lower 

drop to pass through the tube, <Dr to «" e lf g is the angle of 

end of the tube has moved a horizontal distance 

inclination of the tube away from the vertical, evident y 

tan 0 = v/c. 

^“■rrlnT i,: o b r e hit the telescope must be inclined forward by 

the angle 9. represents the earth's orbit, with the sun 

3 a^ cen't“: Point! is a star ,”00 a line through the sun S at right 





Ct 


Fia. 1-10. Aberration of light. 
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F ‘°' of - U S ht . fr ° m » star. A BCD is the earth's orbit. The star at s 

appears to move in a circle; that at s’ appears to oscillate along a line 

angles to the plane of the earth’s orbit. When the earth is at A, the star 
appears to be at a where the angle sAa corresponds to the angle 8 in Fig. 

!;^ J. hTee m0nt £ 8 lat "' wh “ ‘ h <= earth is at B, the star appears to £ 
at 6, and so on Hence during the course of a year the star appears to 

fsThnnt C ! r ? e ™b teI >ding an angle 28 (the measured vah^ of 28 

r be m found: b,t ' the Vel0Ci ‘ y ° f “ ght ' Which ‘° 8 » W J 

A star such as s', lying in the plane of the earth’s orbit appears to 

F,g l-ll , s not drawn to scale. The distances from the sun to the 
nearest stars are tremendous compared to the diameter of the earth’s orbit 
In addition to the aberration due to the motion of the earth in its orbit 
there is a small additional aberration due to its rotation about its axis’ 
which amounts at the maximum to about 0.31 second. 
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The first determination of the velocity of light from purely terrestrial 
measurements was made by the French scientist Fizeau in 1849. A 
schematic diagram of his apparatus is given in Fig. 1-12. Lens L, forms 
an image of the light source S at a point near the rim of a toothed wheel 7 , 
which can be set into rapid rotation. G is an inclined plate of clear glass. 
Suppose first that the wheel is stationary and the light passes through one 
of the openings between the teeth. Lenses U and U which were separated 
by about 8.6 km, form a second image on the mirror M. The light is 
reflected from Af, retraces its path, and is in part reflected from the glass 
plate G through the lens L« into the eye of an observer at E. 

If the wheel T is set in rotation, the light from S is chopped up into 
a succession of wave trains of limited length. If the speed of rotation 
is such that by the time the front of one wave train has traveled to the 
mirror and returned, an opaque segment of the wheel has moved into the 
position formerly occupied by an open portion, no reflected light will reach 
the observer E. At twice this angular velocity, the light transmitted 
through any one opening will return through the next and an image of 5 
will again be observed. From a knowledge of the angular velocity and 
radius of the wheel, the distance between openings, and the distance from 
wheel to mirror, the velocity of light may be computed. Fizeau s« measure¬ 
ments were not of high precision. He obtained a value of 3.15 X 10 m/sec. 
Fizeau’s apparatus was modified by Foucault, who replaced the toothed 
wheel with a rotating mirror. By introducing between the wheel and the 
mirror a tube filled with water, he proved that the velocity of light in 
water was less than in air. A corpuscular theory demands that it shall be 
greater and at the time these measurements were made they were taken 
as conclusive proof that a corpuscular theory was untenable. 



Fio. 1-12. 
a light source, 
glass plate. 


toothed wheel method for measuring the velocity of light. S is 
L are lenis V is the toothed wteel. M is a mirror, and <? a 
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Fig. 1-13. Rotating mirror apparatus used by Michelson, Pease, and Pearson for 
measuring the velocity of light A is an arc lamp. C a slit, B a lens, and D the routing 
mirror. E, F, G, and H are other mirrors within a tube about 1 mile long. Diagonal 
prism / serves as a mirror to reflect the returned beam into the ocular K provided 
with measuring cross hairs J. 

The most precise measurements by the Foucault method were made by 
the American physicist Albert A. Michelson (1852-1931). His first ex¬ 
periments were performed in 1878 while he was on the staff of the Naval 
Academy at Annapolis. The latest, which were under way at the time of 
his death, were completed in 1935 by Pease and Pearson. Michelson’s 
latest setup is shown diagrammatically in Fig. 1-13. Light from an arc 
lamp A is imaged on slit C by lens B. It then strikes the upper half of 
one face of the rotating mirror D, which has 32 plane polished faces, and 
is reflected through a glass window set in the wall of a corrugated sheet 
steel tube about 1 mile in length. After reflection from the flat mirror E, 
the light strikes a concave mirror F . It next passes above the flat mirror 
II and, after repeated reflections between G and II, a magnified image of 
the slit is formed on the surface of G. The light then retraces its original 
path and emerges from the tube, striking this time the lower half of mirror 
D. Ihe diagonal prism I (equivalent to a plane mirror) reflects the beam 
into the observing eyepiece K, provided with reference cross hairs J. 

The repeated reflections between mirrors G and H resulted in an 
effective path length of 8 or 10 miles. The tube could be evacuated to a 
pressure of about 1 mm of mercury, so that only a small correction was 
required to obtain the velocity in free space. 

H the mirror is not rotating, an observer sees an image of the slit S in 

beh dlre ' t10 ", f When the mi '™ r ^ rotating, light enters the tube 
after being reflected from some one of the mirror faces, but by the time 
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the light has traveled the 8 or 10 miles and returned, this face will have 
turned through a small angle and the beam emerges in a direction slightly 
different from that when the mirror is at rest. The angle through which 
it is deflected can be measured and the velocity can be computed from a 
knowledge of this angle, the angular velocity of the mirror, and the effec¬ 
tive path length of the system. The average value of a large number of 
measurements was 

c = 2.99774 X 10 8 m/sec. 

(The velocity of light in free space is always represented by the letter c.) 

The most recent measurements of the velocity of light were made by 
W. C. Anderson at Harvard University between 1937 and 1941. Ander¬ 
son’s method is indicated in Fig. 1-14, which is reproduced from his report. 
The principle is best described in his own words: 

“A light beam is passed through a modulator, where it is made to vary 
sinusoidally in intensity about some steady value. From the modulator, 
the beam passes through a half-silvered mirror, a portion being reflected 
from the surface over to a movable mirror. From this mirror the beam 
is returned, passing through the half-silvered mirror to a photoelectric cell. 



Fio. 1-14. Apparatus used by Anderson to measure the velocity of light. 
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The other portion of the original beam transmitted by the half-silvered 
mirror passes over the much longer path (MiM 2 M 3 ) and is returned along 
the same path, being reflected this time from the half-silvered mirror over 
to the same photoelectric cell. A tuned circuit converts these photoelectric 
currents into voltages which are amplified and recorded. It can be shown 
that the resultant voltage is dependent upon the phase relation of the 
original light modulations and this voltage will be either a maximum when 
the beams are in phase or a minimum when one beam is an odd number 
of half-cycles behind the other. By noting the path difference for a given 
minimum position, the velocity of light is readily computed by the relation: 

c = 2 fs/n, 

where n = the number of half-cycles phase difference, s = the optical path 
difference between the two light beams, / = the frequency of modulation 
of the beams, and c = the velocity of light.” 

Anderson reports as his best value a velocity of 2.99776 X 10® m/sec. 

In an exhaustive analysis of all work since 1928, E. N. Dorsey of the 
National Bureau of Standards concludes that the best value to date is 

c = 2.99773 X 10 8 m/sec, 

which he believes correct within ±0.00010 X 10 8 m/sec. 

Electromagnetic theory predicts that the velocity of electromagnetic 
waves in free space is given by 


(rationalized mks units), 

where, by definition 

Mo = 47r X 10 -7 newton-sec 2 /coul 2 , 

and the factor e 0 , found by an experiment equivalent to that of measuring 
the force between two point charges in vacuum, is 

6 0 = (1/4tt X 8.9875 X 10 9 ) coul 2 /newton-m 2 . 

(The most precise value is from measurements made by Rosa and Dorsey 
at the National Bureau of Standards.) Hence from the equation above 



v 


4tt X 8.9875 X 10 9 
" 4?r X 10~ r 

= 2.9979 X 10 8 m/sec. 


newton-m 2 

coul 2 


coul 


newton-sec 2 


This is in excellent 


agreement with the measured velocity of light. 
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1-7 Index of refraction. The velocity of light stated in the preceding 
section is that in empty space. The velocity in material substances, with 
a few exceptions, is smaller. Furthermore, while light of all wave lengths 
travels with the same velocity in empty space, the velocity in materia 
substances is different for different wave lengths. This effect is known as 
dispersion and will be discussed in more detail in Chap. 2. The ratio of 
the velocity of light in a vacuum to the velocity of light of a particu ar 
wave length in any substance is called the index of refraction of the sub¬ 
stance for light of that particular wave length. We shall designate index o 
refraction by the letter n, stating, if necessary, the particular wave engt 
to which it refers. If no wave length is stated, the index is usual y as¬ 
sumed to be that corresponding to the yellow light from a sodium flame, 
of wave length 0.0000589 cm. Index of refraction is evidently a pure 
number (the ratio of two velocities) and in most instances is numerically 

greater than unity. 



The velocity of light in a gas is nearly equal to its velocity in free 
space and the dispersion is small. For example, the ' nd ex of refraction of 
air at standard conditions, for violet light of wave length 0.00004359 cm, 
is 1.0002957, while for red light of wave length 0.00006563 cm the index 
is 1.0002914. It follows that for most purposes the velocity of light in air 
can be assumed equal to its velocity in free space or the index of refraction 
of air can be assumed unity. The index of refraction of a gas is directly 

proportional to its density. 

The index of refraction of most of the common glasses used in optical 
instruments lies between 1.46 and 1.96. There are only a very few sub¬ 
stances having indices larger than these values, diamond being one with 


an index of 2.42. 


Indices of Refraction 


(For light of wave length 0.0000589 cm) 



1.46-1.96 


1.658 


1.544 

ooU (NrCH . 

1.544 


1.434 


1.629 


1.361 


1.333 
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1-8 The wave length of light waves. Newton, in 1690, made a study 
of the colored fringes which surround the point of contact between a 
convex spherical surface, such as that of a lens, and a plane glass plate. 
These fringes are still called “Newton’s rings.’’ They are caused by inter¬ 
ference effects between the light waves reflected from the convex and plane 
surfaces and are discussed further in Sec. 8-3. From his measurements 
of the diameters of the rings, Newton actually had sufficient data from 
which he could have computed the wave lengths of the light producing 
the rings. However, although Newton appears to have suspected the 
wave nature of light, he did not carry the calculation through. His own 
theory was that the surfaces were subject to “fits of easy reflection or 
transmission.” 

The first experimental measurements of the wave lengths of light waves 
were made about 1827 by Young, Fresnel, and Fraunhofer. The methods 
used, which involve the phenomena of interference and diffraction, will be 
described in Chaps. 8 and 9. The wave lengths turned out to be ex¬ 
tremely small, much smaller than anyone had hitherto supposed. The 
shortest waves capable of affecting the sense of sight are violet and their 
wave length is about 0.00004 cm. The longest visible waves are red, of 
wave length about 0.00007 cm. (These limits are somewhat different for 
different observers.) The range of electromagnetic waves between these 
limits constitutes the visible spectrum. 

Since wave lengths in the visible spectrum are so small, it is convenient 
to make use of a small unit in which to express them. The units in common 
use are (1) the micron, (2) the millimicron, and (3) the Angstrom unit. 
One micron, abbreviated 1 p, is equal to 10~* meter. One millimicron, 
abbreviated 1 mp, is equal to 10~* p or 10~ 9 meter. One Angstrom unit 
(1 A) equals 10 -10 meter. 

1 micron (1 p) = 10~ e m = 10~* cm. 

1 millimicron (1 m p) = 10“ 9 m = 10 -7 cm. 

1 Angstrom (1 A) = lO" 10 m = 10“ 8 cm. 

Most workers in the field of optical instrument design, color, and 
physiological optics, express wave lengths in millimicrons. In the field of 
spectroscopy, the Angstrom unit is more widely used. 

For example, the wave length of the yellow light from a sodium flame, 
which is 0.0000589 cm, would be written 


X = 0.589 p = 589 mp = 5890 A. 
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One of the fundamental relations applying to any sort of wave motion 
is that the velocity of propagation, v, equals the product of wave length 

and frequency /• y = ^ 

It was stated earlier that the velocity of propagation of hght ini a trans¬ 
parent medium is not equal to its velocity in free space. When ligh 
passes from a vacuum into a transparent medium, or from one medium 
fnto another having a different index, the frequency is the same in both 
media since the number of waves leaving the boundary surface in an> time 
interval must equal the number arriving. Hence the wave length changes 
. thp velocity changes. Thus the wave length of a light \\a\e m 

" There the verity Fbut Va. of that in free space, is K of the wave 
length of the same wave in free space. The wave length of sodium hght, 
which is 589 m M in free space, is H X 589, or 478 m M , m water. 

1-0 The electromagnetic spectrum. As far as their fundamental na¬ 
ture is concerned, there is no difference between light waves and other 
electromagnetic waves such as those from an oscillating electrical circuit. 
It tiU bTworth while to survey briefly the electromagnetic spectrum, 
using the term "spectrum” to designate the entire range of electromagnetic 
wavl iust as the visible spectrum includes those waves capable of st.mu- 

lat *There e hM Umifto the longest electromagnetic waves that can be 
, , Rv onpratine an A.C. generator sufficiently slowly, the fre 

qutcy /may be made as small as desired. The wave length of the waves 
radiated by a 60-cycle transmission line is 


X = 7 


c 

f 


_ 3 X 10 9 
= 60 

= 5 X 10* m = 5000 km. 

Bv increasing the generator speed and the number of poles, the fre¬ 
quency may be increased up to about 100,000 cycles/sec, corr«imning to 
a wave length of 3 km, but mechanical difficulties set a limit to this method. 
Higher frequencies may be developed by oscillating electncal circuits, the 
frequency of such an oscillation being given by 


27r 


■Jw 
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where L and C are respectively the inductance and capacitance of the 
circuit. Electromagnetic waves of the order of a centimeter in length 
(so-called microwaves) can be produced by vacuum tube oscillators. 
Even shorter waves have been produced by spark-excited circuits. Using 
electrodes of thin metal foil, 0.2 mm by 0.2 mm, Nichols and Tear pro¬ 
duced waves as short as 1.8 mm. 

The shortest microwaves are shorter than the longest waves that have 
been detected in the radiant energy from infrared sources. Waves as long 
as 4 mm have been observed in the energy radiated by a mercury vapor 
lamp. Radiant energy originating in infrared sources is identical in all 
its properties with that of the same frequency produced by electrical 
oscillations. 

The waves from light sources are emitted by molecules and atoms and 
extend from the relatively long infrared waves through the visible spectrum 
and into the ultraviolet. Some sort of excitation of a molecule or atom is 
required before it can emit radiant energy. This excitation may be brought 
about by the thermal agitation of the molecules or it may be acquired by 
collision processes in an electrical discharge. The molecules store up 
energy temporarily and release it in the form of electromagnetic waves. 
The emission is a quantum phenomenon and the greater the energy asso¬ 
ciated with the process, the higher the frequency, or the shorter the wave 
length, of the waves emitted. For moderate amounts of energy, only the 
outer electrons of an atom take part in the process, but when atoms are 
bombarded with electrons of large kinetic energy, their inner electrons 
may be displaced and radiant energy of extremely short wave length is 
emitted when the atom returns to its normal state. The deceleration of 
the bombarding electrons also gives rise to electromagnetic radiation. 
Waves produced in this way are called x-rays, and their wave lengths 
extend from about 10~ 6 cm to about 10->° cm. The only limit at the short 
wave length end seems to be set by the difficulties of obtaining high-speed 
electrons for the bombarding process. 

Waves of even shorter wave length accompany the spontaneous dis¬ 
ruptions of atomic nuclei in the processes of radioactive disintegration. 
These waves are called gamma rays. Electrons and positively charged 
helium nuclei are also ejected in radioactive disintegrations. Before their 
corpuscular nature was recognized, they were given the names of beta rays 
and alpha rays, respectively, and these names are still used, but beta 
particles and alpha particles are to be preferred. 

There are today no gaps in the electromagnetic spectrum. All fre¬ 
quencies, from those of gamma rays at one end of the spectrum to radio 
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waves at the other, may be produced and studied. Each portion of the 
spectrum overlaps the adjacent portions at both the long and short wave 
length ends. That is, the shortest waves produced by x-ray methods are 
shorter than the longest gamma rays, and so on. No sharp dividing lines 
can be drawn between various portions of the spectrum, which are all 
alike in their fundamental nature and differ only in wave length or fre- 

quency. 

A chart of the electromagnetic spectrum is given in Fig. 1-15. Note 
the relatively small portion occupied by the visible spectrum. 
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Fi a. 1-16. A chart of the electromagnetic spectrum. 
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Problems—Chapter 1 

(1) The diameters of the sun, earth, and moon are respectively 864,000 mi, 
7920 mi, and 2160 mi. The distances from the earth to the sun and to the moon 
vary somewhat, but suppose an eclipse of the sun takes place when the distance 
from earth to sun is 92,900,000 mi and the distance from earth to moon is 226,000 
mi. Compute the length of the conical umbra of the moon’s shadow and compare 
with the distance from the moon to the earth’s surface. 

(2) Use the figure for the radius of the earth’s orbit in Prob. 1, and the best 
value of the velocity of light, to compute the time required for light to travel a 
distance equal to the diameter of the earth’s orbit. Compare with Roemer’s value 
of 22 minutes. 

(3) Compute the velocity of light from the diameter of the earth’s orbit, the 
time of one revolution, and the measured value of the aberration of light from the 
stars, which is 20.47 seconds. 

v 4) Fizeau’s measurements of the velocity of light were continued by Cornu, 
using Fizeau’s apparatus but with the distance between mirrors increased to 22.9 
km. One of the toothed wheels used was 40 mm in diameter and had 180 teeth. 
Find the angular velocity at which it should rotate in order that light transmitted 
through one opening will return through the next. 

(5) (a) What is the velocity of light of wave length 500 m/i (in vacuum), in 

glass whose index at this wave length is 1.50? (b) What is the wave length of 

these waves in the glass? 

(6) A glass plate 3 mm thick, of index 1.50, is placed between a point source of 
light of wave length 600 m/i (in vacuum) and a screen. The distance from source 
to screen is 3 cm. How many waves are there between source and screen? 

(7) A beaker 10 cm deep is filled with alcohol (n = 1.361) while an identical 
beaker contains a layer of water (n = 1.333) upon which floats a layer of mineral 
oil (n = 1.473) sufficient in thickness to fill the beaker. The thickness of the layer 
of mineral oil is such that each beaker contains the same number of waves when 
light is passed vertically through them. How thick is the layer of mineral oil? 

(8) Find the ratio of the thickness of a layer of water (n = 1.33) to the thick¬ 
ness of a layer of mineral oil (n = 1.47) if the minimum time required for light to 
traverse the layer is the same for each. 

(9) A glass rod 3 m long, of index 1.50, conducts a pulse of light started simul¬ 
taneously with another pulse of light which covers the same distance through air 

VVhat is the difference in the time required for the pulses to reach an observer and 
which one arrives first? 
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(10) A point light source S in Fig. 1-16 emits light of wave length 500 in 

air A and B are two points 1 cm apart on a screen 100 cm from S. (a) How 
many more waves are there in the path SB than in the path SA ? (b) A plate of 

glass of index 1.50 is inserted in the path SA, with its faces normal to SA. What 
thickness is required, if the number of waves in the path SA is equal to the num¬ 
ber in the path SB? 

(11) The visible spectrum includes a wave length range from about 400 mu to 
about 700 m/x. Express these wave lengths in inches. 

(12) (a) What is the frequency of light waves of wave length 500 m/x? 
(b) What is the frequency of x-rays of wave length 1A? 



CHAPTER 2 


REFLECTION AND REFRACTION AT PLANE SURFACES 

2-1 Reflection and refraction at plane surfaces. As the first step in 
the study of the reflection and refraction of light by mirrors, prisms, and 
lenses, we consider the general problem of a train of plane electromagnetic 
waves, traveling in one medium and incident on a plane surface bounding 
a second medium in which the velocity of propagation differs from that in 
the first. It might be expected that if both media are transparent the 
incident wave train will merely continue on into the second medium. 
Common experience, however, tells us that this is not what happens. 
Everyone has seen the image of the sun reflected from the surface of a 
body of water, or an image formed by reflection from the surface of a pane 
of clear glass. Furthermore, the broken appearance of an oar dipped in 
water and the bending of light rays by a prism show that, in general, a 
train of light waves changes direction when it crosses a boundary surface. 
Fig. 2-1 illustrates what actually happens to the train of incident waves. 
A reflected wave train and a transmitted or refracted wave train, originate 
at the boundary surface. That is, except in certain special cases, only a 
part of the incident light passes into the second medium, the remainder 
being reflected. Furthermore, the directions of travel of the reflected and 
transmitted waves (again except in special cases) are different from that 
of the incident wave. 



Fio. 2-1. Reflection and refraction of a train of plane waves. 
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2-2 The laws of reflection and refraction. Fig. 2-2 traces the course 
of a plane wave front A-A, traveling as indicated by the short arrows, as 
it is incident on a plane surface represented by the line X X. The wave 
front and the surface are at right angles to the plane of the diagram. The 
velocity of propagation in the medium above the boundary plane is v and 
the index of refraction is n = c/v. The velocity in the lower medium is 
and the corresponding index is n' = c/v 1 . The diagram has been drawn 

for the case in which v > v' and ri > n. 

Consider an instant at which the lower edge of the incident wave front 

is just making contact with the boundary surface along a line through 

point a. Let us make use of Huygens’ construction to find the shape of 

the wave fronts after a time interval t, equal to that required for the 

incident wave to advance a distance dd '. At the end of this interval the 

incident wave is making contact with the boundary surface along a line 

through d'. , 

Since the incident wave gives rise to both a reflected and a refracted 

wave, we must consider that two Huygens wavelets originate at point a, 

one spreading out in the upper medium with a velocity v, the other in the 
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lower medium with a velocity v'. After a time interval t, the radii of these 
wavelets are respectively vt and v't, as shown. As the incident wave ad¬ 
vances, point b makes contact with the surface at point b', and again two 
wavelets originate at this point. These wavelets start out at a somewhat 
later time than do those from point a, and hence at the end of the time 
interval t their radii are smaller than those of the wavelets centered at a. 
In the same way, two more wavelets start out from point c' at a still later 
time. Tangent lines to the reflected and refracted wavelets with centers 
at points a, b' t and c', give the shapes of the reflected and refracted wave 
fronts. As indicated, these are planes at right angles to the diagram, 
intersecting one another, the boundary surface, and the incident wave 
front, along a line through d\ The Huygens wavelets from points d to j 
all travel in the upper medium with velocity v, and their common tangent 
is a plane parallel to that of the incident wave front. 

The angle <t> between the incident wave front and the surface is called 
the angle of incidence; the angle 0' between the refracted wave front and 
the surface is the angle of refraction -, and the angle r between the reflected 
wave front and the surface is the angle of reflection. We next derive the 
relations between these angles. 

Fig. 2-3 is the same as a portion of Fig. 2-2, redrawn for clarity, with 
the Huygens wavelets omitted. Point A in Fig. 2-3 corresponds to point 
a in Fig. 2-2, point B to point d, and point C to point d’. Evidently, from 
the construction of Fig. 2-2, 


BC = vt, AD = vt, AE = v’t. (2-1) 

Also, since the triangles ABC, ADC, and A EC are right triangles, 

BC AD AE 


AC = 


sin 0 sin r sin 0' ’ 


( 2 - 2 ) 


Inserting in Eq. (2-2) the expressions for BC, AD, and AE from Eqs. 
(2-1), we get 


vt 


vt 


v't 


or 


sin <fi sin r sin <£' 

sin 0 _ sin r _ sin </>' 
v v t/ ' 

From the first two terms, 

0 = r, 


B 


D 
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and from the first and third, 


sin 4> _ v_ 
sin <t>' v‘ 


(2-4) 


En. (2-3) is the law of reflection: a plane wave is reflected from a plane 
surface with the angle of reflection equal to the angle of incidence and l Eq. 

(24) is the law of refraction: the ratio of the sine of ^ 

to the sine of the angle of refraction is equal to the ratio of the velocities ,n the 

two media. 

Since by definition 

n = c/v and n = c/v , 

it follows that 

v/v' = Ti/n, 

and Eq. (2-4) may be written 

sin _ 2 ! 
sin 4>' 


n 


or 


j n sin <j> = n ' s * p $'• 


(2-5) 


This is a more useful equation, since the index of refraction of a sub¬ 
stance is the property which is usually tabulated, rather than the: velocity 
of light in that substance. Since for any pair of substances the ratio 
n'/n is a constant, Eq. (2-5) is equivalent to 

8 ! n = constant, 

sin <p 

The discovery that the sines of the angles of incidence and refraction 
stand in a constant ratio to one another is usually credited to Willebrqrd 
Snell, in 1621, although there seems to be some doubt whether it was 
original with him. In accord with common usage, however, we shall refer 

to Eq. (2-5) as Snell's law. 

The preceding discussion gives only the relation between the directions 
of the incident, reflected, and refracted wave trains. To find what frac¬ 
tion of the incident light is reflected and what fraction is refracted, one 
must set up the boundary conditions that have to be satisfied by the 
electric and magnetic fields in the respective wave trains. The problem 
is worked out in some detail in Chap. 7, where it is shown that the pro¬ 
portions reflected and refracted depend on the state of polarization of the 
incident light, on the indices of refraction of the two media, and on the 
angle of incidence. At this point it will suffice to give the results in 
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20° 40° 60° 80° 

Angle of incidence <$> 

I'ig. 2-4. Fraction of incident light reflected as a function of angle of incidence. 
Curve A, index of second medium greater than that of first; Curve B, index of first 
medium greater than that of second. 

graphical form only, and for so-called natural or unpolarized light (see 
Sec. 7-1). The graphs are shown in Fig. 2-4, for the case in which one 
medium is air, of index 1.000, while the index of the other medium is 1.523, 
a typical value for optical glass. Curve A gives the fraction of the inci¬ 
dent light reflected, as a function of the angle of incidence 0, when the 
first medium is air and the second glass. Curve B applies when the first 
medium is glass and the second is air. Both curves practically coincide 
for angles of incidence less than 30°, and up to this angle the fraction re¬ 
flected is of the order of 5%. Curve A (light traveling in air before re¬ 
flection) then gradually rises to 100% at an angle of incidence of 90°, 
while curve B (light traveling in glass before reflection) rises sharply to 
100' c at an angle of incidence of about 41°, and remains at 100% from 

that point on. This effect, known as total reflection , is discussed further 
in Sec. 2-8. 


2-3 Ray treatment of reflection and refraction. It is possible to ana¬ 
lyze the passage of light through any optical system by successive appli¬ 
cations of Huygens’ principle to the wave fronts, as was done in the pre¬ 
ceding section at a single surface. However, it is often much simpler to 
(race a few rays through the system. The wave fronts, if desired, may 
then he constructed perpendicular to the rays. 




30 REFLECTION AND REFRACTION AT PLANE SURFACES [Chap. 2 


To summarize the laws of reflection and refraction in terms of rays: 

When a ray of light is reflected, the angle of reflection is equal to the angle 
of incidence. The incident ray, the reflected ray, and the normal to the surface 
at the point of incidence, all lie in the same plane. 

When a ray of light is refracted, n sin 0 = n' sin <f>'. The incident ray, 
the refracted ray, and the normal to the surface at the point of incidence, all lie 
in the same plane. 


Examples. (1) In Fig. 2-5, let the upper medium be water of index 1.33 and the 
lower glass of index 1.50. Let the ray I be incident at an angle of 45° with the nor¬ 
mal. The reflected ray then makes an angle of 45° with the normal also. To find 
the angle of refraction, we have from the given data, 

n = 1.33, n' = 1.50, sin 0 = sin 45° = 0.707. 

Application of Snell’s law gives 

1.33 X .707 = 1.50 sin 0', 
sin 0' = 0.627, 

0' = 38.5°. 

(2) Suppose that light is incident from below on the same boundary surface as in 
the preceding example, at an angle of incidence of 38.5°. Find the angle of refrac¬ 
tion. We now have 

n = 1.50, n' = 1.33, sin 0 = sin 38.5° = 0.627. 

That is, unprimed indices and angles refer to the medium in which the light is 
traveling before refraction, primed indices and angles to the medium in which it is 
traveling after refraction. Application of Snell’s law gives 

sin 0' = 0.707, 

0' = 45°. 

Hence if the direction of a ray is reversed, the ray retraces its original path. 

Just as in the preceding example, a part of the incident light is reflected at the 
surface with the angle of reflection equal to the angle of incidence. 


2-4 Fermat’s principle of least time. The laws of reflection and re¬ 
fraction may be shown to follow from a general principle first stated by 
Fermat in 1658. Fermat’s principle states that the path of a light ray 
from one point to another is that which requires the least time. 1 

If the medium in which the light is traveling is homogeneous, the path 
of least time is the path of least distance. Hence in such a medium the 

1 Strictly speaking, the time along the actual path is an extremum. That is, if 
the path is varied slightly the difference between the times along the actual path 
and the vaned path is an infinitesimal of higher order than the displacement be¬ 
tween the paths. In most instances, the actual path is the path of minimum time 
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medium would not be the shortest possible. 

To derive the law of reflection, 
consider a plane reflecting surface 
MM (Fig. 2-6). It will first be 
shown that the incident ray, the re¬ 
flected ray, and the normal to the 

surface at the point of incidence, all ^ ^ 

lie in the same plane. Suppose a 

light ray from A is re ® eCt ^^ P °g ection . Construct the plane through A 
C, and passes through B after c0 f C perpendicular 

and B perpendicular to the plane^*TdI,Tc>XO a P „ d CB>OB. 
to this plane. Now un ^ ^ the tirne along AOB, which is 

Hence the time along ACB g ore c &nd Q must coincide and 

™:';" .- .«*•«* ,k * —• pu ™ 

- ““ir r 

In Fig. 2-7, the plane of * e and B have the same meaning as in 

& £ —hit rly He'anywhere along the Hue MU. Drop 

perpendicular from X and * to reflection. 

rh... p-1. • i *• 

and the time t along the path is 


Normal at point O 


S + Si 


v 



dt = - (a sec (f> tan <t> d<t> + b sec r tan r dr). 
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If the time is a minimum, dt — 0 and 

a sec <P tan <p cUp = — b sec r tan r dr. 

The differentials dtp and dr are not independent however. It follows 
from Fig. 2-7 that 

c + d — const = a tan <P + b tan r. 

Taking differentials of both sides, we obtain 

0 = a sec*</> d<p + 6 secV dr. 

When the condition for minimum time is combined with this equation, 
we obtain 

sin <p = sin r, 

and hence 

<P = r. 

That is, the light path AOB that is traversed in the shortest time is 
that for which the angle of reflection equals the angle of incidence. 

Snell’s law may be derived in a similar manner. The proof that the 
incident ray, the refracted ray, and the normal to the refracting surface 
all lie in the same plane will not be given, as it is essentially the same 
as the corresponding proof for the case of reflection. In Fig. 2-8, MM 
represents the boundary plane between two substances having indices 
of refraction n and n', in which the corresponding velocities are v and v'. 




Fio. 2-8. 
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AOB is the path of a ray from A to B and ♦ and *' are the angle, of 
incidence and of refraction. The t.me from A to B is 

s s' _ a sec <t> , b sec <j> # 


If the point 0 is displaced slightly, 

a sec <t> tan <t> d<t> , b_sec^tan_£j^ . 


cU = 




If the time is a minimum, dl - 0 and 

a seed) tan <t> d<t> _ _ bjec^J^VW . 


t; 

Also, since c + d = const, 

a sec 2 4> d<t> = -b sec 2 </>' d<t>'. 

of the preceding equations by the other, we obtain 

sin _ sin </>' 


Dividing one 


t; 


i; 


Since o = c/n and v' = c/n', this reduces to 

n sin <t> = n' sin <f >, 

the familiar form Sndl’s law. Mmilrilnl j.. principles in physics. 

Fermat a pnnopte■« ' ta derived from Hamilton's 

For example, all of the la motion of any mechanical 

principle of ieast action, wic „ ti .» i s a minimum along the 

srjrs rsrsw-s. *..««-«.«— 

multiplied by the differential of time. 

? c Reflection of ft sphericftl wave at a plane surface. The wave fronts 
2-5 Renecuo me dium are spherical surfaces con- 

from a pomt wur« h ^ 8uch & source p, in Fig . 2-9 (a), above 

centnc with the source. the trace 0 f a wave front 

a ^ S at V. It will be seen from an ap- 

if -*3 Huygens’^ corn traction*that the wave front AA' takes on 
phcation of Huyge CC', and is reflected as another 

“S e I wtTcefter® ft “ whem PP' is perpendicular to the 
ptoe MAT and the distances from P and V to the plane art equal. 
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Fiq. 2-9. (a) A spherical wave is reflected at a plane surface, (b) The wave in (a) 

is represented by a few rays. 


I he same result is obtained by considering the rays from P, as in 
Fig. 2-9 (b). The ray striking the surface at D' is reflected with the angle 
r equal to the angle d>. Construct the perpendicular from P to the surface 
and extend it below the surface. Extend the reflected ray backward from 
/)' until it intersects the perpendicular at P'. Then the triangles PVD' 
and VD are equal, and PV = P'V. Since this is true whatever the 
angle v» then all rays from P which strike the surface appear to diverge 
from P after reflection. The reflected wave fronts, which are the surfaces 
normal to the rays, are then spheres with P' as a center. 


2-6 Images in plane mirrors. Virtual and real images. The wave 
fronts or rays which actually originate at point P in Fig. 2-9, appear to 
diverge from the point P' after reflection from the mirror MM'. Point P' 
is called the image of the point P. It follows from the preceding section 
that the image of a paint object formed by a plane mirror lies on the normal 
to the mirror and is as far behind the mirror as the object is in front of it. 

The image of a finite object, such as the arrow AB in Fig. 2-10, may 
be found from the rule above. To every point of the arrow there corre¬ 
sponds an image point behind the mirror. Thus the image of A is at A', 

the image of B is at P', etc. The totality of all these point images is the 
image of the arrow. 
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Images such as these, in which 
the wave fronts do not actually 
originate at the image but only ap¬ 
pear to do so, are called virtual. 
Later on, in connection with spher¬ 
ical mirrors and lenses, we shall find 
cases in which rays diverging from a 
point source are made to converge 
and pass through a common point, 
beyond which they again diverge 
just as from an actual object. Im¬ 
ages of this sort are called real. 



Fio. 2-10. A'B' is the image of the arrow 
AB, formed by reOection at a plane mirror. 


S 01 tms son a p • Q - nt 
In Fig 2-11, E represents the eye of an observer and P is a point 

source A portion of the wave fronts and some of the rays from P are 

shown. The observer sees the source only by means of the small portion 

of the wave fronts included within the narrow penal of rays entering the 

PU ^Suppose The eye of an observer is placed at E in Fig. 2 -l 2 , which 
corresponds to Fig. 2-9. The observer sees the virtual image P onl> b> 
means of the small portion of the reflected wave fronts which enter his 
Tye However, since these wave fronts have precisely the same curvature 
as would those which originated at an actual point source at P , the e>e 
treats these waves just as it would those from an actual source at P . 

It is not necessary that the reflecting surface extend over the entire 
plane MM' for an image of P to be formed, or even that the surface inter- 



Fig. 2-11. Observer E sees source P by means 


of the small shaded pencil of rays. 
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Fic.. 2-12. Observer E sees the virtual 
image I 9 ' by means of the shaded pencil of 
rays. 


sect the line PP'. Thus, in Fig. 
2-12, suppose that the mirror ex¬ 
tends only over the region indicated 
by the heavy line A B. The rays 
from the source to the eye will still 
proceed as shown and an image of P 
can still be seen at P', but only by 
an observer within the cone of rays 
limited by AQ and BR. Of course, 
the observer must look toward the 
image P' in order to see it. When 
we say, then, that the image of an 
object formed by a plane mirror lies 
on the normal to the mirror, it is 
implied that one means the normal 
to the plane of the mirror, even 
though the normal may not inter¬ 
sect the mirror itself. 

Example. Find the position of the 
image of the arrow OP in Fig. 2-13, 
formed by the plane mirrors MV and 
M'V. 


Extend the plane of the mirror MV 
to m. Construct lines from P and O perpendicular to this plane, and make P'a 
= Pa, O'b = Ob. Then O'P' is the image of OP. formed by the first mirror. The 
second mirror, M'V, forms an image of this image. Extend the plane of M'V 
to rn'. Construct lines from 0' and P', perpendicular to this plane, and make 
P"c = P c, 0"d = O’d. 0"P" is the final image. 


P' O' 



Fig. 2-13. Images formed by successive reflections at two plane mirrors 
O'P' is the image of OP, 0"P" is the image of O r P'. 
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eyes of the driver is provided by making the surfaces of the cover glass 
curved, so as to introduce a small amount of lens action. Another type of 
retrodirective reflector is described in Sec. 4-4. 

In most instances, the object of which an optical system forms an 
image is three-dimensional. Since to every point in an object there cor¬ 
responds a point in its image, the image is three-dimensional also. While 
it often suffices to represent an object and its image by a single arrow as 
in Fig. 2-13, a complete understanding of image formation (from the 
geometrical viewpoint) can be attained only through a study of three- 
dimensional objects and their images. 

Consider the three-dimensional image, formed by a plane mirror, of the 
object represented by the three mutually perpendicular arrows oa, ob, and 

oc, in Fig. 2-15. The (virtual) image 
of every point in the object lies on 
the normal to the mirror and as far 
behind the mirror as the object is in 
front of it. Thus, while arrows o'b' 
and o'c' are parallel to their objects, 
o'a' is reversed relative to oa. When 
an observer stands at the mirror and 
faces the object, the arrow oa points 
toward him, ob points to his right, 
and oc points upward. In order to 
see the image, the observer must 
turn around and look toward the 
mirror. The arrow o'a' then points 
toward him as did oa, arrow o'c' 
points upward as did oc, but o'b' 
points toward the left instead of the 
right. Thus, although the arrow ob and its image, o'b', are parallel in space, 
the reversal in direction of light at the mirror surface makes it necessary 
for an observer who has been looking at the object to turn around in order 
to see the image and, because he must turn around, the image, to him, 
appears reversed from left to right with respect to the object. It is evident 
also that since he turns about an axis parallel to oc and o'c', these arrows 
point in the same direction in both object and image, and since oa and o'a' 
are opposite in direction, they point toward him whichever way he faces. 

The object and its image are related to one another in the same way 
as are a right hand and a left hand. The reader may easily verify this by 
applying the “left-hand rule’’ to the object and the “right-hand rule’’ to 
its image. 1'hat is, point the thumbs of the two hands along oa and o'a', 



FlG. ‘2-15. The three-dimensional object 
onl>c has a three-dimensional image o'a'b'c'. 
The image is said to be perverted. 
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i „ j and the center fingers along ob and o'b . 

^ f^^that J un.e - a .eft hand 

“ of an image are parallel to-d in the 

same sense as M - - a 

J£S IhTTmage is caned pereeried. Thus a piane m.rror 

forms an erect but perverted image. 
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Fio. 2-16. 


Refraction at a plane surface^ Tfog* 


near the normal form a virtual image 
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of the medium above this plane. For example, P might be a point beneath 
the surface of a calm body of water. The wave fronts originating at P, 
and traveling in the lower medium, are spherical surfaces with centers at 
P. If Huygens’ principle is applied to find the shape of the wave fronts 
after refraction at the boundary plane, it will be found that these are not 
spherical surfaces. That is, the refracted waves do not appear to diverge 
from a common point and the surface does not form a point image of a 
point object. The mathematical expression for the shape of the refracted 
wave front is so complex as to make it impracticable for purposes of com¬ 
putation. It is here that the simplifications afforded by the ray method 
are first apparent. 

Let us consider a hollow circular cone of rays diverging from point P 
and intersecting the boundary surface in a circle with center at A, directly 
above P. Two cross sections of the cone, in the X-Y and Z-Y planes, 
are indicated by shading. Four rays in the cone are shown in the dia¬ 
gram, numbered 2, 3, 4, and 5, and intersecting the surface at points 
B, C, D, and E respectively. After refraction, these rays are deviated 
away from the normal and if projected backward appear to diverge from 
point P', directly above P. Ray 1, incident on the surface at point A, is 
normal to the surface before and after refraction. 

We wish to compute the distance of point P' below the boundary sur¬ 
face. Let us call this distance y '. In the small inset figure, the X-Y 
plane lies in the plane of the diagram. Evidently the angle of incidence 
0 of ray 4 equals the angle A PD, and the angle of refraction 0' equals the 
angle AP'D. From Snell’s law, 


n sin 0 = n' sin 0'. 

(2-6) 

It will be seen from the diagram that 


y tan 0 = y' tan 0', 

(2-7) 

since both of these products are equal to AD. 

Dividing Eq. (2-7) by Eq. (2-6) gives 


y tan 0 y' tan 0’ 

n sin 0 sin 0' 

or 


/ w n' w cos 0' 

y = y X — X-• 

n cos 0 

(2-8) 


The ratio cos 0 /cos 0 varies with the angle of incidence 0, so that the 
distance y' is not the same for rays that diverge from P at other angles 
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X J' y n cos 1 


where * is the angle of incidence of the central ray of the cone. 
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The image P" is above and to 
the right of P. Its coordinates x" 
and y" are 

x" = y (n 2 - 1) tan 3 <t>, 

[1 - (n* - 1) tan 2 *]3/2 

y" = y -„- 

(The positive directions along the 
X - and F-axes are taken to the Fio. 2-18. 

right and downward respectively.) 

The astigmatic images of an underwater object are of importance in 
certain aspects of naval warfare, such as the visual observation of unknown 
reefs or the observation from the air of submerged submarines. 

The “lifting” effect produced by refraction is the basis of one of the 
earliest recorded experiments in optics, one which was known by the 
ancient Greeks. A coin is placed in the bottom of an empty vessel as in 
Fig. 2-18 and the eye of an observer placed in such a position that the coin 
is just hidden below the edge of the vessel. If water is poured into the 
vessel the coin appears to rise and come into view. The same effect is 
responsible for the apparent bend in a straight stick partially immersed in 
water at an angle with the surface, the immersed portion appearing higher 

than it actually is. 

2-8 Total internal reflection. Fig. 2-19 shows a number of rays di¬ 
verging from a point source P in a medium of index n and striking the 
surface of a second medium of index n', where n>n'. From Snell’s law, 




Fio. 2-19. Total internal reflection. 
The angle of incidence <*>,. for which the 
angle or refraction is 90 , is called the 
critical angle. 


Since n/n' is greater than unity, 
sin <f)' is always larger than sin (f> 
and evidently equals unity (i.e., <t>' 
= 90°) for some angle <t> less than 
90°. This is illustrated by ray 3 in 
the diagram, which emerges just 
grazing the surface at an angle of 
refraction of 90°. The angle of in¬ 
cidence for which the refracted ray 
emerges tangent to the surface is 
called the critical angle and is desig- 
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nated by <p c in the diagram. If the angle of incidence is greater than 
the critical angle, the sine of the angle of refraction, as computed by 
Snell’s law, is greater than unity. This may be interpreted to mean that 
beyond the critical angle the ray does not pass into the upper medium but 
is totally internally reflected at the boundary surface. Total internal re¬ 
flection can take place only when a ray is incident on the surface of a 
medium whose index is smaller than that of the medium in which the ray 
is traveling. 

Notice carefully that the reflection of light at a boundary surface does 
not set in suddenly at the critical angle, but that the approach to total 
reflection is a gradual one. When a ray strikes the boundary surface 
between two transparent substances at any angle less than the critical 
angle, both reflection and refraction occur. 

When the index of the first medium is greater than that of the second, 
the fraction of the incident light that is reflected increases with increasing 
angle of incidence, as in curve B in Fig. 2-4. The angle at which the frac¬ 
tion of light reflected has increased to 100% (about 41° in Fig. 2-4) is the 
critical angle. 

The critical angle for two given substances may be found by setting 
< p ' = 90° or sin <£' = 1 in Snell’s law. We then have 

( 2 - 10 ) 

For a water-air surface, 

sin <t> e = = 0.75, 

<t>c = 48.5°. 

Only that part of the light from an underwater source which is included 
within a cone of half-angle 48.5° is refracted into the space above, the 
remainder being totally internally reflected. Conversely, while light inci¬ 
dent on the surface from above at any angle is in part refracted into the 
water, all of the light after refraction is confined within a cone of this 
angle. Thus a diver looking upward from beneath the surface can see an 
object in any position in the space above, but all objects appear to lie 
within a cone of half-angle 48.5°. 

2-9 Reflecting prisms. The critical angle of an air-glass surface, tak¬ 
ing 1.50 as a typical index of refraction of glass, is 



sin <t>c = = 0.67, d> c = 42°. 
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Fio. 2-20. A totally reflecting prism. 



Fig. 2-22. A combination of two Porro 

prisms. 





Fia. 2-24. The Amici prism. 
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This angle, very conveniently, is slightly less than 45°, which makes 
possible the use in many optical instruments of prisms of angles 45°-45°-90° 
as totally reflecting surfaces. The advantages of totally reflecting prisms 
over metallic surfaces as reflectors are, first, that the light is totally reflected, 
while no metallic surface reflects 100% of the light incident on it, and 
second, the reflecting properties are permanent and not affected by tar¬ 
nishing. Offsetting these is the fact that there is some loss of light by 
reflection at the surfaces where light enters and leaves the prism, although 
recently discovered methods of coating the surfaces with so-called “non¬ 
reflecting” films can reduce this loss considerably. 

The simplest type of reflecting prism is shown in Fig. 2-20. Its angles 
are 45°-45°-90°. Light incident normally on one of the shorter faces strikes 
the inclined face at an angle of incidence of 45°. This is greater than the 
critical angle, so the light is totally internally reflected and emerges from 
the second of the shorter faces after undergoing a.deviation of 90°. 

A 45°-45°-90° prism, used as in Fig. 2-21 is called a Potto prism. Light 
enters and leaves at right angles to the hypotenuse and is reflected at each 
of the shorter faces. The deviation is 180°. Two Porro prisms are often 
combined, as in Fig. 2-22. 

While a ray incident normally on one of the shorter faces of a 45°-45°-90° 
prism is deviated through 90°, if the ray is not incident exactly at right 
angles it is refracted both on entering and emerging from the prism and 
the deviation is no longer 90°. The prism shown in Fig. 2-23, known as 
a penta prism because of its pentagonal shape, has the important property 
of producing a deviation of exactly 90° even in rays that are not incident 
exactly at right angles to its faces, provided only that the rays are parallel 
to the plane of the diagram. Analysis will show that the rays are incident 
on the inclined faces at angles smaller than the critical angle, so these 
faces must be silvered. Penta prisms are used in rangefinders (see Sec. 
6-13) where the deviation must be exactly 90°. 

Fig. 2-24 illustrates another useful type, the Amici prism, in which the 
hypotenuse of a 45°-45°-90° prism is ground away to form two intersecting 
surfaces at right angles to one another. Two rays are traced through the 
prism. The image is inverted and simultaneously deviated through 90°. 

2-10 Refraction by a plane parallel plate. Suppose light is incident at 
an angle (py (as in I ig. 2-25) on the upper surface of a transparent plate, 
the surfaces of the plate being plane and parallel to one another. Let <j>i 
be the angle of refraction at the upper surface, and <p 2 and 0 2 ' the angles of 
incidence and refraction at the lower surface. Let n be the index of the 
medium on either side of the plate, and let the index of the plate be n'. 
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The figure is drawn with n'>n. From Snell 8 law, 


n sii\ <t>i = n> s ^ n fa'' 



n' sin (fh = n si n fa'' 

But as is evident from the diagram, 

<pi = fa- 

Combining these relations, we find 

^ ^ Fia. 2-25. Refraction by a parallel plate. 

■ th „ emergent ray is parallel to the incident ray. It is not 

STATSSt*' K E.* 

of the same index as that in which it was originally traveling. 

2-11 Refraction by a prism. The prism, in one or another of its many 

r/ind^: the medhim ‘on e^er ^ oH a 
dSed e to find the an* o/ —, , ^ - st^htforw.d probhmi 

—y find the angle of inci- 



. . l /h\ The deviation is a minimum when the ray 

Fio. £-20. (a) Deviate JPJJ Metrically. 
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dence at the second surface and from a second application of Snell’s law 
find the angle of refraction at the second surface. The direction of the 
emergent ray is then known and the angle of deviation may be found. 

While the method is simple enough, the expression for the angle 8 turns 
out in the general case to be rather complicated. However, as the angle 
of incidence is, say, decreased from a large value, the angle of deviation 
decreases at first and then increases, and is a minimum when the ray passes 
through the prism symmetrically as in Fig. 2-26 (b). The angle 5 m is then 
called the angle of minimum deviation and in this special case it is related 
to the angle of the prism and its index by the equation 


n 


. A -f- 8 m 



( 2 - 11 ) 


To derive Eq. (2-11), we have from Fig. 2-26 (b), 


0/ = — (sides mutually perpendicular), 


(half the deviation takes place at each surface), 


0i = 4>\ 4- 5i = 


A , 5m _ A 4- 6 m 
2 + 2 2 ' 


sin 0i = n sin 0/, 


.*. sin 


A = n sin 4 * which is Eq. (2-11). 


The index of refraction of a transparent solid may be measured, making 
use of the equation derived above. The specimen whose index is desired 
is ground into the form of a prism. The angle of the prism A and the 
angle of minimum deviation 8 m are measured with the aid of a spectrometer 
(see Sec. 6-15). Since these angles may be determined with a high degree 
of precision, this method is an extremely accurate one and by means of it 
indices of refraction may be measured to the sixth place of decimals. 

If the angle of the prism is small, the angle of minimum deviation is 
small also and we may replace the sines of the angles by the angles. 

One then obtains 


n 


A 4- 8 m 

M ) 


or 


8 m = (n — 1) A, 
a useful approximate relation. 


( 2 - 12 ) 
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Silicate Flint Glass 


2 12 Dispersion. In discussing the phenomena of refraction we have 
^us far tacitly assumed ^he Ught^th ^ X, 

Mo a st S1 ligh e t Tams, however, are 
IwaTlenSthe velocity* 

'“feleShS ‘^substance in which the velocity of a wave varies with 

wave length is said to exhibit dispersion. 

Fig. 2-27 is a diagram showing i. 70{ _-— 

the variation of index with wave = 

length for a number of the more 
common optical materials. Notice - "" 

that the index is in all cases larger ^ , 60 I- 

for the shorter wave lengths and -5 - — 

that the change in index with wave =- 

length is much greater for some ma- | -_ 

terials than for others. . 1 50 - 

Consider a ray of polychromatic i_ 

light incident on a prism as in Fig. - — 

2-28. Since the deviation produced r— _ 

bv the prism increases with increas- j 40 - V _ 

ing index of refraction, violet light 400 500 bUU 

is deviated most and red least, with Wave length 'm|i) 

other colors occupying intermediate Fiq ^ 27 variation of index with 

positions. On emerging from the wavelength, 

prism the light is spread out into a 


1.60 


5 1.50 


1.40 L_ 
400 



500 


600 


IVaitf length 'mp 


Fia. 2-27. Variation of index with 
wave length. 



Fio. 2-28. Dispersion by a prism. 
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fan-shaped beam as shown. The light is said to be dispersed into a spec¬ 
trum and the difference between the angles of deviation of any two rays 
is called the angular dispersion of those particular rays. 

The dispersive power 1 of a substance, represented by co, is defined as 
follows. Three wave lengths, Xp, Xd, and X c (see Fig. 2-27), are arbi¬ 
trarily selected for reference. These wave lengths lie in the blue, yellow, 
and red portions of the spectrum. The corresponding indices of the sub¬ 
stance are n F} n Dl and n c . The dispersive power o> is defined by the 

relation 

w = n ? ~ n e . (2-13) 

no — 1 


For example, the dispersive power of a silicate flint glass for which 
n F = 1.632, n D = 1.620, and nc = 1.613, is 


1.632 - 1.613 A no1 
WF,int = 1.620 - ~ " °-° 31 ’ 


while that of a silicate crown glass for which n F — 1.513, n D — 1.508, and 
nc = 1.504, is 


_ 1.513 - 1.504 

W Cr °wn - L50 g _ L 


0.018. 


The dispersive power may be interpreted physically as follows. Sup¬ 
pose a narrow beam of polychromatic light is incident on a prism of small 
angle as in Fig. 2-29. Let d F , 8 D , and 8 C represent the angles of deviation 
of the rays whose wave lengths are Xp, \d, and Xc- The angle 8d may 
be considered the mean deviation of the spectrum as a whole, while the 
angle 8 F — 8c is a measure of the dispersion of the spectrum. The dis¬ 
persion is small if the angle of the prism is small and it may be assumed 
that each ray passes through the prism at the angle of minimum devia¬ 
tion so that Eq. (2-12) may be applied. Then 

Sp = (np — 1) A, 

8d = (n D - 1) A, 

= (nc — 1) A. 


1 The term “power” is greatly overworked in the field of optics. It is used as a 
synonym for “ability,” and one speaks of “dispersive power,” “magnifying power,” 
etc. An improved terminology is greatly to be desired. 
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Fio. 2-29. 


/&7U> 

} 




The dispersion, 5f — 6 C , is therefore 

S , _ Sc = (n, - 1) A - Coe - 1) *■ = - nc) A ’ 

and the ratio of the dispersion to the mean deviation is 

8y — Sc _ (rtf - nc) A _ n P - rt g _ ^ 

5x> (no - 1) A n ° ” 1 

Th di.p.reiv. P« T a *‘"f".r.'Sit — 

hp - 6 C , to the mean deviation o D , when g 
deviation by a prism of small angle. 

Example. Compute the -ean deviations and dispersions produced by the flint 

and crown glasses above, if the prism angle is 10.0 . 

For the flint glass _ . (1 . 620 - 1) 10 = 6.20°, 

Mean deviation = do - (.no ij * 

Dispersion = w«o = .031 X 6.20 = 0.192°. 

For the crown glass, 

Mean deviation = (1.508 1) 10 *= . > 

Dispersion = .018 X 6.08 = 0.091°. 

“• “ “ “ =1 
various optical matena s dis ions produced by two pnsms of 

^""roportional to the mean deviations. For example, 
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Fio. 2-30. (a) A direct-vision prism, (b) An achromatic prism. 


the ratio of the mean deviations produced by the flint and crown prisms 
in the preceding example is 

6 - 20 ° _ 22 
5.08° " L22 ’ 

while the ratio of the dispersions is 

0.192° 


0.091 


= 2 . 11 . 


It is therefore possible to combine two (or more) prisms of different 
materials in such a way that there is no net deviation of a ray of some 
chosen wave length, while there remains an outstanding dispersion of the 
spectrum as a whole. Such a device, illustrated in Fig. 2-30 (a), is known 
as a direct-vision prism. (See also Fig. 6-33.) Two prisms may also be 
designed so that the dispersion of one is offset by the dispersion of the 
other, although the deviation is not. A compound prism of this sort is 
called achromatic (Fig. 2-30 (b)). 

Example. We wish to design both (a) a direct-vision and (b) an achromatic 
prism, using the flint and crown glasses whose dispersive powers were computed 
in the preceding section. 

(a) Let quantities referring to the flint glass be designated by primed letters 
and to the crown glass by unprimed letters. We shall assume the prisms to be 
of small angle so that Eq. (2-11) may be used. The mean angles of deviation, 

and 8' D (see Fig. 2-29) are 

5 d = (no — 1) A, 

8'd = (n' D - 1) A'. 

If now the two prisms are combined apex to base as in Fig. 2-30 and the angles 
A and A' are chosen so that 8d = 8‘d, the mean deviation of the first prism is offset 
by that of the second. The required ratio of the angles is 

A_ = n'p - 1 (2-14) 

A’ no — 1 


1.620 - 1 
1.508 - 1 



= 1 . 22 . 
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If the angle A' of the flint prism is 10.0°, the angle A of the crown prism should 

be 12 2 °* , , L fl . 4 • • 

The dispersion produced by the flint prism is 

5', - 6'c = (nV - n'c) A', 

and that produced by the crown is 

bp — be = ( n r ~ °c) A. 

The outstanding dispersion is the difference between these, or 

Net dispersion = (n', - n'c) A' - (n F - nc) A. (2-15) 

In the fimt tenn, express A' in fcrms of A from Eq ( 2 - 14 )and muU,,yn U mer- 
ator and denominator of the second term by (n D - 1). Then Eq. (2 15) becomes 

Net dispersion = A (no — 1) (**>' — w )* (2-16) 

The net dispersion is proportional to the difference between the dispersive 
powers of the two glasses. When numerical values are inserted in Eq. (2-16) 

obtain 

Net dispersion = 12.2 X (1.508 — 1) (.031 — 018) 

= 0.079°. 

(b) If the compound prism is to be achromatic, the dispersions of the two 
prisms must be equal. That is, 

(nV - n'c) A' = {n F - nc) A, 

or 

A n F — nc 
A' np - nc 

If the angle A’ of the flint prism is 10.0”, we find on inserting numerical values, 

A - 21.1”. 

Although the prism is commonly called "achromatic,” it is, more precisely, 

r-rttrtfcsiasss 

lengths A,, Xa, and Xc by the prism above are: 

J, = _ 1 ) A' - (n, - 1) A - .632 X 10 - .531 X 21.1 = -4.50”, 

J„ = - 1) A' - (no -DA- .620 X 10 - .508 X 21.1 = -4.52”, 

Sc = („' c - 1) A' - (nc - 1) A - .613 X 10 - .504 X 21.1 = -4.50”. 

Thus while the deviations hr and 8c are equal, 8» is slightly d «erent and thc 

u ij nn : R not fully achromatic. Rays of wave lengths \r and Ac are slightly 

displaced from one another after passing through the prism but since their direc- 
tions are the same they will be imaged at the same point by the eye or any other 

im Th“ip“ratd in this example for achromatizing two prisms is also 
used in designing achromatic lenses. See Sec. 5-7. 
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2-14 The rainbow. The rainbow is produced by the combined effects 
of refraction, dispersion, and internal reflection of sunlight by drops of 
rain. When conditions for its observation are favorable, two bows may 
be seen, the inner being called the primary bow and the outer the secondary 
bow. The inner bow, which is the brighter, is red on the outside and violet 
on the inside, while in the more faint outer bow the colors are reversed. 
The primary bow is produced in the following manner. Assume that the 
sun’s rays are horizontal, and consider a ray striking a raindrop as in Fig. 
2-31 (a). This ray is refracted at the first surface and is in part reflected 
at the second surface, passing out again at the front surface as shown. 
An exact computation of the course of such a ray is exceedingly laborious 
but the French scientist Descartes computed the paths of some thousands 
of rays incident at different points on the surface of a raindrop and showed 
that if a ray of any given color were incident at such a point that its 
deviation was a maximum, all other rays of the same color which struck 
the surface of the drop in the immediate neighborhood of this point would 
be reflected in a direction very close to that of the first. The angle of 
maximum deviation of red light is 138°, or the angle 5 in Fig. 2-31 is 
180° - 138° = 42°. The corresponding angle for violet light is 40°, while 
that for other colors lies intermediate between these. 



Fio. 2-31. The rainbow. 
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Consider now an observer at P, Fig. 2-31. The X-Y plane is hori¬ 
zontal and sunlight is coming from the left parallel ^to the A-axis *1 
drops which lie on a circle subtending an angle of 42 at P and with the 
center at 0, will reflect red light strongly to P. All those on a circle 
subtending 40“ at P will reflect violet light strongly, while those occupying 
intermediate positions will reflect the intermediate colom of the spectrum. 

The point 0, the center of the circular arc of the bow, may be con¬ 
sidered the shadow of P on the Y-Z plane. As the sun rises above the 
horizon the point 0 moves down, and hence with increasing elevation of 
the sun a smaller and smaller part of the bow is visible. Evidently an 
observer at ground level cannot see the primary bow when the sun is more 
than 42“ above the horizon. If the observer is in an elevated position, 
however, the point 0 moves up and more and more of the bow may be 
seen. In fact, it is not uncommon for a complete circular rainbow to 

Seen Th™Tecondary a bow is produced by two internal reflections, as shown 
in Fig 2-31 (b). As before, the light which is reflected in any particular 
direction co^ists largely of the color for .which that direction is the angle 
of maximum deviation. Since the angle of deviation is here the angle 
and since the violet is deviated more than the red, the violet rays in the 
secondary bow are deflected down at a steeper angle than the red and 
the secondary bow is red on the inside and violet on the outside e ge. 
The corresponding angles are 50.5" for red and 54 for violet. 
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Problems—Chapter 2 

(1) (a) Prove that a ray of light reflected from a plane mirror rotates through 
an angle 20 when the mirror rotates through an angle 6 about an axis perpendicular 
to the plane of incidence, (b) In a Foucault apparatus for measuring the velocity 
of light, light is reflected from a rotating mirror to a stationary mirror 1000 m dis¬ 
tant, and returned to the rotating mirror. Find the angular velocity of the rotating 
mirror, if the return beam after reflection from it makes an angle of 1 minute with 
the original incident beam. 


(2) A ray of light is incident on a plane surface separating two transparent 
media of indices 1.60 and 1.40. The angle of incidence is 30° and the ray origi¬ 
nates in the medium of higher index. Compute (a) the angle of refraction, (b) the 
angle of deviation. 





(3) (a) Show in a diagram the position of the image 

of the arrow 0, formed by the plane mirror M in Fig. 
2-32. (b) Show also the pencil of rays by which an 

observer E sees the image of the head of the arrow. 

(4) What is the height of the smallest vertical plane 
mirror in which an observer, standing erect, can see 
his full length image? 


(5) Two identical beakers, one filled with carbon 
disulphide and the other with water, are viewed from above, (a) Which beaker 
appears to contain the greater depth of liquid? (b) What is the ratio of the 
apparent depths? 


(6) A layer of ether (n = 1.36) 2 cm deep floats on water (n = 1.33) 4 cm deep. 
What is the apparent distance from the ether surface to the bottom of the water 
layer, when viewed at normal incidence? 


(7) A glass plate 1 inch thick, of index 1.50, having plane parallel faces, is held 
with its faces horizontal and its lower face 4 inches above a printed page. Find 
the position of the image of the page, formed by rays making a small angle with 


the normal to the plate. 

(8) A plane mirror M is at a height h 
above the bottom of an empty beaker as 
shown in Fig. 2-33. (a) Where is the 

image, formed by the mirror, of a scratch 
on the bottom of the beaker? (b) When 
the beaker is tilled with water, does the 
imag. of the scratch move up or down? 
(c) Deduce a general expression for the 
distance from the scratch to its image in 
the mirror, in terms of h and the depth d 
of the water in the beaker. 
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(b)' Find the coordinates of the astigmatic line irn^es of the source, formed by 

pencil whose central ray is incident at an angle of 25 . 

t iL • . p • o i7 reDresent a submarine which is being spotted 

(12) Let the point P in Fi g; 2-17 represent as ^ ^ ^ depth below 

thVaurface oUhe “astatic 16 image if the angle of refraction of the centra, 
ray is (a)I 60°, <» " • ( £*jj > ^ of ^ on one surface of a glass plate 

2 ^° f *•»"- “ “ ir - Find the 
transverse'displacement between the incident and emergent rays 

04) A body of water U covered with a >a f r .jm thich ofm, of 
inciden^of 0 ^ 0 ^ 1 ^^ 1 ^medinm^above'the oi. is air, will the ray be totally re- 

fleC (15) A ray of light is incident on the left vertical face of a glass co^ofindex 
“ y . 9 ., 4 The D i ane 0 f incidence is in the plane of the paper, 

occur at the top surface? 
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at the vertical face? . . . . 

(17) A 45 o -45 o - 90° prism is immersed in water. What is the minimum 
of refraction the prism may have if it is to reflect totally a ray incident normally 

on one of its shorter faces? 
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(18) Light is incident normally on 
the short face of a 30°-60°-90° prism as 
in Fig. 2-36. A drop of liquid is placed 
on the hypotenuse of the prism. If the 
index of the prism is 1.50, find the maxi¬ 
mum index the liquid may have if the 
light is to be totally reflected. 

(19) A fish looks upward at an unobstructed overcast sky. What total angle 
does the sky appear to subtend? 

(20) A point source of light is 8 inches below the surface of a body of water. 
Find the diameter of the largest circle at the surface through which light can emerge 



from the water. 

(21) A cylindrical tin can open at the top has a diameter of 8 inches and a 
height of 3 inches. In the center of its inside bottom surface is a tiny black dot, 
and the can is completely filled with water.- Compute the radius of the smallest 
opaque circular disk that would prevent the dot from being seen, if the disk were 
floated centrally on the surface of the water. 

(22) If the allowable deviation of light by a sheet of window glass is 1 minute 
of arc, how nearly parallel must the two faces be? 

(23) What is the angle of minimum deviation of an equiangular prism whose 
index of refraction is 2? Illustrate by a diagram the path of a ray that traverses 
such a prism at minimum deviation. 

(24) An equiangular prism is constructed of the silicate flint glass whose index 
of refraction is given in Fig. 2-27. Find the angles of minimum deviation for light 
of wave length 400 mu and 700 mjx. 

(25) The indices of refraction of an equiangular prism, for light of wave length 

Xn and Xc are n D = 1.620, nc = 1.613. (a) For what angle of incidence will rays 

from a sodium flame (wave length = X D ) pass through the prism at minimum 
deviation? (b) What is their angle of deviation? (c) If a ray of wave length Xc 
is incident at the angle computed in part (a), what angle does the refracted ray 
within the prism make with the prism base? Draw a diagram. 


(26) The index of refraction of the 
prism shown in Fig. 2-37 is 1.56. A ray 
of light enters the prism at point a and 
follows in the prism the path nb which 
i? parallel to the line cd. (a) Sketch 
carefully the path of the ray from a 
point outside the prism at the left, 
through the glass, and out some dis¬ 
tance into the air again, (b) Compute 
the angle between the original and final 
directions in air. (Dotted lines are con¬ 
struction lines only.) 



Fio. 2-37. 


(27) A ray of light strikes a plane mirror M at an angle of incidence of 45° as 
in Fig. 2-38. After reflection, the ray passes through a prism of index 1.50, whose 
apex angle is 4°. Through what angle must the mirror be rotated if the total 
deviation of the ray is to be 90°? 
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(28) A horizontal ray of light passes through a pram, of index L5CI whose^apex 
anele is 4° and then strikes a vertical mirror, as shown in F\g 2-M. ifcrougn 
what angle must the mirror be rotated if after reflection the ray is to be horizontal. 

(29) A prism having an apex angle of 4° and refractive index of 1.50 is located 
in front of a vertical plane mirror, as shown in Fig. 2-40. A horizontal ray of light 
is incident on the pitan. (a) Make a careful sketeh showing the complete path 
of the ray. (b) What is the angle of incidence at the mirror? (c) Through wha 

total angle is the ray deviated? 

(30) A silicate crown prism of apex angle 15* is to be combined with a prism < of 
silicate flint so as to result in no net deviation of light of wave ength 550 mM- 
(See Fig 2-27 for indices of refraction.) (a) Find the angle of the m 

(b) Find the angular dispersion of two rays of wave length 400 tap and 700 tap. 

HU A silicate crown prism of apex angle 15° is to be combined with a pnsm of 
silicate flint so as to be achromatized for rayc.of.wave length» 400 m* and 700 m M . 
(See Fig. 2-27 for indices of refraction.) Find the angle of the flint prism. 
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REFLECTION AND REFRACTION AT SPHERICAL SURFACES 

3-1 Refraction at a spherical surface. With few exceptions, the sur¬ 
faces of all lenses and mirrors are spherical or plane, because only spherical 
and plane surfaces can be produced by machine methods at reasonable 
cost. When a train of light waves passes through an optical instrument, 
the curvature of the wave fronts is altered at each boundary surface. 
However, a wave front that is originally spherical or plane does not have 
a geometrically simple form after refraction at a spherical surface. This 
makes it practically impossible to analyze the passage of light through an 
optical instrument in terms of wave surfaces, and it is here that the simpli¬ 
fications of the ray method are most useful. A ray, in its passage through 
an optical instrument, is made up of a number of segments of straight 
lines, deviated at reflecting or refracting surfaces by angles which can be 
computed from the law of reflection or from Snell’s law. Hence the prob¬ 
lem of tracing the path of a ray reduces to a problem in geometry and this 
branch of optics is called geometrical optics {trigonometrical optics would be 
more appropriate). 

The line A A in Fig. 3-1 represents a spherical surface of radius R 
separating two transparent substances having different indices of refrac¬ 
tion. The center C of the spherical surface is called the center of curvature. 
A line such a s PVC through the center of curvature is called an axis. The 
point V, where the axis intersects the surface, is called the vertex. Let the 
index of the substance at the left of the surface be n and that at the right 
be n'. The diagram is drawn with n' greater than n. 

Fig. 3-1 (a) shows a pencil of rays diverging from a point P, called the 
object. The distance from the object to the vertex is called the object dis¬ 
tance and is represented by s. Let us select an arbitrary ray, such as the 
one indicated by a heavy line, and trace it through the surface. This ray 
is shown separately in Fig. 3-1 (b). It makes an angle u with the axis 
and is incident on the refracting surface at point B. Draw the radius 
CB and extend it beyond point B as shown. Since the radius is normal 
to the surface at point B, the angle 0 is the angle of incidence of the 
chosen ray, and 0' is the angle of refraction. The refracted ray crosses 
the axis at point P' at a distance s' to the right of the vertex, and makes 
an angle u' with the axis. We shall show that for small values of the angle 
u, all rays from P intersect at P', which is called the image of point P. 
The distance s' is the image distance. 
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Fio. 3-1. Refraction of rays at a spherical surface. 

It is necessary at this point to adopt a convention of signs for distances 
and angles. Many such conventions are in use and all have some points 

in their favor. We shall use the following set of conventions. 

1. Draw all figures with light incident on the refracting or reflecting sur- 

^2. °ConsidJobject distances ( s) positive when the object lies at the left of 

the vertex of the refracting or reflecting surface. 

3. Consider image distances (s') positive when the image lies at the right 

0} *4. Consider radii of curvature (R) positive when the center of curvature 

CmMer "anqUxpositive when the slope of the ray with respect to the 

axis (or with respect to a radius of curvature) is positive. 

6. Consider transverse dimensions positive when measured upward from 

the axis. 
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It is advisable that these conventions of sign be memorized, since many 
of the difficulties that arise in this particular branch of optics have been 
found to result from a lack of familiarity with them, rather than from a 
failure to grasp the physical principles involved. 

Let us now return to the problem of tracing an arbitrary ray from P 
through the refracting surface in Fig. 3-1 (b). From the triangle PBC, 
by the law of sines, 

sin ( 7 T — 0) _ R + s 
sin u R 


and since sin (tt — <f>) = sin 0 , 


. , R -4- s . 

sin 0 = — 5 — sin u. 
tt 

The angle of refraction, 0', may now be found from Snell’s law. 


(3-1) 


sin 0 ' = — sin 0 . 
n 


(3-2) 


The slope angle u' of the refracted ray can be computed from the 
triangle PBP', making use of the fact that the sum of the interior angles 
of a triangle is 180° or 7 r radians. Note that according to our convention 
of signs the angle u' is negative, since the slope of the ray BP' is negative 
with respect to the axis. 

U + (7T — 0) H- 0' — U # = 7T, 

u' = 0' + «- 0. (3-3) 


Finally, the image distance s' is found from the triangle CBP', by the 
law of sines. 

s' — R _ sin 0' 


R 


—sin u 



sin 0 y 
sin u' 


(3-4) 


Eqs. (3-1), (3-2), (3-3), and (3-4) suffice to determine the distance s' 
and the slope angle u' of any ray, in terms of the distance s, the original 
slope angle u, and the constants of the system, n, n', and R. 

On solving the preceding equations for s', it is found that this distance 
depends on the slope angle u of the incident ray. It is greatest when the 
angle u is zero, and becomes smaller as u increases. That is, the rays 
originating at point P do not all intersect at a common point after refrac- 
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tion, which is another way of stating that the refracted wave fronts are 
not spherical. This characteristic of spherical refracting surfaces is called 

spherical aberration, and is discussed further in Chap. 5. 

An important simplification results if the slope angles of the incident 

rays are small. Such rays, nearly parallel to the axis, are called po™**** 
rays. If the angle u is small, the angles <t>, <t >, and u will be a ^ 0 ’ 

and the sines of the angles, in Eqs. (3-1) to (3-4) can be replaced by the 
angles. The trigonometric equations then become algebraic equations, and 
may be combined by straightforward algebraic operations to give the fol¬ 
lowing relation between s and s' and the constants of the system. 



(3-5) 


The series expansion of sin 4> is 

< t >* <#> 6 

sin * = * - Jj + 5| -. 

To assume that sin 4 , = d> is to neglect all terms in the series beyond the first and 
the eauations that result from this approximation are known as those of first order 
theory A better approximation is obtained by including the next term, leading to 
third order theory, but the resulting cubic equations are not easy to manipulate. 

Since the angle u does not appear in Eq. (3-5), it follows that all rays 
from an axial point P, making small angles with the axis intersect at 
common point P' after refraction at a spherical surface. In other words 
a small portion of the refracted wave front near the axis is approximately 
a spherical surface with center at P'. Point P' is the image of the point P. 

? The radius R of the refracting surface in Fig. 3-1, the indices of refrac 
tion n and n', and the object distance s, have values such that the rays 
diverging from P are deviated sufficiently to become converging after re¬ 
fraction For other values of these quantities the deviation may not be 
sufficient to cause the rays to converge. They then appear to diverge, as 
in Fig. 3-2, from a point P' at the left of the vertex. (The rays may, of 
course be parallel to the axis after refraction, in which case one may con¬ 
sider either that they converge to a point at + », or diverge from a point 

Et Point P' in Fig. 3-2 is a virtual image of P, point P' in Fig. 3-1 is a real 
image Thus we see that a positive value of the image distance s indi¬ 
cates a real image, while a negative value indicates a virtual image. 
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Fig. 3-2. 

Notice carefully that the rays from P in Fig. 3-1, or the waves they 
represent, do not stop at the point P' but continue beyond it. That is, 
within the cone bounded by the outermost rays striking the refracting 
surface, light waves spread out toward the right from P' just as they would 
from a material luminous object at this point. Notice also that the image 
is something that exists in space, and that an image is formed at P' whether 
or not there is a screen at this point. 

Although Eq. (3-5) does not apply, in general, to rays making large 
angles with the axis, it does apply to such rays in optical systems which 
have been corrected for spherical aberration. It is therefore one of the 
most important equations in geometrical optics. For reasons of clarity 
in the illustrations in this and following chapters, rays making large angles 
with the axis have been drawn as if they obeyed the equations of first order 
theory. 

Another viewpoint regarding the formation of an image by a refract¬ 
ing surface should be considered at this time, since we shall need to make 
use of it later in Chap. 9. All paraxial rays diverging from point P in 
Fig. 3-1 intersect at P'. Let us compare the number of waves in the ray 
PVP' with the number in the ray PBP'. The former travels a smaller 
distance than the latter in the first medium of index n, but a greater dis¬ 
tance in the medium of index n '. If n'>n, the wave length in the first 
medium is greater than that in the second. We shall show that these 
differences just compensate one another, and that the number of waves 
is the same in all paraxial rays which diverge from P and intersect at P '. 
Since the waves start from P in phase, they reach P' in phase and their 
amplitudes add. This is the true significance of an image. However, the 
fact that the waves are all in phase at the geometrical image point P ', 
does not imply that they are exactly out of phase at all other points. 
We shall show in Chap. 9 that in the immediate vicinity of the geometrical 
image point the waves, while not exactly in phase, are nearly enough so 
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Fio 3-3. The time is the same along all paths between an object and it* image. 

as to cause the ■'image” to spread out over an appreciable area. Th.s 

phenomenon is called ditfrae/um. the wave 

The proof of the propos.tmn “ ^ in the fi „ t a nd second 

length of the light in vacuum. The wave leng 


media are then 



The number of waves in the ray PVP is 

±+ ± 

X ^ X' 

Let PB = l, BP' = f'. The number of waves in the ray PBP' is 

T~ x 4 f 


and we wish to show that 


s 


4 


8 


-l+L 

X- ^ X' 


or, in terms of indices of refraction, 

' ci .. l 71 ft — 


nl + »T. 


From Fig. 3-3, we see that 




y rr\ I 


DC = R cos 0, 

R = VD 4- R cos 0, 
VD = R (1 — cos 0). 


» 


Also, 


Hence 


s = PD- VD, 

PD = l cos u. 

8 = icosu — ft(l — COS0). 
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For paraxial rays, the angles u, u', and 0 are small and we can use the 
approximation 


o , 0 2 , u* 

cos 0 =1- 1 cos u =1-- 

2 2 


Then 


8 = 1(1 -—) -R- 

2 2 

= 1 (iu ! + R6 r ). 

2 

But from Fig. 3-3, 

h = l sin u = V sin u' — R sin 6, 

and since the angles are small, 

lu = l'u' = RQ. 

Hence 


But 


so 


s =i-b( U+ e). 


u H- 6 =0, 


; a. 

8 = l - 4>. 

2 


add. 


In the same way, we find that 

»'= r +| V . 

Now multiply the expressions for s and s' by n and n' respectively, and 


n$-f nV = n/-f n'T ——(n<£ 

2 


But if </> and <f>' are small, Snell’s law becomes 

n<f> = 

Hence the term in parentheses is zero and for paraxial rays, 

ns n's' = nl- f- n'l', 

which was to be proved. 

The fact that the number of waves is the same in all paraxial paths 
from P to P' is equivalent to stating that the time is the same along these 
paths, so that this is another example of Fermat’s principle. 
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3-2 Reflection at a spherical surface. As explained in Sec. 2-2, when 
light is incident on a surface bounding two transparent media of different 
indices of refraction, some light is reflected at the surface with the angle 
of reflection of any ray equal to the angle of incidence Hence a ray such 
as PB in Fig 3-1 (a) gives rise to a reflected ray as well as a refracted ray. 
If the surface is convex toward the left, as in Fig. 3-4, the reflected rays 
appear to diverge from a virtual image of P at Pi- The fraction of the 
incident light reflected from an air-glass boundary surface is only of the 
order of a few percent; nevertheless, interreflections at the surfaces of 
camera lenses often result in enough stray light reaching the film to cause 
a serious reduction in contrast and, if the instrument ,s directed toward 
the sun or any intense source, may produce out-of-focus images cal ed 
“ghosts ” The fraction of light reflected can be reduced to negligible 
amounts by so-called “nonreflecting" coatings (see Sec 8-2) on the lens 
surfaces. On the other hand, one often wishes to utilise the reflected light 
only, as in a telescope mirror. The surface is then coated with siher o 
aluminum to make it highly reflecting. High quality m.rrom are almost 
invariably made by grinding and polishing a glass surface to the curvature 
desired and then metallizing it. Where high quality is not essential, the 

mirror may be stamped from a metal sheet. 

The angle of incidence <P of a ray from P in Fig. 3-4 is of course given 
by Eq. (3-1). The angle between the reflected ray and the normal is found 
from the law of reflection instead of from Snell s law as in Eq (3-2). 
is, if r is the angle of reflection, we have instead of Eq. (3-2), 

r = — 0. 

The negative sign enters since the reflected ray has a negative slope 
with™! to the normal. By introducing a mathematical artifice at 



Fio. 3-4. Reflection at a spherical surface. 
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this point, the same formulas that were derived for refraction can be used 
for reflection also. If we assume in Snell’s law that n' = n, this law 
reduces to 


or 



Hence if we let n' = — n, and let the primed quantities in Eqs. (3-1) 
to (3-5) apply to the reflected as well as the refracted rays, these equations 
can be used for reflecting as well as for refracting surfaces. It should be 
noted, however, that a virtual image formed by a mirror lies at the right 
of the reflecting surface, so that a positive value of s' corresponds to a 
virtual image and a negative value of s' to a real image. As an illustration, 
consider the formation of an image by a plane mirror. The radius of 
curvature of such* a mirror is infinite, and setting R = °° and n' = —n 
in Eq. (3-5), we find 


Since the object distance s is positive if the object is real, the image 
distance s' is positive also. Therefore a 1 plane mirror forms a virtual 
image of a real object, at the same distance behind the mirror that the 
object is in front of it. 

If the radius of curvature of the mirror is finite, Eq. (3-5) becomes 


1 

s 




(3-9) 


3-3 Lateral magnification. Ordinarily, the rays incident on a refract¬ 
ing surface originate not merely at a single point, but at all points of the 
surface of an object of finite size. The arrow PQ in Fig. 3-5 is a conven¬ 
tional method of indicating an object of finite size in a plane at right 
angles to the axis of a refracting surface. Paraxial rays diverging from 
point P are imaged at P' as in Fig. 3-1, and, to avoid confusion, are not 
shown. The cone of rays diverging from Q is imaged at Q'. An axis 
drawn from Q through the center of curvature C has its vertex at V'. 
The distance QV' is greater than PV, and it will be seen from Eq. (3-5) 
that the distance from the vertex V' to the image Q' is less than that 
from the vettex V to the image P'. As a consequence, the image P'Q' 
does not lie in a plane at right angles to the axis PVC, but on a surface 
concave toward the left. This effect is known as curvature of field. How¬ 
ever, if the angle subtended by the object (or its image) at the refracting 
surface is small, the image will lie approximately in a plane at right angles 
to the axis, and the distances s and s' can be considered to apply to the 
entire object and image, not merely to the axial points P and P '. 
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PQ 


Fiq. 3-5. Rays diverging from Q are imaged at Q' after refraction. 

The ratio of the height y' of the image P'Q' to the height y of the object 
is called the lateral or transverse magnification and is represented y m. 


m = — • 

• y 

To derive the expression for the magnification let us select from the 
coni of r^ diverging from point Q in Fig 3-5 (a) that par .cular ray 
■ n thmiurh the center of curvature C, shown by a heavy line. This 
raT” drawn Iparately in Fig. 3-5 (b). Since it is incident normally on 
the surface AA, it is not deviated and procee^ .n a strarght hne from Q 
to Q'. From the similar triangles PQC and PQ C, 


-V 

V 


CP' 

PC 


s' - R 
s +R 


(3-10) 
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Now refer to Fig. 3-1 and the equations derived from it. Eqs. (3-1) 
and (3-4) may be put in the form 

_ „ sin 0' . r» d sin <p 

6 sin u' sin u 

When these expressions for s' — R and s + R are inserted in Eq. (3-10) 
we get 

y' sin 0' sin u 

m = — = ——t—:-}» 

y sm 0 sm u 

and since by Snell’s law sin 0'/sin 0 = n/n', it follows that 


or 


V n sin u 

m = — = ;-; 

y n sm u 


ny sin u = n'y' sin u'. 


(3-11) 


(3-12) 


Either of the preceding equations is known as Abbe's sine condition. 

In the special case of paraxial rays, where u and u' are small, the sines 
of these angles can be approximated (see Fig. 3-1 (b)) by 


h . , h 

sin u = -» sin u = — • 
s s 


Hence sin u/ sin u' = -s'/s, approximately, and for paraxial rays 


m = — = 

y 


ns 

n's 


(3-13) 


If m is positive, y and y' have the same sign, and object and image lie 
on the same side of the axis. In this case the image is called erect. If m 
is negative, y and y' are of opposite sign and the image is inverted. 

The expression for the lateral magnification produced by a reflecting 
surface is obtained by setting n = — n' in Eq. (3-13). This gives 

s' 

m - - 

s 

That is, the magnification equals the ratio of image distance to object 

distance. 


Examples. (1) One end of a cylindrical glass rod of index 1.50 is ground and 
polished to a hemispherical surface of radius R = 20 mm. (See Fig. 3-6(a).) An 
object in the form of an arrow 1 mm high, at right angles to the axis of the rod, is 



'p,v- 

'L-- v- / 


' 80 mm 

180 mm- 

y" S' S S 




Fig. 3-6. 



located 80 mm to the left of the vertex of the surface. Find the position and 
magnification of the image. The rod is in air. 

From the given data, 

n = 1, n' = 1.5, R = +20 mm, s = +80 mm. 

J_ L5 1.5 - 1 

80 + s' 20 ’ 

a' = +120 mm. 

The image is therefore at the right of the vertex (s' is positive) and at a dis¬ 
tance of 120 mm from it. It is a real image; the refracted rays converge toward it, 
and diverge from it after intersecting. 

The lateral magnification is 

_ y' _ 1 X 120 _ 

m " y 1.5 X 80 

Therefore y' is numerically equal to y but is of opposite sign. That is, the 
image is the same height as the object but is inverted. 

(2) Let the same rod be immersed in water of index 1.33. Find the position 
and magnification of an object 80 mm to the left of the vertex. (Fig. 3-6(b).) 

We now have 

1.33 1.5 1.5 - 1.33 

80 + s' 20 

s' = —180 mm. 

The fact that s' is negative means that the rays after refraction are not con¬ 
verging, but appear to diverge from a point 180 mm to the left of the vertex. 
In other words, the image is virtual. 

The lateral magnification is 

1.33 X (-180) 0 

m = 1.5 X 80 + ' 

The image is erect (m is positive) and twice the height of the object. 

(3) (a) What type of mirror is required to form an image, on a wall 3 m from 
the mirror, of the filament of a headlight lamp 10 cm in front of the mirror? (b) 
What is the height of the image, if the height of the object is 5 mm? 
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(a) From the given data, 


s = 10 cm, a' = -300 cm. 

J__1_ = _ 2 ^ 

10 -300 R * 


ft = —19.4 cm. 


Since the radius is negative, a concave mirror is required, 
(b) The lateral magnification is 





The image is therefore inverted (m is negative) and is 30 times the height of the 

object, or 150 mm in height. . , . 

(4) An object is 4 in. to the left of the vertex of a concave mirror of radius of 

curvature 12 in. Find the position and magnification of the image. 

s = 4 in, R = —12 in. 


1 _ 

4 



2 

-12 


} 


a' = 12 in. 


m 


12 

4 



The image is therefore 12 in. to the right of the vertex (s' is positive), is virtual 
(s' is positive), erect (m is positive), and 3 times the height of the object. See Fig. 

3-7. , 

(5) As an illustration of the general applicability of Eq. (3-5), let us apply it 
to a problem that has been already solved by other methods, namely, to find the 
position of the image of an object at a depth h below the surface of a body of water, 
as seen by an observer looking vertically downward. 




12 m 


Fio. 3-7. 
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focal points and focal lengths 


In this case the refracting surface is plane, so K = »• Also, n 
S = h and is positive. Then 

1.33 1 = 1 ~~ 133 , 

h + s' ® 


1.33, n' = 1, 


*' - 


in agreement with the result derived in Sec. 2-7. 

>-, w JXSgsftii fS3 

or reflecting surface is define “ . diverging from the first focal 

by the surface at infinity. Th , J { f flection 0 r refraction. 

Ft^S-^fa^fiows^th^firet^ocal^point'^f^rf a refracting surface and Fig. 

3-8 (b) that of a concave nMxxor. vertex Qf the sur[ace u 

cal,^h"Xt /“£« focal length can he computed from 
Eq. (3-5) by setting s' - 00 • Thl8 P ves 


- + — = ~ p ~’ 

s 00 K 


and since in this case, by definition, the object distance . equals the first 
focal length /, 


f = 



„ focal point of a refracting surface, (h) First focal point of a 

Fio. 3-8. (a) ,ocai concave mirror. 
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For a mirror, we set to' = —to, and obtain 

/= -* 

J 2 

If the mirror is concave, as in Fig. 3-8, R is a negative quantity, / is 
positive, and the first focal point lies at the left of the vertex, halfway be¬ 
tween it and the center of curvature. 

The second focal point of a surface, designated F', is defined as the image 
of an infinitely distant object point on the axis. That is, it is the point at 
which incident rays originally parallel to the axis intersect after reflection 
or refraction. (See Fig. 3-9 (a).) The distance from the vertex to the 
second focal point is the second focal length, If we set s = » in Eq. 
(3-5) we find 


w n 
oo s' 


n' — n 


and since s' = /', by definition, 


/' = —r~— R- 

J n — n 


(3-15) 


Setting n' = — n, we find for the second focal length of a mirror, 

3 2 

If the mirror is concave, R is negative, s' and/' are negative also and, 
since they refer to image distances, the second focal point lies at a distance 
R/2 to the left of the vertex as in Fig. 3-9 (b). In other words, the first 
and second focal lengths of a mirror are equal, and the first and second 



(«) ( 6 ) 

Fig. 3-9. (a) Second focal point of a refracting surface, (b) Second focal point of a 

concave mirror. 
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, 1 • o mirror coincide. It is therefore unnecessary to distin- 

Sh between them and ordinarily one simply spealm of the 

amirror. The focal length of a mirror is considered to be the first focal 

' en *Th'e^focal"lengths of a refracting surface, however, are unequal, as is 
seen by a comparison of Eqs. (3-14) and (3-15). 

Example. Find the first and second focal lengths of the spherical surface in 

Example (1) at the end of Sec. 3-3. 

The first focal length / is 


The second focal length /' is 

1.5 


X 20 = 40 mm. 


X 20 = 60 mm. 


^ 1.5 - 1 

Hence the first focal point F lies 40 mm to the left of the vertex, and the second 
focal point F' lies 60 mm to the right of the vertex. 

i.'hJd".'" u"i,h b«. 1. I. .««-«■"' ” *““™ *• 

is parallel to the axis after refraction. 


Q 



r r ' "7^ • »* 




* 


1 


Flo. 3-10. Graphical method for locating an image formed by refraction at a single 



76 


REFLECTION AND REFRACTION 


[Chap. 3 



The point of intersection of any two of these rays suffices to locate the 
image Q' of point Q, and since (in the absence of aberrations) all rays from 
the object point pass through the same image point, the paths of any 
other rays, such as the two unnumbered ones, can be determined after the 
image has been located. Note that the construction must be made for an 
object point not on the axis of the surface. 

Fig. 3-11 illustrates the graphical method applied to the formation of 
an image by a concave mirror. The arrow PQ represents the object, and 
the points C and F are respectively the center of curvature and the focal 
point of the mirror. Ray 1, parallel to the axis before striking the mirror, 
passes through the focal point F after reflection. Ray 2, incident on the 
mirror after passing through the focal point, is parallel to the axis after re¬ 
flection. Ray 3, incident on the mirror after passing through the center of 
curvature C, strikes the mirror at normal incidence and hence retraces its 
original path. The point of intersection of any two of these rays suffices 
to locate the image of the head of the arrow. Once this point has been 
found, the paths of any other rays may be traced. 

The image P'Q' is a real image. How may it be seen? In order to 
see the image one must look at it, just as one looks at a material object in 
order to see it. Thus an observer E in Fig. 3-11 sees the head of the arrow 
by means of the narrow shaded pencil of rays. Of course, the eye must be 
sufficiently far away from the image P'Q' for a distinct image to be formed 
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j- fnr thp average observer is about 10 in. or zo cm. v 

■*"1,'rJ: rinvsr- *-»»..—»«*. «• - ■*• 

Strictly swZr^thU l done one sees not the image, but the screen 
illuminated to a greater or less extent depending upon the amount of hght 
incident at various points of the image. 

=*c«3E?r s ^ »=rr=;’7 

special cases, to atlel three different 

The vanous poss.biht es can be dmtmgai object distances , an(i 

but eq T t al ®"*7 y m ) by the terms “real” and “virtual,” and (3) by the 
ZZrt^Tr divergence of the rays. Four different possibilities are 

illustrated ^ incident rays are diverging and both 

are converging. Object and unage are both real and ana 

positive. incident and refracte(i rays are diverging. 

The obiect fs real and the object distance . is positive, while the .mage » 
virtual and the image (dj a^Z familiar than 

The "“X^butl™'of common occurrence in optica, instru- 

meTts” 1 A^efracting surface or surfaces at the left of the one shown have pro- 
ments. A reiracung which wou i d con verge to a real image at P 

duced a converging cone y » surface The object distance s is 

but for the interp^t.onof therefrao g f ^ ^ im age would 

the distance from ‘hejerte^to^he^.nt ^ point p is called 

haVe /^l obiZnd since it lies at the right of the vertex, the object dis- 
a virtual object an , neeat i ve . In Fig. 3-12 (c) the rays are con- 

"g afteTreTaction, « in Fig. 3-12 (a), so the image is real and the 

image distance s' is positive. 
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Fig. 3-12. (a) A real image of a real object, (b) A virtual image of a real object, 

(c) A real image of a virtual object, (d) A virtual image of a virtual object. 


In Fig. 3-12 (d) the incident rays are converging and the refracted 
rays are diverging. Both object and image are virtual, and s and s' are 
both negative. 

To sum up, then, whenever a converging cone of rays is incident on a 
surface, the point toward which the rays are converging serves as the ob¬ 
ject for the surface. It is called a virtual object, and the object distance s 

is negative. 

If the incident rays are parallel to one another, one can consider either 
that they diverge from a point at an infinite distance to the left of the ver¬ 
tex, or that they converge toward a point at an infinite distance to the 
right of the vertex. In the first case the object is real and s = 4- °o ; in 
the second, the object is virtual and s = — °c. Similarly, if the refracted 
rays are parallel, one can consider either that s' = + » and the image is 
real, or that s' = — =o and the image is virtual. 

These relations between convergence and divergence, object and image 
distances, and real and virtual images, are summarized in Fig. 3-13. 
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Objects 

Incident rays diverging 

Real object 

8 positive 

Incident rays converging 

Virtual object 

a negative 

Incident rays parallel 

Object either real or virtual 

8 

■» 

II 

•0 

Images 

Refracted rays converging 

Real image 

«' positive 

Refracted rays diverging 

Virtual image 

«' negative 

Refracted rays parallel 

Image either real or virtual 

«' = ± 00 


Fio. 3-13. 


Examples. (1) Find the position of the first focal point of a convex mirror. 

(Se By definiUon, the firet focal point of a surface is that axial object point which 
is imaged at infinity. When we set s' = « in Eq. (3-9), we get 


L_ 1 = 

8 oo R 
R 

a== ~ 2 * 

The radius of curvature of a convex 
mirror is positive, so the object distance 
s in the equation above is negative. 
That is, a convex mirror forms an im¬ 
age at infinity of a virtual object at a 
distance to the right of the mirror equal 
to one-half its radius of curvature, as 
illustrated in Fig. 3-14. In other words, 
incident rays converging toward this 
virtual object point are parallel to the 
axis of the mirror after reflection. 




(2) The radius of curvature of the spherical surface in Fig. JM2 (c) s « 
the index at the left of the surface is 1.0, that at the right is 1.5, and the incident 
rays are converging toward a virtual object P, 20 mm to the right of the vertex. 

Find the position of the image P . 

From the given data, 


n = 1.0, n' 


1.5, s - -20 mm, R =■ +40 mm. 
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1 L5 = 1.5 - 1 
-20^ s' 40 ’ 

s' = 24 mm. 


The image is real and lies 24 mm to the right of the vertex. 

(3) Many readers will probably have wondered why it is necessary to compli¬ 
cate matters by talking about virtual objects, and why a problem such as the pre¬ 
ceding one cannot be solved merely by assuming that a real object is located at 
point P in Fig. 3-12 (c) and by 'computing the position of its image. To do so is 
an excellent example of the generally unwise procedure of attempting to solve a 
given problem by making up a second problem, thought to be equivalent to the 
first, and solving that instead. Physically, the two problems are not equivalent, 
because in the first a specified cone of converging rays is incident on the convex side 
of the refracting surface, while in the presumed equivalent problem a cone of 
diverging rays is incident on the concave side of the surface. That is, the presumed 
equivalent problem assumes that rays diverge from P in the directions of the 
dotted lines in Fig. 3-12 (c), and computes the directions of these rays after re¬ 
fraction. 

As a numerical example to show that the two problems are not equivalent, let 
us compute the position of the image of a real object at point P in Fig. 3-12 (c). 
To accord with our sign convention, the diagram must be redrawn as in Fig. 3-15, 
with P at the left of the refracting surface. We now have 



Fig. 3-15. 


n = 1.5, n’ = 1.0, 
s = +20 mm, 

R = — 40 mm, 

1 = 1 - 1.5 
20 s' -40 ’ 

s' = —16 mm. 

Hence a real object at P would be 
imaged at a point 16 mm to the left of 
the surface in Fig. 3-15, or 16 mm to 
the right of the surface in Fig. 3-12 (c), 
whereas the given cone of converging 
rays in Fig. 3-12 (c) is imaged 24 mm 
to the right of the surface. 



3-6 Images as objects. Most optical systems include more than one 
reflecting or refracting surface. The image formed by the first surface 
serves as the object for the second; the image formed by the second serves 
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as the object for the third; etc. In Fig. 3-16, the arrow at point 0 repre¬ 
sents a small object at right angles to the axis. A narrow cone of rays 
diverging from the head of the arrow is traced through the system, bur- 
face 1 forms a real image of the arrow at point P. The object distance 
for the first surface is OF, and the image distance is l ,P. Both of these 

aFe The image at P, formed by surface 1, serves as a real object for surface 
2 The object distance is PV, and is positive. The second surface forms 
a virtual image at point Q. The image distance is Q1, and is negative. 

The image at Q, formed by surface 2, serves as the object for surface 3. 
The object distance is QV, and is positive, since Q is at the left of l .. lhe 
image it Q, although virtual, constitutes a real object as far as surface 3 
is concerned. The rays incident on surface 3 are rendered converging and 
except for the interposition of surface 4, would converge to a real image at 
point R. Even though this image is never formed, distance l ,R 

image distance for surface 3 and is positive. . R 

The rays incident on surface 4 are converging, and the image at R, 
toward whih they converge, is a virtual object for surface 4 The object 
distance is V,R and is negative. These rays are rendered converging 
after refraction at surface 4, which forms a real image at /. The fina 

“The" magnification produced by the system is the product of the 
lateral magnifications at each surface. 



F»- 3-16- The object for each eurface^af.r the firs,, is the image formed h y the 
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Problems—Chapter 3 

(1) A small particle is embedded in a clear glass marble 1 inch in diameter, at 
a radial distance of inch beneath the surface. The index of the glass is 1.50. 
Find the position and lateral magnification of the image of the particle, formed by 
paraxial rays from the particle directed (a) toward the center, (b) radially outward 
from the center. 

(2) A paperweight in the form of a glass hemisphere is placed on a printed page 
with its flat surface down, and an observer looks vertically down toward the center 
of the hemisphere. Find (a) the position, and (b) the lateral magnification of the 
image of the type at the center of the flat surface of the hemisphere. (c> Draw a 
diagram, represent an object at the center of the flat surface by an arrow, and 
construct approximately to scale a few rays from a point of the object, not on the 
axis. Take the index of the glass as 1.50. 

(3) A small tropical fish is at the center of a spherical fish bowl 1 ft in diameter. 
Find (a) the position and (b) the lateral magnification of the image of the fish, seen 
by an observer outside the bowl. The effect of the thin glass walls of the bowl may 
be neglected. 

(4) A small tropical fish is at point 0 
E in Fig. 3-18, 3 inches from the center C 
s>_ of a thin-walled spherical fish bowl 1 ft 
in diameter, (a) Find the position and 
lateral magnification of the image of the 
fish seen by an observer at E. (b) Find 
the position and lateral magnification of 
the image of the eye of the observer, as 
seen by the fish. 

(5) The left end of a long glass rod 10 cm in diameter, of index 1.50, is ground 

and polished to a convex hemispherical surface of radius 5 cm. An object in the 
form of an arrow 1 mm long, at right angles to the axis of the rod, is located on the 
axis 20 cm to the left of the vertex of the convex surface. Compute (a) the posi¬ 
tion and (b) the magnification of the image of the arrow formed by paraxial rays 
incident on the convex surface. ^ 

(6) The right end of the rod in Prob. 5 is ground and polished to a convex 
spherical surface of radius 10 cm. The length of the rod between vertices is 60 cm. 
An arrow 1 mm long, at right angles to the axis and 20 cm to the left of the first 
vertex, constitutes the object for the first surface, (a) What constitutes the ob¬ 
ject for the second surface? (b) What is the object distance for the second sur¬ 
face'' (c) Is the object real or virtual? (d) What is the position of the image 
formed by the second surface? (e) Is the image real or virtual? Erect or in¬ 
verted, with respect to the original object? (f) What is the height of the final 
image? 

(7) The same rod as in Probs. 5 and 6 is now shortened to a distance of 10 cm 
between its vertices, the curvatures of its ends remaining the same as in Prob. 6. 
(a) What is the object distance for the second surface? (b) Is the object real or 
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virtual 7 (c) What is the position of the image formed by the second^surface? 
(d? Is the image real or virtual? Erect or inverted, with respect to the ongmal 

object? (e) What is the height of the final image. 

/qx T he rod in Prob. 5 is immersed in water of index 1.33. An arrow of the 
same si Je and in the same position serves as the object, (a) Find the position of 
Timage formed by refraction of paraxial rays at the convex surface, (b) Is the 
image rLl or virtual? Erect or inverted? What is its height. 

(9) The left end of a gl-rod ofmdex L50 is .round £***«*£ = 

MefoftfrSion oTthe epheTn orde'r that the rays will be brought to a focus 
at the vsrtex of the -ond surfacej ^ ^ ^ plane p „ sllel faces . „ 

(11) A glass plate 1 m \ . face 4 , nc hes above a printed page. 

Find 7a)^thrf positioned"(b) the magnification of the image of the page, fonned 
by rays making a small angle with the normal to the plate. 

(12) A parallel beam of light is inci- 
dent as shown in Fig. 3-19 on the surface 
of a transparent hemisphere of index 2.U. 

(a) Show whether or not the central ray 
in the beam is totally reflected at the 
plane surface, (b) Find the position of 
the image formed by refraction at the 
first surface, (c) Find the posi ion o sur f ace . (d) Show clearly in a dia- 

gram^he 6 subsequent paths oUhe three incident rays in Fig. 3-19, after reflection 

^ aaf FinVgraphically by a carefully drawn full ^/j^ror 
cmwaUire^inchea^of an a^row*^ inch high, ^rayB 

rsr=^fsr-2» * a- -— 

• _ \ a form an image of the filament of a headlight lamp 
(14) A c rr ( ™m‘the mirror The filament is 5 mm high, and the image -s to 
be “high "should be the focal length of the mirror, and how far » 
front of the vertex of the mirror should the filament be placed? 

.. a C mnnn is 2160 mi and its distance from the earth is 
mSS 1SSI12K tfSp of the moon formed by a spherical 
concave telescope mirror of focal length 12 tt. 
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(16) An object 1 cm high is 20 cm from the vertex of a concave spherical mirror 
whose radius of curvature is 50 cm. Compute the position and size of the image. 
Is it real or virtual? Erect or inverted? 

(17) A concave spherical mirror has a radius of curvature of 50 cm. (a) Find 
two positions of an object for which the image is four times as large as the object, 
(b) What is the position of the image in each case? (c) Is it real or virtual? 

(18) A man looks at himself in a concave shaving mirror whose radius of curva¬ 
ture is 48 inches. One of his eyes is on the axis of the mirror, 12 inches in front of 
the vertex, (a) Find the position and magnification of the image of the eye. 

(b) Is the image real or virtual? Erect or inverted? 

(19) The nose of an airplane is a polished spherical surface whose radius of 
curvature is 1 m. (a) Where is the image of the sun, formed by reflection in the 
polished surface? (b) How close to the sun would the airplane need to be in order 
to displace the image from this position by 1 mm, in a radial direction? 

(20) An image of the sun is formed by reflection in a silvered glass globe 20 
inches in diameter, (a) Where is the image? (b) What is its magnification? 

(c) Where must an object be placed if its image by reflection in the globe is to be 
of the same size as the object, but inverted? 

(21) A spherical lamp bulb 2 inches in diameter is imaged by a steel ball bear¬ 
ing located 20 inches away from the bulb. If the ball bearing is 1 inch in diameter, 
(a) where is the image of the lamp bulb, and (b) what is its diameter? 

(22) A convex mirror is sometimes used as the rear view mirror of an auto¬ 
mobile. Prove that the images formed by such a mirror are always virtual, al¬ 
ways erect, and always smaller than the object. 

(23) A solid glass sphere of radius R and index 1.50 is silvered over one hemi¬ 
sphere as in Fig. 3-20. A small object is located on the axis of the sphere at a 
distance 2 R from the pole of the unsilvered hemisphere. Find the position of the 
final image formed by the refracting and reflecting surfaces. 



Fig. 3-20. 



(24) An observer places his eye at a distance of 10 R to the left of the vertex of 
the sphere in Fig. 3-20 and looks toward the sphere, (a) Does he see an image of 
his eye? (b) Where is this image? (c) Is it real or virtual? 

(25) A plane mirror is suspended vertically at the center of a large thin-walled 
spherical flask filled with water. The diameter of the flask is 10 inches. An ob¬ 
server whose eye is 35 inches from the mirror as shown in Fig. 3-21 sees an image 
of his own eye. Where is the image which he sees? The effect of the thin glass 
walls of the flask may be neglected. 
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(26) A glass hemisphere of index 1.5 _._lA_f_I 

and radius R is silvered on its flat face. \~ | 

A small object of height h is located on _ _. | 

the axis of the hemisphere at a distance f ^ 

of 2 R from the vertex, as shown in Fig. Fio. 3-22. 

? ' 22 ' f^fbfthrstheri^l^surface. Consider only paraxial rays. Cb) 
image formed by the spnencai g , ^ ca te the final image formed by 

.....«—-- 

verted? 
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4-1 Lenses. A lens is an optical system bounded by two or more re¬ 
fracting surfaces having a common axis. If the lens has two surfaces only, 
it is called a simple lens; if there are more than two surfaces, a compound 
lens. All high quality lenses are compound lenses, that is, they consist 
of a number of simple lenses having a common axis. The surfaces of the 
lenses may be in contact, or there may be air spaces between them. 

Except when it is incident normally on one of the surfaces, a ray passing 
through a simple lens undergoes deviation at both surfaces. The axial 
thickness of many simple lenses is sufficiently small so that the entire devi¬ 
ation of a ray can be considered to take place in a single plane through the 
center of the lens. When this approximation can be made, the lens is 
called a thin lens. Any lens, simple or compound, that is not a thin lens, 
is called for brevity a thick lens. 


4-2 The simple lens in air. The general problem of refraction by a 
lens is solved by applying the methods of Sec. 3-1 to each surface in turn, 
the object for each surface after the first being the image formed by the 
preceding surface. 

Fig. 4-1 shows a pencil of rays 1 diverging from point Q of an object PQ 
and incident on a simple lens L. Let n represent the index of refraction 
of the material of which the lens is constructed, and R i and R 2 the radii of 
curvature of its first and second surfaces. The lens is in air. The first 
surface of the lens forms a virtual image of Q at Q'. This virtual image 
serves as a real object for the second surface, which forms a real image of 
Q' at Q ". The distance of the object from the first-vertex is Si. The 
corresponding image distance, s/, is found from Eq. (3-5). 


J. n_ _ n — 1 
si + Si Ri 


(4-1) 


The distance of the object P'Q' from the second vertex is 
_ s 2 = t- si, (4-2) 

1 The formulas in this chapter are based on first-order theory and apply to 
paraxial rays. For clarity, all diagrams have been exaggerated laterally and aber¬ 
rations have been ignored. 
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where t is the axial thickness of the lens. (We must write t - «i' and not 
t s/, since the image distance s/ is a negative quantity.) 

When Eq. (3-5) is applied to the second surface we get 

n 1 = 1 - n # (4-3) 

sj St Rt 

Eqs (4-1) (4-2), and (4-3) may now be solved for s 2 ', which gives the 
distance of the final image P"Q" from the second vertex The height of 
the final image is obtained by multiplying the height of the object PQ by 
the product of the lateral magnifications produced by each surface. 

Obviously this method of determining the position and size of an image 
can be extended to any number of surfaces, as in the example in Sec. 3-6. 


4-3 Focal points and focal planes. The first focal point of a lens may 
be defined as that object point on the lens axis which is imaged by the lens 
at infinity. In other words, rays diverging from the first focal point are 
parallel to the axis of the lens after refraction, as shown in Fig. 4-2 (a). 

The first focal point is lettered F. ...... 

A plane through the first focal point, at right angles to the axis, is called 

the first focal plane. Fig. 4-2 (b) shows a pencil of rays diverging from a 

point P in the first focal plane. These rays are parallel to one another 

after refraction, but not parallel to the lens axis. That is, they converge 

to an infinitely distant image of the point P. 

The second focal point of a lens may be defined as the image point of 
an infinitely distant point object on the lens axis. In other words, rays 
incident on the lens, parallel to the lens axis, pass through the second focal 
point after refraction as in Fig. 4-2 (c). The second focal point is lettered 

F\ 
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Fig. 4-2. (a) Rays diverging from the first focal point are parallel to the axis after 

refraction, (b) Rays diverging from a point in the first focal plane are parallel to one 
another after refraction, (c) Incident rays parallel to the axis pass through the second 
focal point after refraction, (d) Incident rays parallel to one another converge to an 
image in the second focal plane. 



Fig. 4-3. 


A plane through the second focal point, at right angles to the axis, is 
called the second focal plane. In Fig. 4-2 (d), a bundle of parallel rays 
from an infinitely distant point object, not on the lens axis, converges to 
an image P' in the second focal plane of the lens. 

It is not necessary that a ray shall actually originate at the first focal 
point of a lens, in order that its direction shall be parallel to the lens axis 
after refraction. The deviation of a ray incident at any point of a lens 
depends only on its direction at the point of incidence. This is illustrated 
in Fig. 4-3 (a), which shows the deviation of two rays, one of which origi- 
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nates at the left of the first focal 
point while the other originates at 
the right of this point. Similarly, 
any ray incident on a lens parallel 
to the lens axis, passes through the 
second focal point after refraction 

as in Fig. 4-3 (b). 

To find the position of the first 

focal point of a simple lens, let s 2 ' 
equal infinity in Eq. (4-3) and solve 
this equation for s 2 . Then find si 
from Eq. (4-2), insert this value in 
Eq. (4-1), and solve for si. This 
gives the distance from the first fo¬ 
cal point to the first vertex. The 
position of the second focal point is 
found in a similar manner, letting si 
equal infinity and solving for s 2 , 
which gives the distance from the 
second vertex to the second focal 

point. 

If the lens has more than two 
surfaces, the focal points are located 
by an extension of the process abov e. 
One sets the final image distance 
equal to infinity and solves for the 
corresponding object distance, then 
sets the object distance equal to in¬ 
finity and solves for the image dis¬ 
tance. 



Fig. 4-4. (a) The entire deviation of 

rays from the first focal point can he as¬ 
sumed to take place in the first principal 
plane, (b) The entire deviation of inci¬ 
dent rays parallel to the axis can be as¬ 
sumed to take place in the second principal 
plane, (c) The distance between each 
focal point and the corresponding principal 
point is the focal length. 


4-4 Principal points and focal 

ngths. Computation of the posi- . 

on and magnification of the image of a g.ven object at. given distance 

om a lens is facilitated by determining the positions of two points on the 
:ns axis known as the principal point. These are defined as fo lows 
Fig 4-4 (a) shows a cone of rays diverging from the first focal point of 
simple lens and deviated at both of the lens surfaces. When the ind¬ 
ent and emergent rays are projected ahead and back as indicated by 
otted lines, the points of intersection lie in a common plane known as the 
Irel principal plane of the lens. That is, the two deviations a. the two 
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lens surfaces are equivalent to a single deviation in the first principal plane. 
The point of intersection of the first principal plane with the axis is the 

first principal point and is lettered H. 

Fig. 4-4 (b) shows a bundle of rays incident on a simple lens and parallel 

to its axis. When the incident and emergent rays are projected ahead and 
back, the points of intersection lie in a plane known as the second principal 
plane. The point of intersection of this plane with the axis is the second 
principal print and is lettered H'. Except in corrected lenses, it is only 
for paraxial rays that the focal “planes” and principal “planes” are actu¬ 
ally planes at right angles to the axis. In general, they are curved surfaces 
and should properly be called the focal surfaces and principal surfaces. 

The distance from the first focal point F to the first principal point H 
is called the first focal length of the lens and is lettered /. The distance 
from the second principal point H' to the second focal point F' is called 
the second focal length and is lettered /'. However, if the medium on both 
sides of the lens has the same index, which is the case if the lens is in air, 
the two focal lengths are equal. This is the only case we shall consider 
(except in some problems) and we shall represent the common value of the 

focal length by /. 

We shall show in the next section how to compute the focal length of 
a thin lens and how to locate its focal points and principal points. The 
more general problem of a thick lens will be discussed in Sec. 4-9. 

One type of retrodirective reflector used in highway signs was de¬ 
scribed in Sec. 2-6. Another common type, the so-called “reflector but¬ 
ton,” is illustrated in Fig. 4-5. It consists of a short-focus converging 
thick lens combined with a concave mirror conforming to the second focal 
surface of the lens. (As mentioned above, the focal “planes” of an un¬ 
corrected lens are actually curved surfaces.) A parallel incident beam, 
whether parallel to the lens axis or not, is converged to a point on the mirror 



Fio. 4-5. Principle of the retrodirective reflector button. 
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4-5 The thin lens. The entire deviation of any ray passing through 

. 

the lens. Th ®‘J^gecond principal points coincide also, and both 
cide. Hence the first and P | en(tt h of a thin lens then 

^t'^r^nce from" the center of the lens to either focal 

P °*The ®™ t ^®^^’.i n ^^y Dy ^ 1 g^j*th^^Stionof 1 the first°focal point 

Tu th! 8 n St let" 1 infinity in Eh- («)■ This gives 

n __ 1 _j^n < (4-4) 

/?2 

Since the axial thickness f of a thin lens is negligible, we have from 
and hence n ( 4 _ 5 ) 



Fio. 4-6. The principal point* 


of a thin len* coincide. 
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When Eqs. (4-4) and (4-5) are combined with Eq. (4-1) we get 

The distance Si is, strictly speaking, the distance from the first focal 
point to the first vertex, but if the lens is thin, the principal points and the 
lens vertices can be assumed to coincide. Hence Si is also the distance 
from the first focal point F to the first principal point H, and therefore by 
definition is equal to the focal length /. Then from the preceding equation, 



The focal length of a thin lens in air therefore depends only on the 
index of the lens and the radii of curvature of its surfaces. Eq. (4-7) is 
known as the lensmaker's equation. It will be left for the reader to show 
that the same equation is obtained when one computes the distance from 
the second principal point to the second focal point. 


Example. Find the focal length of the plano-convex thin lens in Fig. 4-7. 
The index of the lens is 1.50. 

If the convex surface faces the light, 



Ri = +30 mm, Rj = °o. 

7 “ (1 ' 50 " 15 (fo - £)' 

/ = +60 mm. 

If the plane surface faces the light, 
Ri = cc, R 2 = —30 mm. 

7 - (u» - « - zs) ■ 

/ = +60 mm. 


It is therefore immaterial which surface is considered the first or, in other words, 
the first and second focal lengths are equal. 


We now derive four important equations from which the image dis¬ 
tance and the lateral magnification can be computed for an object at any 
arbitrary distance from a thin lens. In Fig. 4-6 there is shown an object 
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PO of height y, together with its image P'Q' of height y', formed by a thin 
Ci In the absence of aberrations, ail rays from the point Q are -maged 
at Q' (The entire deviation of all rays from Q is assumed to take place 

in a plane through « 

in this way, the paths of aii other 

^FroTtheXtoitTons of the second principal plane' and the second focal 
focal point an( ^the hrst^P^acipa^p|ane,^ray^ 2 ^incident^)n^the^l e ns^after 

e ns is numbered 3 . / t ' he ^ are parallel t0 one another 

lens ia undeviated, sin there ^ nQ deviation of a ray passing 

through” plate whose surfaces are parallel. There i. of^course, a trans- 
j. * x u n 4 this is neglipble if the lens is thin. 

Ver t™The ttte Souf adscript, to represent the object dis- 

tan cTmeasured/rom * JW **«.£ £ ^^h” 

distance measured, fromth* se b fect and image distances can 

//' coincide at the center of a thin lens, oojec * lens H and 

both be measured from the Renter O m ^ diacussed in Sec. 4-9. 

H' do not coincide, and this m^ £ ^ ^ /rom the re _ 

Ut x and x repent object ^ f and , are considered 

specltve focal points F and • ^ 1 ^ ^ reference point ,■ as in Fig. 4-6, 

P SZtet£Z'sZ6 x' are considered positive if the image lies at 

,hC £ and FHB in Fig. 4-6, 

PQ HB 
PF FH' 

t, ™ pf = x HB = -y\ FH =/. (We set HB = -y' 

since, U by^convention («. the height «' of the inverted image P'Q' is nega- 
tive.) Hence ^ . (4-8) 

In the same way, from the similar triangles AH'F' and F'P'Q', 


U^ZJL. 

f * 


(4-9) 
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Also, from the similar triangles QAB and FHB, 

y -y' _ -v '. 

* / 

and from the triangles ABQ' and AH'F', 

y - y' _ y 

S’ /' 

When Eqs. (4-10) and (4-11) are added, we get 

y - y' , y - y’ _y _yi = y - y’ 

3 + s' f f f ' 

or 



When Eq. (4-8) is divided by Eq. (4-9) we get 


(4-10) 


(4-11) 


(4-12) 


or _ 

xx' = p. 


The lateral magnification m is the ratio of y' to y. 
(4-10) by Eq. (4-11) gives 



(4-13) 


Dividing Eq. 


(4-14) 


Also, from Eqs. (4-8) and (4-9), 



(4-15) 


Eq. (4-12) is known as the Gaussian form of the lens equation, after 
the mathematician Karl F. Gauss. (Gauss’s law in electrostatics, as well 
as the unit of magnetic flux density in the electromagnetic system of units, 
the gauss, take their names from him also.) Eq. (4-13), first derived by 
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Sir Isaac Newton, is the Newtonian form of the lens equation. The 
Gaussian form is probably more familiar, but the Newtonian equatmn * 
algebraically simpler. Notice carefully that in the former equation ob- 
SSZm <^Uno» . and s' am measured from the pnnnpal po.rU, 

!L“ iS S distancM . ami C are mwsured from the local 

““ '“ d 

S' by Eq. (4-14), or in terms of x, x', and/, by Eq. (4-15). 

Example. An ^''VtdTh^itio” an^Lteml '»• ^ 

the Gaussian equation. Ill 

30 + 7 _ 20 * 

s' = +60 cm. 

The image is real (s' is positive) and lies 60 cm to the right of the center of the 

len The object distance x, measured from the first focal point, is +10 cm. From 
the Newtonian equation, __ 

x' = +40 cm. 

* thp answer above. The lateral magnifi- 
This is evidently in agreement with the answer 

cation, by Eq. (4-14), ifl 


m 


.59.-2. 

30 


. . .s npxative) and twice the height of the object. 
The image is inverted (m is negative; * 

From Eq. (+15), 

20 40 

m = — 


10 


20 


- 2 . 


, * Fic +8 a number of rays from the head of an 

In the seven parts of g- £8 ^ trftced through ft thin lens of 

arrow representing an object npff lected. The image of the head 

focal length /. Lens aber^io ^ (in 8ome casea( aU three) of the 

of the arrow haa tolo«Wi by ^ ^ outermost rays inc id C nt on 

rays referred tom F fr * ^ object distance8 a re respectively, +3/, 

%r +i r:^ “ d - 2} - in parta (i) 1015) inciu8ive ’ the ob,ect 
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4-S 


Format ion of an image by a thin lens. 
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Case 


+3/ 


+l f 


+ 2 / 


+ 2 / + 2 / +/ 


+ / 

+ 1 ' 


+3/ 


± 00 


-2/ 


+2' 


+3' 

+/ 

+ 2 / 


± « 


+ » 


Erect or 

Object Image Inverted 

Real Heal Inverted 

Real Real Inverted 

Real Real Inverted 

"T ' Real or Erect or 

Real Virtual Inverted 


-3 L/ 


- 3 / +3 Real Virtual Erect 


Real or 
Virtual 


5?* 10 ' Erect 
Virtual 


- 2 / 


+l f 


-3/ 


-s' 


Fio. 4-9. 


+5 


Virtual Real Erect 


, t* u _ Aithpr a material object or the image formed by a pre- 

is real. It may be eit the oh j ec t is virt ual (a converging 

ceding lens or lens system. I P there must of necessity, be a lens 

cone of rays is incident on h object coincides 

somewhere at the left ofand virtual objects 

;„~i b,. b“« 

equally well be a material object in Virtual object 

contact with the lens. In the a Real image Real image 

case, of course, there would be no To (4)i s’(+) 

rays at the left of the lens. Note (3 )F.t + 3 ^ 

that in this case object and image (2\/\ .1+2/ 

coincide. . --7 

Fig. 4-9 lists, for each part of ; ; j <■+/ ( ^_ 

Fig. 4-8, the values of s, s', x, x , i ■ j (6) y^__j- *_ s (_ 

and m, and also states whether ob- s' + ’+3/ +2 f +/i / -f -V - 3/ 
ject and image are real or virtual, \J I -/ 

and whether the image is erect or L 

inverted. image f 1 

Fig. 4-10 is a graph of the Uaus- To (4) 3 / 

sian lens equation, 8( 


Virtual object 
Real image 

s'( +) 

-> 4 - 3 / 


s( + 


,+ 2 / 


+ 3/ +2/ +/i 


-/ -2/ -3/ 


s( -) 


Real object 1 
Virtual (5)1- 

image t 

To (4) 


-p 

) 1 - 3 / 

s'(-) 


I , i 

8 + 8 ' / 


Fig. 4-10. Graph of the Gaussian lens 

equation. 
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Fig. 4-11. Graph of the Newtonian lens 

equation. 


in which object distances s are 
plotted horizontally and image dis¬ 
tances s' vertically. To conform to 
our convention that object distances 
are positive when the object lies at 
the left of the lens, positive values 
of s are plotted at the left of the 
origin. The points numbered (1), 
(2), (3), etc., along the graph corre¬ 
spond to the respective parts of 
Fig. 4-8. 

Fig. 4-11 is a similar graph of 
the Newtonian equation, 


xx' = p. 

The numbered points refer to the corresponding parts of Fig. 4-8. 
The four preceding figures should be studied carefully. 


4-6 Images as objects. It was shown in Sec. 3-6 and Fig. 3-17 how 
the image formed by any one surface in an optical system serves as the 
object for the next surface. In the majority of optical systems employing 
lenses, more than one lens is used and the image formed by any one lens 
serves as the object for the next lens. Fig. 4-12 illustrates the various 
possibilities. Lens 1, in Fig. 4-12, forms a real image at P of a real object 
at O. 1 his real image serves as a real object for lens 2. The virtual image 
at Q formed by lens 2 is a real object for lens 3. If lens 4 were not present, 
lens 3 would form a real image at R. Although this image is never formed, 
it serves as a virtual object for lens 4, which forms a final real image at /. 

4-7 Images in three dimensions. It has been pointed out in Sec. 
2-6 that in most instances both an object and its image are three dimen¬ 
sional, and that it does not always suffice to represent an object by a 



I io. 4-12. The object for each lens, aft«r the first, is the image formed by the pre¬ 
ceding lens. 
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Fig. 4-13. The ratio Ax'/Ax is the longitudinal magnification. 


single arrow. We shall consider next some of the aspects of the formation 

of three-dimensional images by a lens. . , 

The lateral or transverse magnification m, defined in Sec. 3-3, gives t 
ratio in which the transverse dimensions of an image are increased or 
reduced over those of the object. We now compute the corresponding 
ratio of the longitudinal or axial dimensions of an image to those the 

0 bi Ft. 4-13 shows a short arrow PQ lying on the axis of a lens. The 
image of P is at P' and theimagc atom* Q- ^ / a ° nd p, 

a-w PQ can he e all ed Ax, and that of 
its image P'Q' can be called Ax. From Eq. (4-13), 


Taking differentials of both sides, we get 


or, approximately, 


dx ' = ~ dx < 


Ax' = - £ t Ax. 


Since the transverse magnification, m, equals f/x, * 

Ax' = — m* Ax. 

The longitudinal unification is defined as the ratio of the length of 
the image, Ax', to that of the object, Ax. Hence, 

Longitudinal magnification = £7 = ~ m '- (4 ‘ 16) 

The longitudinal magnification is therefore equal to the (negative) 
square of the transverse magnification. It follows that except in e 
special case where m = =tl, the longitudinal and transverse magnifications 
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are unequal. For example, if the transverse magnification equals — 2X, 
the longitudinal magnification equals 4X. If the object were a very small 
cube on the lens axis, it would not be imaged as a cube, but as a rectangular 
parallelepiped whose length is twice its width. In general (except when 
m = ±1) an object and its image are not geometrically similar. 

It also follows from Eq. (4-16), since m 2 is necessarily positive, that 
Ax and Ax' are always of opposite sign. That is, if an axial object in the 
form of an arrow points in the direction of increasing x, as in Fig. 4-13, its 
image points in the direction of decreasing x'. The reader can verify that, 
as a consequence, an axial object in the form of an arrow, and its image 
formed by a lens, always point in the same direction. 

The three-dimensional image of a three-dimensional object, formed by a 
lens, is shown in Fig. 4-14. It must be emphasized again that the image 
exists in space and is not merely something “thrown on a screen.” Arrows 
o'b' and o'c' are reversed in space, relative to ob and oc, but o'a' points in 
the same direction as oa. Although we speak of the image as “inverted,” 
only its transverse dimensions are reversed. 

Fig. 4-14 should be compared with Fig. 2-15, showing the image 
formed by a plane mirror. Notice that the image formed by the lens, 
although it is inverted, is not perverted. That is, if the object is a left 
hand its image is a left hand also. This may be verified by pointing the 
left thumb along oa, the left forefinger along oc, and the left center finger 
along ob. A rotation of 180° about the thumb as an axis then brings the 
fingers into coincidence with o'c' and o'b '. In other words, inversion of an 
image is equivalent to a rotation of 180° about the lens axis. 

One other comparison with the image formed by a mirror should be 
made. Since the rays incident on a lens are not reversed in direction as 
they are by a mirror, an observer at the lens in Fig. 4-14, looking at the 
object, cannot see the image by merely turning around. Instead, he must 

go around to the other side of the 
lens to a position at least 10 inches 
beyond the image, and face in his 
original direction, in order to see the 
image. Then the arrow o'a' points 
toward him as did the arrow oa, 
while o'b' and o'c' are both reversed. 
The situation differs from that in 
Fig. 2-15 in two respects; first, the 
images as they exist in space are dif¬ 
ferent and, second, they must be 
viewed from opposite sides. 




b' 


Fig. 4-14. A three-dimensional inverted 

image. 
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F,c. 4-15. Foci points and focal plane of a thin diverging lens. 


4-8 Diverging lenses. A bundle of parallel rays incident on the tats 
in Kg 4 2 ,,,merges to a real .mage after refract,on by the ens. The 
L is calln citing tan. Us focal length, as ctnn.n, ed from Eq. 

(4-7), is a positive quantity and it ts 4 J 15 becomes 

A bundle of parallel rays mu ^ # dimging lcm Its focal 

diverging after refraction and the called 

length, computed from Eq. (4-7), is a negat.ve quantity and ,t 

a n^ufu^fcn^^ of any lens , whether negative or positive, may be 

defined as'the axial object point which is imaged by' the lens‘ atanfimty. 
Since the focal length of a diverging lens .a negat.ve, ^ “bject dtaance o 
this axial point is negative also or, m other words, " 

Thus rays incident on the lens and converg.ng towa d 1 fir•« f««|> 
are parcel to the lens axis after refract,on, as dlustrated ,n I ,g. 4-15 (a). 
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Fig. 4-16. (a) Meniscus, plano-convex, and double-convex converging lenses, (b) 

Meniscus, plano-concave, and double-concave diverging lenses. 

The second focal point of any lens may be defined as the image point 
of an infinitely distant point object on the lens axis. Parallel rays inci¬ 
dent on a negative lens appear to diverge from a virtual image at the second 
focal point as in Fig. 4-15 (c). Thus the focal points of a negative lens 
are reversed, relative to those of a positive lens. 

The focal planes of a negative lens have the same significance as those 
of a positive lens and are illustrated in Fig. 4-15 (b) and (d). Rays con¬ 
verging toward a virtual object point in the first focal plane are parallel 
to one another after refraction; a bundle of parallel rays, not parallel to 
the lens axis, appears to diverge from a point in the second focal plane 
after refraction. 

Any thin lens which is thicker at the center than at the rim, and whose 
index is greater than that of the medium in which it is immersed, is a posi¬ 
tive or converging lens. If the lens is thicker at the rim than at the cen¬ 
ter, the lens is diverging. Sections through a number of lenses, both con¬ 
verging and diverging, are shown in Fig. 4-16. 

In addition to lenses having spherical surfaces, use is frequently made 
of cylindrical lenses, particularly in spectacles, to correct a defect of vision 
known as astigmatism. One or both surfaces of a cylindrical lens are por¬ 
tions of cylinders. (See Fig. 4-17.) Since other defects of vision fre¬ 
quently accompany astigmatism, a spectacle lens may be cylindrical at one 

surface and spherical at the other 
surface, or one of its surfaces may 
be a combined sphere and cylinder. 
The use of spectacles to correct de¬ 
fects of vision will be discussed fur¬ 
ther in Sec. 6-3. 

Lenses having paraboloidal sur¬ 
faces are used in the illuminating 
system of a compound microscope. 
(See Sec. 6-6.) 



Fig. 4-17. Cylindrical lenses. 
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4-9 Thick lens optics. The position and magnification of the image 
of a given object, formed by * f “of IXTZZ 

this procedure is as good as 

any, but it becomes tedious ^Z^TLus- 

'XfX* were denved for thin ienses 

only, can be applied to lens illustrat ed in Fig. 4-18. 

To begin wi , cons \ located by finding the position of 

Si. 

above the axis, and it lea ent rays intersect at point E, which 

Projections of the incident and emerge y principal point H \ 

locates the second P rLncip ^ P d DCQ t0 within the precision of first 
From the similar triangles ABO ana 

order theory, ,, 

iL = — • 

si — 

• • *u 0 formed by the first surface 

(The distance s 2 is negative, since the image torme y 

constitutes a virtual object for the secon 



Fia. 4-18. A simple thick lens. 
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From the similar triangles EH'F' and DCF', 

h h' 

f * r 

When the first of these equations is divided by the second, we get 


or 




i 



(4-17) 


The distances s/, s 2 , and s 2 ' must all be computed in the process of 
locating the second focal point, so the calculation of the focal length re¬ 
quires little additional labor. If the lens is thin, Eq. (4-17) reduces to 
Eq. (4-7), 



but note carefully that the latter equation is a special case and cannot be 
used to find the focal length of a thick lens. 

Having found the position of the second focal point, and the focal 
length, we can now locate the second principal point by laying off a dis¬ 
tance/ to the left of the second focal point. 

The positions of the first focal point and first principal point are found 
by a similar calculation. One can either find the position of an axial ob¬ 
ject point which is imaged at infinity, or turn the lens around and repeat 
the calculations used in locating the second focal point. 

Not infrequently, the focal length of a lens is greater than one-half the 
distance between the focal points, so that the second principal point lies 
at the left of the first, rather than at the right as in Fig. 4-18. The order 
in I’ig. 4-18 is considered normal; when the order is reversed the principal 
points are said to be crossed. 

1 lie focal points of a lens are easily located experimentally by finding 
the position of the image of a distant object, but this is not true of the 
principal points, tor which special equipment is required. For this rea¬ 
son the manufacturer usually measures the focal length of a lens before it 
leaves the factory and stamps the value on the lens mount. The posi¬ 
tions of the principal points are then readily determined from the positions 
of the focal points and the focal length. 
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Example. Find the local length the ^ 

£} the radius of its first surface is 22 mm, and that of its 

second surface is 16 mm. 

From Eq. (4-1), setting *i = 00 . 


1 + r 


1.5 - 1 


22 

s ' = +66 mm. 


From Eq. (4-2), 
From Eq. (4-3), 


5l = 25 - 66 = -41 mm. 


1.5 1 = 1 

-41 s,' -16 


s' = +14.7 mm. 


, f 1 nnint F' lies 14 7 mm to the right of the second ver- 
That is, the second focal point t lies 

^The focal length of the lens, from Eq. (4-17), is 

/ = 66 “ + 23 6 mm ‘ 

, . . . lies 23 6 mm to the left of the second focal 

Hence the second principal P omt x 

point, or 8.9 mm to the left of the sec^d^rtex. 

If the other side of the lens faces the light, 

i . = - L5 “ 1 

oo Si' 


Hence 


and 


16 

8l ' = +48 mm. 
s, = 25 - 48 = -23 mm, 
1.5 1 _ lull, 

-22 


Sl ' = +11.4 mm. 

* • fUp vertex of the first surf&cc. 
The first focal point is therefore 1 ^principal point lies 23.6 mm to the 

Since the two focal lengths are vertex, 

nght of the first focal point, or 12^_ 

, q n,i Newtonian forms of the lens 

We now show that both the aujs^ ^ ^ ^ lenses pig 4. 19 shows 

equation are applicable to thick & th i ck lens. The focal points, 

an object PQ and its image P Q indicated. The surfaces of the 

principal points, and principal planes 



106 


LENSES 


[Chap. 4 



lens are not shown, since they need not be considered once the points 
above have been located. A ray from Q, parallel to the axis, can be con¬ 
sidered to proceed in a straight line to A', its point of intersection with 
the second principal plane, and from there through the second focal point 
F'. A ray from Q through the first focal point F is parallel to the axis 
from B, its point of intersection with the first principal plane. 

Now compare Fig. 4-19 with Fig. 4-6. It will be seen that if the right 
and left sides of Fig. 4-19 are moved toward one another until the princi¬ 
pal planes coincide, the two figures become identical. In other words, a 
thin lens is a special case of a thick lens in which the principal planes coin¬ 
cide. 

The similar triangles PQF and FHB, in Fig. 4-6, correspond to the 
same triangles in Fig. 4-19, while the triangles AH'F' and F'P'Q', in Fig. 
4-6, correspond to A'H'F' and F'P'Q' in Fig. 4-19. Hence Eqs. (4-8) to 
(4-11) apply also to a thick lens, and Eqs. (4-12) to (4-15) follow directly. 

Fig. 4-19 also illustrates how the image formed by a thick lens is located 
graphically. In addition to the rays QA and QB, the ray QH can be 
readily traced through the lens. Since the lateral magnification y /y is 
equal to —s'/s, it follows that 

y _?/ . 

s s' 

But 

- = tan 0 , —7 = tan 6'. 

s s' 

Hence 

Q’ = -0, 

and the ray H'Q' is parallel to the ray HQ. In other words, a ray from Q, 
proceeding toward the first principal point H, is undeviated by the lens 
and, after refraction, appears to come from the second principal point H . 
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4-10 Compound lenses. For the purpose of minimizing aberrations, 
most lenses in optical instruments are compound , that is, they consist of 
several simple lenses having a common axis. The surfaces of adjacent 
lenses may be in contact, or there may be air spaces between them. Every 
compound lens, like a simple lens, has two focal points and two principal 
points The distance between each focal point and its corresponding 
principal point is equal to the focal length. The Gaussian and Newtonian 
lens equations apply to compound as well as to simple lenses. 

If the elements of a compound lens are too thick to be considered as 
thin lenses, the positions of the focal points must be found from a surface- 
by-surface computation as in Sec. 4-9. The focal length is then given by 

an extension of Eq. (4-17), namely, 



(4-18) 


where s 2 , etc., refer to object and image distances measured from 
the respective surfaces. If the components are thin lenses, the focal 
lengths of which are known, the positions of the focal points can be found 
from a lens-by-lens computation. The focal length is still given by Eq. 
(4-18), the only difference being that «/, s t) s 2 ', etc., refer to object an 
image distances measured from the respective lenses. 

For the special case illustrated in Fig. 4-20, where the compound lens 
consists of two thin lenses of focal lengths/! and / 2 respectively, separated 
by a distance t, the expression for the focal length / reduces to a rather 


< 1 > < 2 > 



Kio. 4-20. A compound lens consisting of two thin lenses. 
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simple one. Fig. 4-20 shows a single incident ray parallel to the axis, 
passing through the second focal point F' of the compound lens, and 
undergoing an effective single deviation in the second pnncipal plane. 
From a study of the figure it will be seen that 

Si = 

si' = f u 

Si = - (si - t), 

and 

1 + 1 = 1 . 

Si Si fi 

It follows from these equations and Eq. (4-18) (the details are left as a 
problem), that 


+ (4-19) 

/ fx ft fjt 


In the special case where the lenses are in contact, the separation t is 
zero and Eq. (4-19) reduces to the useful relation 



(4-20) 


Example. The compound lens in Fig. 4-21 consists of a thin positive lens of 
focal length -f 20 cm, separated by a distance of 10 cm from a thin negative lens 
of focal length -20 cm. Find the focal length of the compound lens, and the 
positions of its focal points and principal points. 



Fio. 4-21. Principle of the telephoto lens. 
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Following the method described above, we find 

8/ = +20 cm, 

Si = —10 cm, 

St = +20 cm. 

The second focal point is therefore 20 cm to the right of the negative lens. 

If the other side of the lens faces the light, 

8,' = —20 cm, 

s* = +30 cm, 

st' = +60 cm, 

and the first focal point is 60 cm to the left of the positive lens. 

The focal length of the compound lens, from Eq. (+19), is 

L-I + -!_S-r. 

/ " 20 -20 20 ( — 20 ) 

/ = +40 cm. 

The first principal point lies 20 cm to the left of the positive lens, and the second 

s “ p-t, 

ing as to make the camera inconveniently long. 
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Problems—Chapter 4 

(1) (a) Sketch the various possible thin lenses obtainable by combining two 
surfaces whose radii of curvature, in absolute magnitude, are 10 cm and 20 cm. 
(b) Which are positive lenses and which are negative lenses? (c) Find the focal 
length of each, if made of glass of index 1.50. 

(2) An object in the form of an arrow y 2 inch high is at right angles to the axis 
of a positive lens of focal length 1 inch and diameter \y 2 inches, (a) Find graphi¬ 
cally in a full size diagram the position and height of the image of the arrow for 
the following object distances s: 4 inches, 2 inches, 1 inch, % inch. Include in 
each diagram those rays from the head and from the tail of the arrow that pass 
through the rim of the lens, (b) For each object distance above, compute the 
position and magnification of the image, using both the Gaussian and Newtonian 
forms of the lens equation. 

(3) An object in the form of an arrow y 2 inch high is 2 inches to the left of a 

positive thin lens of focal length 1 inch and diameter 1 inch. A second positive 
lens of focal length 1 inch is placed at a distance z to the right of the first. The 
axes of the lenses coincide, (a) Construct a full size diagram, and trace through 
the system the three rays from the head of the arrow representing the object that 
pass through the center and the rim of the first lens, for the following values of z: 
4 inches, 3 inches, 2 inches, 1 inch. (The lens at a distance of 2 inches illustrates 
the function of the field lens of an ocular. See Sec. 6-5.) (b) Compute the posi¬ 

tion and magnification of the final image in each case, using both the Newtonian 
and Gaussian forms of the lens equation, (c) Find from your diagram the re¬ 
quired diameter of the second lens in each case, if it is to transmit the entire cone 
of rays from the head of the arrow that passes through the first lens. 

(4) Same as Prob. 3, except the second lens is a negative lens of focal length 
— 1 inch. 

(5) Find graphically the image formed by a thin converging lens of (a) a real 
object at the left of the first focal point; (b) a real object between the first focal 
point and the lens; (c) a virtual object between the lens and the second focal point; 
(d) a virtual object at the right of the second focal point. 

(6) The radii of curvature of the surfaces of a thin lens are +10 cm and +30 

cm. The index is 1.50. (a) Compute the position and size of the image of an 

object in the form of an arrow 1 cm high, perpendicular to the lens axis, 40 cm to 
the left of the lens, (b) A second similar lens is placed 160 cm to the right of the 
first. Find the position of the final image, (c) Same as (b) except the second 
lens is 40 cm to the right of the first, (d) Same as (c) except the second lens is 
diverging, of focal length —40 cm. 

(7) (a) Derive an expression similar to Eq. (+7) for the focal length of a thin 

lens of index n x in a medium of index n». (b) A thin lens of focal length 10 '^hes 

in air and refractive index 1.53 is immersed in water of refractive index 1.33. What 
is the focal length in water? 

(8) Derive expressions (similar to Eq. (4-7)) for the first and second focal lengths 
of a thin lens of index n? having a medium of index rq on its left and a medium of 
index n 3 on its right. 



PROBLEMS 


111 


(9) An equiconvex thin lens made of glass of index 1.50i has a focal £ . 
air of 30 cm. The lens is sealed into an opening in one end of a tank filled 
water (index = %). At the end of the tank opposite the lens is a plane mirror 
totant 80 cm from the lens, (a) Find the position of the final .magefom^by 
the lens water mirror system, of a small object outside the tank on the lens axis 
and % cm to [he left of the lens, (b) Is the image real or virtual? (0 Erect or 

inverted? 

(10) Suppose the arrows on, ofc. and or in Fig. 4-14 areeach 1 nm.long; andare 
30 cm to the left of a thin lens of focal length 20 cm. F.nd the length of the unage 

of each arrow. , 

(11) A lens is used to project the image of a lantern slide on a screen located 
160 feet from the projector, the image on the screen being 100 times larger (line 
dimensions) than the slide. If the screen is now moved 100 inches closer to he 
lens, how much must the lantern slide be moved (relative to the lens) to keep 
image on the screen in sharp focus? 

(12) The lens of an enlarging camera has a focal length of 12 cm. When eiv 
laxJine a negative to twice size (linear dimensions) the negative is 16 cm from the 
nearest point of the lens. How far from this point of the lens should the negative 
be when making an enlargement to three times size. 

(1 3 ) The dlten“ 

“ H re ow« f m e P tothf fi L must the lens be moved 

in order to make a life-size photograph of a small object. 

^ (X X 0^)2 inche, 

its original infinity position? . . . 

(in F ; n d the focal lengths and the positions of the focal points and principal 
points oFthelense8°in Fig. 4-22 (a), (b), (c), and (d). The axiai th.ckness of each 
lens is 10 mm and the index is 1.50. 



ft, = + 100 mm R 1 - + 200 mm 
ft z - +200 mm R 2 - +100 mm 


R 1 = + 100 mm 
ft 2 = -100 mm 


Fio. 4-22. 


R\ = - 100 mm 
ft 2 = + 100 mm 
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(16) The radii of curvature of the surfaces of a lens of index 1.50 are +10 cm 
and +8 cm. Make a sketch of the lens and find its focal length, if its thickness is 

(a) 4 cm, (b) 6 cm, (c) 8 cm. . ... , 

(17) A glass sphere of radius R and index of refraction 1.50 is used as a thick 
lens Locate its focal points, find its focal length, and locate its principal points 

(18) Locate the focal points, find the focal length, and locate the principal 
points of a rod of glass with convex ends whose radii of curvature ore 30 cm. 1 he 
index of refraction of the rod is 1.50 and its length is 45 cm. 

(19) An ocular consists of two similar positive thin lenses having focal lengths 
of 2 inches, separated by a distance of 1 inch. Where are the focal points an 
principal points of the combination, and what is its focal length. 

(20) \ telephoto camera objective consists of a thin positive lens of 10 inches 
focal length followed at a distance of 5 inches by a thin negative lens of focal 
length 20 inches. Locate the focal points and principal points of the objective. 

What is its focal length? 

(21) Two thin lenses whose focal lengths are/i = -50 mm and/ 2 - +100 mm, 
respectively, are separated by 50 mm. (a) What is the focal length of the com¬ 
bination, considered as a single thick lens? (b) Where are the principal points of 

the combination? . 

(22) An object is located at the first principal point of a lens. (The object is 

necessarily virtual if this point is within the lens.) Find the position and mag¬ 
nification of the image. . 

(23) The focal length of a lens is 60 mm and the distance between its local 
points is 125 mm. Compute the position of the image of (a) an object on the lens 
axis 20 mm to the left of the first focal point; (b) an object on the axis, 20 mm to 
the right of the first focal point; (c) a virtual object 25 mm to the right of the 

second principal point. ... i 

( 04 ) The focal length of a lens is 1.5 inches. The principal points are normal 
and are separated by 0.5 inch: (a) Show the principal points and focal points 
in a full size diagram, (b) Find graphically the image of an arrow 0.5 inch long, 
perpendicular to the lens axis, and 2.5 inches to the left of the first focal point 
(c) Rays are converging toward a virtual object in the form of an arrow O.o inch 
long, perpendicular to the lens axis, and located at the second focal point, hind 
graphically the position of the image of the arrow, (d) Check the results of parts 
(a) and (b) by computation. 

(25) Use both the Gaussian and Newtonian forms of the lens equation to com¬ 
pute the distance x at which an object 0 must be placed in Fig. 4-23 to be imaged 
at /. Distances are in centimeters. 


O 




Fig. 4-23. 
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Fig. 4-24. 


(26) The focal length of the lens in 
Fig 4-24 is 10 cm. A distant object on 
the axis at the left of the lens is imaged 
at a point 7 cm to the right of vertex 1 *. 

A distant object at the right of the lens 
is imaged 8 cm to the left of Vi. * ind 
the position of the image of an object on 
the lens axis, 28 cm to the left ot i. . tl ne 

• (27) l A ti n ^ImerH'ThTfocal^n^fTof^h^lens IT lO* inches and the separation 
2*5^^ (b) What U‘the"um 

that the image shall be formed at r . 



P P' 


1 - 


V, 


M 


Fio. 4-25. 



(29t An obiect 10 ft in front of a camera lens is sharply imaged on a photo- 

fSasr e^r«ssfi.a 

"e rrlTenst film remaining 6 inches? Consider the icns as a simple tinn 
lens. 




CHAPTER 5 


ABERRATIONS OF LENSES AND MIRRORS 

5-1 Aberrations. The relatively simple relations we have shown to 
hold between object and image distances, focal lengths, radii of curvature, 
etc., were derived from the general expressions for the refraction of a ray 
at a spherical surface by making the approximation sin 0 = 0. That is, 
they apply only to rays originating at axial points and making small angles 

with the axis. . . . 

In general, however, the rays incident on a lens or a mirror originate 

not only at axial points, but at points which lie off the axis as well. Fur¬ 
thermore, because of the finite size of the lens or mirror, the cone of rays 
which forms the image of any point will not be the infinitesimal cone of 
first order theory. Nonparaxial rays proceeding from a given object point 
do not, in general, all intersect at the same point after refraction Conse¬ 
quently, the image formed by these rays is not a sharp one. Furthermore, 
the focal length of a lens depends upon its index of refraction, which vanes 
with wave length. Therefore, if the light proceeding from the object is 
not monochromatic, a lens will form a number of colored images, which 
lie in different positions and are of different sizes, even if formed by 

paraxial rays. . - , 

The departures of the actual image from the predictions of first order 

theory are called aberrations. Those caused by the variation of index with 
wave length are the chromatic aberrations. The others, which arise even 
if the light is monochromatic, are the monochromatic aberrations. 

It may be worth emphasizing that aberrations are not caused by any 
faulty construction of a lens or mirror, such as the departure of its sur¬ 
faces from a true spherical shape, but are simply consequences of the laws 
of refraction and reflection at spherical surfaces. Hence the term “aber¬ 
rations” is to be preferred to “defects,” which is sometimes used to de¬ 
scribe these phenomena. 

5-2 Spherical aberration of a lens. The effect known as spherical 
aberration is illustrated in Fig. 5-1. Paraxial rays from an axial point P 
are imaged at P'. Rays incident on the lens near its rim are imaged at 
P ", closer to the lens. Rays incident at intermediate zones of the lens are 
imaged between P' and P". There is evidently no plane in which a sharp 
image of P is formed. If a screen S is placed perpendicular to the axis at 
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Fig. 5-1. Spherical aberration. 


-“-.tarns t 

is everywhere o whic h the cross section of the beam is small- 

section is known as the crrcle of least confusion 

• • npnr prl if the screen is placed at this point, 

and the best image is sec lens be re duced by “stopping 

thC spherical aberration by proper 

tocai iengt convex surface (as in (b)) faces 

the plane however, is much smaller in 

than in (a) It is clear from the figure that in (a) all of the deviat.on 
U produced at the convex surface, while in (b) some deviat.on takes place 



FiG. 6-2. 


SDherical aberration is minimized if the deviation is equally divided 
y between the surfaces. 
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at each surface. As a general rule, spherical aberration will be minimized 
if a lens is designed or used in such a way that the deviation is equally 
divided between the two surfaces. Spherical aberration can never be en¬ 
tirely eliminated from a lens having spherical surfaces, if both object and 
image are real. However, if the object or image is virtual, it is possible 
to design a (thick) lens of zero spherical aberration, for one particular pair 

of object and image points. 



Fig. 6-3. All rays from P are imaged at P'. 


Consider a ray which originates at P in Fig. 5-3, within a transparent 
sphere of radius' R and index n. If the distance PC = R/n, all rays 
originating at P will, after refraction, appear to diverge from a point P , 
independent of the slope angle u of the ray. We may apply the general 
formulas for ray tracing, Eqs. (3-1) to (3-4). The lettering in Fig. 5-3 
corresponds to that in Fig. 3-1. The object distance s in Fig. 5-3 is 

8 = _ ( K + n) ’ 

where the negative sign is introduced, since R is negative. Then 

R + s 1 
R n ’ 


and Eq. (3-1) becomes 


sin = — - sin u. 

n 


(5-1) 
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In Fig. 5-3, n' = 1, so from Eq. (3-2), 

sin <t>' — n sin 4>. 

From Eqs. (5-1) and (5-2), 

sin <t>’ = - s in u > 

<t>' = — u. 

From Eqs. (3-3) and (5-3), 

u' = — <p. 

Therefore 
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sin u' — — sin <t>, 


and from Eq. (5-1), 


sin u' = - - sin <*>'. 


(5-4) 


Finally, from Eqs. (3-4) and (5-4), 

= R — R —= R + nR. 

1 1 / 

-sin <p 

n 

Since R U negative, the image lies a distance B + nR to t^left of the 
vertex V, and is virtual. Furthermore, smce the final expression 10 
doTnot contain the angle u, all rays from P wh.ch are refracted by th 

micVoecope objective. Of course a real object cannot be embedded within 

rSkuStaSax-, but » embedded ° pticai ! y by “To 

a rortion of the lens mid placing a drop of oil having ‘"^oCtW 
lens between the lens surface and the object to be examined. An objective 
“to way is caUed an “oil immersion" objective. For further drs- 

cuesion of oil immersion objectives see Sec. 10-3. 

, 3 Snherical aberration of a mirror. If a spherical mirror includes a 
relatively^large fraction of the entire spherical surface of which the mirror 

is a part! the mirror is said to be of large aperture. If it mclud ^^ 
relatively small fraction of the surface, the aperture is small. Thus the 
aperture^of a mirror depends not only on its diameter, but on its radius of 
curvature as well. The relative aperture of a mirror is defined as the ratio 

of its diameter to its focal length. . . .. x , loMro 

In Fie. 5-4, a bundle of parallel rays is mcident on a mirror of large 
relative aperture. The figure has been carefully drawn to show the paths 
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Fig 5-4. Spherical aberration of rays originally parallel to the axis of a 
r mirror of large aperture. 

of the reflected rays and it will be seen that they do not all intersect at a 
common point. Rays incident near the vertex of the mirror mtersect at 
the focal point for paraxial rays, but other rays cross the axis at points 
nearer the vertex. The failure of all the rays to intersect at a commo 

point is another example of spherical aberration. f t lv 

The envelope of the reflected rays is called a caustic and may frequently 

be seen when sunlight is reflected from the inner surface of a tumbler 
Conversely, rays from a point source at the focal point of a spherical 
mirror oMarg; aperture are not all reflected parallel to the axis of the 

mirror, but as shown in I'ig. 5-5. 

Spherical aberration cannot, of course, be ehmmated « 

mirror. However, it is always possible to find a surface of revo utioof 
nonspherical or aspherical form, such that a 1 rays d.vergmg from any 
given axial point are imaged at a second axial point. It does 
that rays from some other axial point will be sharply imaged also. In 
other words, by the proper choice of an aspherical surface, ^' c 
ration can be eliminated from a mirror for any one pan of connate 

It is a proper! V of a paraboloid of revolution (that is, the surface formed 
by the revolution of a parabola about its axis) that rays from an object at 

infinity are all imaged at the same point on its axis C ™ ve ^^' * 

from a point source at this point are all reflected parallel to the mirror 
The conjugate points for which spherical aberration is ehmmated are then 
point at infinity and the focal point of the mirror. 
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Fia. 5-5. 


Spherical aberration of rays from the focal point of a mirror 
v large aperture. 



- - '-its 

ronfare usually constructed of glass, ground and polished to.theiproper 

La then silvered or aluminized to provide a reflecting sur- 

fMe^lf the reflecting surface is injured by tarnishing, it can be removed 
and a freT one applied without damage to the shape of the surface, which 

would not be possible were the mirror of metal. 

Parabohjidal^mirromare £o«d “ ^Ttom are usu- 

“ny of meul! shaped by machine to approximately the correct curvature^ 
Hkh optical precision is not essential. Even with a paraboloidal r^ 
fleeter however, a strictly parallel beam of light can never be obtained m 
practice because only those rays diverging from the focal point are re¬ 
flet d parallel to the axis. Every actual light source must be of finite 
dimensions and hence some rays striking the reflecting surface come from 
points off the axis. These rays are reflected at an angle with the axisan 
hence the beam will always diverge to some extent. The smallerthe fight 
source, the less the spreading of the beam, but it can never be reduced 

zero. 
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F, 0 . 6-6. The Schmidt corrector for minimiring spherical aberration of a mirror 


A spherical mirror can be corrected for spherical aberration by insert¬ 
ing a lens in the path of the light rays, either before or after reflection 
the mirror. The function of the lens is not primarily to alter the foej 
length or magnification of the system, but to offset by its own sphericd 
aberration the spherical aberration of the mirror. Fig. 5-6 '^tratesthe 
system devised by Schmidt in 1932. The spherical mirror M nught be 
that of a reflecting telescope. In the absence of a correctmg ens rays 
1 2 and 3 proceeding from a distant object, would be reflected so as to 
c^the LZ points^, 5, and c, as shown by thedottedlin ? . (Seealso 
Fig. 5-4.) Tlie correcting lens (or plate, as it is often called) shown at 
C It is plane on one surface. The other surface is convex in the central 
region and concave in the outer portion. The outer portion thus functions 
as a diverging lens and the central portion as a convergmg lens. The cor¬ 
rected paths of rays 1, 2, and 3 are shown by full lines. 

Because the curved surfaces of the Schmidt corrector are asphencal, 

they cannot be produced by machine grinding and polishing. However 
a greater departure from the theoretically correct figure is permissible in 
^corrector than could be tolerated in the mirror if the latter-ere to 

be corrected by figuring. Hence the manufacture of corr ® ctlng P’ a ^' 
although usually a hand operation, Ls less expensive and time-consum 
ing than would be the figuring of the mirror itself Schmidt correctors 
can be successfully constructed of a plastic material, formed under pres¬ 
sure between carefully ground and polished steel dies. These '"rectors 
are used in conjunction with a spherical mirror for projecting onto a view¬ 
ing screen an enlarged image of the screen of a television tube. 
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The complicated aspherical surfaces of the Schmidt corrector can be 
avoided and excellent correction can still be retained in the system in¬ 
vented by D. D. Maksutov, of the State Optical Institute of the U.S.S.K., 
in 1941. As shown in Fig. 5-7, a thick meniscus lens having spherical 
surfaces of approximately equal radii of curvature is placed in front of the 
mirror. All rays originally parallel to the axis are deviated outward by 
the lens, but the deviation of the outer rays is greater than that of the 
paraxial rays and, as indicated by the full lines, spherical aberration is 
minimized. Since the spherical surfaces of the meniscus lens can be 
ground and polished by machine methods, these lenses are simple and 


cheap to manufacture. , .. 

Any type of correcting lens necessarily introduces some chromatic 

aberration, from which the mirror alone, of course, is free. This effect, 

however, is not serious in either of the above systems. 


5-4 Coma The aberration known as coma affects rays from points 
not on the axis of the lens. It is similar to spherical aberration (which 
relates to points on the lens axis) in that both arise from the failure of he 
lens to image central rays and rays through outer zones of the lens at the 
same point. Coma differs from spherical aberration, however, in that a 
point object is imaged not as a circle but as a comet-shaped figure (whence 

the term “coma”). _ . ... 

Fig. 5-8 is a drawing showing the effect of coma. It is assumed in this 

discussion that coma is the only aberration present. In general, the 

presence of other aberrations will modify the appearance of the image. 

The axis of the lens is 00', and P is an object point below the axis. A 
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Fig. 5-8. Coma. 

small pencil of rays from P through the center of the lens is ir « a K ed ^ . a 
point at P\ The hollow cone of rays passing through the shaded zone is 
imaged as the circle below P'. Rays through inner zones are imaged as 
smaller circles above this one and those through outer zones as larger 
circles below it. The totality of all of these circles produces an image 

having the shape shown. . 

Coma, like spherical aberration, may be corrected by a proper choice 

of radii of curvature of the lens surfaces and, unlike spherical aberration, 
may be entirely eliminated from a single thin lens for any given pair of 
object and image points. (The lens will still exhibit coma for other object 
and image distances.) Unfortunately, the necessary curvature of the 
lens surfaces for zero coma is not the same as for minimum spherica 
aberration, so that a lens of minimum spherical aberration cannot be free 
from coma. Coma may also be eliminated by a stop or diaphragm of the 
proper size, located at the proper point on the lens axis. 

The spherical lens illustrated in Fig. 5-3 can be shown to be free from 
coma for the same pair of object and image distances for which it is free 
from spherical aberration. Conjugate points free from both spherical 
aberration and coma are termed aplanatic and a lens possessing such a 
pair of points is called an aplanatic lens. 


5-5 Astigmatism and curvature of field. These two aberrations will 
be considered together, as they are joint aspects of the same phenomenon. 
Astigmatism (not to be confused with the type of defective vision of the 
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same name), like coma, affects the image formed by a lens of points not on 
the lens axis. The two differ, however, in that coma results in spreading 
out the image of a point over a plane perpendicular to the lens axis, while 
astigmatism spreads the image in a direction along the axis, The effect 
is shown in Fig. 5-9. (It is assumed that astigmatism is the only aber¬ 
ration present.) Two sections of the cone of rays diverging from P and 
refracted by the lens are shown shaded. After refraction, all rays from P 
pass through a horizontal line, the primary image, and later through a 
vertical line, the secondary image. (See Sec. 2-7 for a discussion of another 
example of astigmation.) The cross section of the refracted beam is 
elliptical, the ellipse degenerating to a straight line at the primary and 
secondary images, and to a circle, the circle of least confusion, at some 
point between them. The cross section of the beam is smallest at the 
circle of least confusion and the best focus is at this point. 


Circle of least confusion 



Surface of best focus 


Fig. 5-10. Curvature of field. 


If one considers the images of all points in the object plane, the locus 
of the primary images of these points is a surface of revolution about the 
lens axis, designated as the primary image surface. (Fig. 5-10.) Similarly, 
the secondary image surface is the locus of the secondary images. T e 
surface of best focus is the locus of the circles of least confusion. All of 
these surfaces are tangent to one another at the axis of the lens. In gen¬ 
eral, the surface of best focus is not a plane, but a curved surface as shown, 
and this aberration is known as curvature of field. The failure of the 
primary and secondary images to coincide is termed astigmatism. The 
shape of the image surfaces depends upon the shape of the lens and the 
position of stops on the lens axis. 

Complete elimination of astigmatism and curvature of field would 
require that the primary and secondary image surfaces should be planes, 
in which case the surface of best focus would also be a plane coincident 
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..i m Tt ^ no t possible to secure this result with a single lens. It 

r^b”' however, to eliminate either curvature of field or ast.gmat.sm 
IS possible, no , len8 axis . To eliminate curvature of 

field^'the^rimary and secondary image surfaces are made to have equal 
“d ’oppoaite curvatures, as in Fig. 5-11 (a). The surface of best focus » 


Primary 
image surface 


Surface of 
best focus 



Secondary 
image surface 


Primary and 
secondary image 
surfaces 
coincide 


(a) Flat field, (»> N ° 

astigmatism present curved field 

Fig. 5-11. 

“rr,"" s r usz 

*** *» 

both surfaces are an^lar distances from the axis, 

For object P^ts at relatively s ^ ^ ^ reverse is true 

fo Marge Tngtes lienee a telescope objective, whose field is small, would 

probably be corrected for coma 
rather than for astigmatism. In a 
wide-field camera lens, on the other 
hand, some correction would neces¬ 
sarily be made for astigmatism. 

5-6 Distortion. Spherical aber¬ 
ration, coma, and astigmatism refer 
to the failure of a lens to form a 
point image of a point object. Dis¬ 
tortion is an aberration arising not 
from a lack of sharpness of the im¬ 
age, but from a variation of magni¬ 
fication with axial distance. If the 
magnification increases with increas¬ 
ing axial distance, the outer parts of 
the field are disproportionately mag- 






Fio. 6-12. (a), (c), pincushion distortion, 

(b), (d), barrel distortion. 
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nified. A square network then appears like Fig. 5-12 (a). This effect is 
referred to as “pincushion” distortion. If the magnification decreases 
with increasing axial distance, the opposite effect, known as barrel dis¬ 
tortion, is obtained (Fig. 5-12 (b)). A moderate amount of distortion is 
not objectionable in an instrument intended solely for visual use, but it 
must evidently be eliminated from a camera lens used for aerial mapping 
or for copying drawings, where straight lines must be imaged as straigh 

lines. 

A single thin lens is free from distortion for all object distances if there 
are no stops which limit the cone of rays striking the lens. If there are 
such stops on the lens axis, then in general the image will be distorted. 
Fig. 5-13 illustrates the way in which the position of a stop affects distor¬ 
tion. It will be seen that, depending upon whether the stop is in front of 
or behind the lens, a different cone of rays is utilized in the formation of 





Fig. 5-13. 
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the image of the head of the arrow. If the stop is placed as in (a), the 
distortion is of the barrel type, while it is of the pincushion type if the stop 

is placed as in (b). ... ... . •. 

By constructing a lens of two symmetrical elements having a stop mid¬ 
way between them, as in Fig. 5-13 (c), the cone of rays passing through 
the first lens corresponds to Fig. 5-13 (b), while that passing through the 
second lens corresponds to Fig. 5-13 (a). Hence the distortion introduced 
by the second lens compensates for the distortion produced by the first. 
Many camera and projection lenses are constructed in this way. 



Fia. 5-14. Chromatic aberration. 


5-7 The chromatic aberrations. The focal length of a lens is a function 
of the index of refraction of the material of which the lens is composed. 
Since the index of refraction of all optical substances varies with wave 
length, the focal length of a lens is different for different colors. As a 
consequence, a single lens forms not merely one image of an object but a 
series of images at varying distances from the lens one for each color 
present in the incident light. Furthermore, since the magnification de¬ 
pends upon the focal length, these images are of different sizes. The 
variation of image distance with index of refraction is called ana or 
longitudinal chromatic aberration and the variation of image size is called 
lateral chromatic aberration. These aberrations are illustrated in Fig. 5-14, 
which is much exaggerated for the sake of clearness. (The monochromatic 

aberrations are assumed to be absent.) 

PQ is an object in the form of an arrow. It is imaged by a lens L, in 

front of which is a stop S. A cone of rays is shown diverging from each 
end of the arrow. Since the index is larger for the shorter wave lengths, 
the focal length is smaller for these wave lengths. The violet rays are 
therefore imaged nearest the lens and form the smallest image. The red 
rays are imaged farthest from the lens and form the largest image. The 
violet image is shown at P'Q' and the red image at P"Q". Images formed 
by other colors (not shown) lie at intermediate points and are of inter- 
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mediate sizes. The axial chromatic aberration is measured by the distance 
a and the lateral chromatic aberration by the distance b. It will be seen 
that there is no one plane in which all images are simultaneously in sharp 
focus. 

An “achromatic doublet” lens, consisting of two thin lenses of different 
kinds of glass in contact, may be designed to have the same focal length 
for any two colors. It is then said to be achromatized for focal length for 
these two colors. In effect, the chromatic aberration of one of the lenses 
compensates for the chrbmatic aberration of the other. Suppose the 
glasses to be used are the flint and crown whose dispersive powers were 
computed in Sec. 2-12. Let the wave lengths for which the focal length 
is to be achromatized be Ap and Ac and let the desired focal length for 
these wave lengths be 100 mm. Let primed quantities refer to the flint 
lens, unprimed to the crown lens, and let f 0 represent the focal length of 
the doublet. Then from the expression for the focal length of two thin 
lenses in contact, Eq. (4-20), 



For convenience, let 

(*-£) = *■ (w- 

Then 

7 - K (n — 1) + K' (»' — 1). 

JO 



But if f 0 (or l/fo) is to have the same value for the wave lengths Ap 
and A c , 

K (n r - 1 ) + K' (n'p — 1 ) = K (nc ~ D + K' (n' c - 1). 

After expanding and cancelling, this equation reduces to 


K 

K' 


n'p — n'c 
np — nc 


The focal lengths of the elements for the intermediate wave length 
A d are 


f = (no- i) K, = _ i) K', 

Jd J d 
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or 

K_ = rip - 1 r_D 
K' n D — 1 fp * 

When the two expressions for K/K' are equated, we obtain 

fp _ _ n ' F ~ n ' c — n? ~ ^ = — —, 

7® " n'o - 1 * no - 1 w ’ 

where co and w' are the dispersive powers of the crown and flint glasses. 
That is, the ratio of the focal lengths of the elements (for the wave length 
Xo) should equal the negative of the ratio of the dispersive powers. Note 
that since w and a/ are both positive, the ratio of the focal lengths is neces¬ 
sarily negative. That is, the doublet must consist of a positive and a 
negative lens. Let the crown be the positive and the flint be the negative 
lens, and assume the crown lens faces the light. If the faces of the lenses 
in contact are to be cemented together, the radius of curvature of the 
second surface of the crown lens, A, must equal the radius of curvature 
of the first surface of the flint lens, A'. We now have the following three 
conditions imposed on the four radii of curvature. 

R* = Ri, 

f' D Cl/ _ (wp — 1) (1/fti — 1 /Ri) 

u = ' « “ (n'i> - 1) U/*»' - 1/A') 

l//o = 1/100 = (n, - 1) (1/A - 1/A) 

4- (n', - 1) (1/A' - 1/A'). 

A fourth condition may still be imposed arbitrarily and may be utilized 
for other corrections, such as minimizing spherical aberration. For sim¬ 
plicity, however, let us assume that the crown lens is to be plano-convex, 
with the plane side facing the light. Then 

A = 00 • 

Introducing the proper values of n D , n’ D , w, and a/, and solving the four 
equations simultaneously, one obtains 

R x = oo, Hi = -21.1 mm «= A', 

RJ = —40.4 mm. 



The doublet is shown in Fig. 5-15. 


Fio. 6-15. An achromatic doublet. 
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It is also possible to achromatize for focal length without using two 
different kinds of glass, by constructing a lens of two elements separated 
from one another. The equivalent focal length / 0 of two thin lenses not 
in contact, from Eq. (4-19), is 

1 = 1 1 _ t_ 

fo rr //" 

where f and /' represent the focal lengths of the lenses and t is their separa¬ 
tion. Let 



Then 

7 = K (n - 1) + K' (n — 1) - tKK' (n - l) 2 . 

Jo 

We wish to make the focal length / 0 independent of wave length. Then 
l//o is also independent of wave length. That is, 

or 


dn 
d\ _ 


K + K’ - 2tKK’ (n - 1) 




But since dn/d\, the slope of the index vs wave length curve (Fig. 2-27) 
is not zero, the bracketed term must be zero. Hence 

. = K + K' 

2 KK' (n — 1) ’ 

Multiply numerator and denominator by (n — 1) and replace K(n — 1) 
by 1// and K'{n — 1) by 1//'. This gives 


t = LLT = l±£. 

2 _ 2 

ff 

That is, the separation of the elements should be one-half the sum of 
their focal lengths. Many eyepieces are achromatized in this way. (See 
Sec. 6-5.) 
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It should not be inferred that a lens system corrected in this way is 
fully achromatic, in the sense that the focal length is the same for all wave 
lengths. This method of achromatizing makes the focal length/. a mini¬ 
mum for the particular wave length to which / and / refer. As is the case 

with any function exhibiting a minimum, small changes in either direction 
from the minimum produce very small changes in the function. 

S 8 Summary. It should be evident from the preceding discussion 
that it is not possible to eliminate all of the seven aberrations from a single 
thin lens or even to minimize them all simultaneously. However, by - 

IIftli8» 

pose for which the lens is aest ... • requ i re d to cover 

S rr. s Jar 

a lx Li JrjJ:: 

of these aberrations is possible because of the nec^ity ^ 

degree of correction for such aberra that nee( j be corrected only 

fo n r d a"ehi X a’ 3 . apLture produce images of higher quality 
[ban sLtems with either a large field or a large aperture. 



CHAPTER 6 


OPTICAL INSTRUMENTS 

6-1 The eye. Since the purpose of most optical instruments is to 
enable us to see better, the logical place to begin a discussion of such in¬ 
struments is with the eye. The essential parts of the eye, considered as 
an optical system, are shown in Fig. 6-1. 



Fig. 6-1. The eye. 


The eye is very nearly spherical in shape, and about an inch in diameter. 
The front portion is somewhat more sharply curved, and is covered by a 
tough, transparent membrane C, called the cornea. The region behind the 
cornea contains a liquid A called the aqueous humor. Next -comes the 
crystalline lens, L, a capsule containing a fibrous jelly hard at the center 
and progressively softer at the outer portions. The crystalline lens is held 
in place by ligaments which attach it to the ciliary muscle M. Behind 
the lens, the eye is filled with a thin jelly V consisting largely of water, 
called the vitreous humor. The indices of refraction of both the aqueous 
humor and the vitreous humor are nearly equal to that of water, about 
1.336. The crystalline lens, while not homogeneous, has an “average” 
index of 1.437. This is not very different from the indices of the aqueous 
and vitreous humors, so that most of the refraction of light entering the 
eye is produced at the cornea. 

A large part of the inner surface of the eye is covered with a delicate 
film of nerve fibers, R, called the retina. A cross section of the retina is 
shown in Fig. 6 - 2 . Nerve fibers branch out from the optic nerve 0, and 
terminate in minute structures called rods and cones. The rods and cones, 
together with a bluish liquid called the visual purple which circulates 
among them, receive the optical image and transmit it along the optic 
nerve to the brain. There is a slight depression in the retina at Y called 
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Receptor layer 



F,o. 6-2. Section of the human retina (500 X). Light is incident from the left. 


the yellow spot or Zt^ToZ 

fsTuehroflte Sea than at other portions of the retina 

ThTouter portion of the retina merely serves to give a general picture of 
the field of view. The fovea is so small that motion of the eye is n 
essary to focus distinctly two points as close together as the dots ,n a co- 

'° n There are no rods or cones at the point where the optic nerve enters the 
, • fnrmpd at this point cannot be seen. This region is 

eye * nd a “ lX1 \ g . T . exis tence of the blind spot can be demonstrated 

called the 6 .^tve andToklng with the right eye at the cross in Fig. 
by closing the t \ei y . inches f rom the eye, the square dis- 

7 P— — the circle dis¬ 
appears. At a still smaller distance, the c.rcle again appears. 


X 



□ 


Fio. 6-3. 


T , . , thp rr vstalline lens is the iris, at the center of which is an 

In T r lied the pupil. The function of the pupil is to regulate the 
opening caHed ^ ^ ^ automat i 0 ally dilates if the 

quantity d 8 1 * and contracts if the brightness is increased, 

brightness' of the field is low, Fi ^ illustra tes the manner in 

“of ‘?ZZ pupiWaries with the field brightness. Observe 
tt the raTge o? pupilary diameter is only about fourfold (hence the 

. The correct technical term for the quantity referred to here as "brightness," is 
luminance. See Chap. 13. 


134 


OPTICAL INSTRUMENTS 


[Chap. 6 


range in area is about sixteenfold) over a range of brightness from 10 -2 to 
10* candles/m 2 which is 100,000 fold. The relatively enormous variation 
in light entering the eye is far from compensated by the change in size of 
the pupil, the receptive mechanism of the retina being able to adapt itself 
to large differences in quantity of light. 


In order to see an object dis¬ 
tinctly, a sharp image of it must be 
formed on the retina. If all the ele¬ 
ments of the eye were rigidly fixed in 
position, there would be but one ob¬ 
ject distance for which a sharp reti¬ 
nal image would be formed while, in 
fact, the normal eye can focus 
sharply on an object at any distance 
from infinity up to about 10 inches 
in front of the eye. This is made 
possible by the action of the crystal¬ 
line lens and the ciliary muscle to 



10' 6 10 _< 10 2 l 10 2 

Field luminance (candles/m 2 ) 


Fro. 6-4. Pupillary diameter as a function 
of field luminance (“brightness”). 


which it is attached. When relaxed, the normal eye is focused on objects 
at infinity, i.e., the second focal point is at the retina. When it is desired 
to view an object nearer than infinity, the ciliary muscle tenses and the 
crystalline lens assumes a more nearly spherical shape. This process is 
called accommodation. 


The extremes of the range over which distinct vision is possible are 
known as the far point and the near point of the eye. The far point of a 
normal eye is at infinity. The position of the near point evidently de¬ 
pends on the extent to which the curvature of the crystalline lens may be 
increased in accommodation, and the range of accommodation gradually 
diminishes with increasing age as the crystalline lens loses its flexibility. 
I* or this reason the near point gradually recedes as one grows older. This 
recession of the near point with age is called presbyopia, and should not 
be considered a defect of vision, since it proceeds at about the same rate 
in all normal eyes. A table of the approximate position of the near point 
at various ages is given below. 


Age (years) 
10 
20 
30 
40 
50 
60 


Near Point (cm) 
7 
10 
14 
22 
40 
200 
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6-2 Defects of vision. There are a number of common defects of 
vision which have to do simply with an incorrect relation between the 
various parts of the eye considered as an optical system. A normal eye 
forms on the retina an image of an object at infinity when the eye is re¬ 
laxed, and is called emmetropic. If the far point of an eye is not at infinity, 
the eye is ametropic. The two simplest forms of ametropia are myopia 
(nearsightedness), and hyperopia (farsightedness). These are illustrated 

in Fig. 6-5 (b) and (c). 



(a) Normal eye 


ib) Myopic eye 


(c) Hyperopic eye 


Fio. 6-5. 

In tho myopic eye, the eyeball is too long in comparison with the 
radius of curvature of the cornea, and rays from an object at infinity arc 
focused in front of the retina. The most distant object or which 
image will be formed on the retina is then nearer than infinity, or the far 

... _ i|, t . n infinity On the other hand, the near point of a 

point is nearer than mnirny. ^ . .. 

myopic eye, if the accommodation is normal, is even closei to the eje than 

ju that of li nerson with normul vision. . r 

In the hyperopic eye, the eyeball is too short, and the image of an 

infinitely distant object would be formed behind the retina By accom¬ 
modation, these parallel rays may be made to converge*£ 
evidently if the range of accommodation is normal, the near point will be 

more "distant than Lit of an emmetropic eye. These defects may be 
Ltid in a somewhat different way. The myopic eye produces too much 
convergence in a parallel bundle of rays for an image to be formed on the 

retina' the hyperopic eye, not enough. 

MllmatlL refers to a defect in which the surface of the cornea ,s no 

spherical but is more sharply curved in one plane than another. (It 

Jiould not be confused with the lens aberration of the same name, which 

applies to the behaviour, after passing through a lens having spherical 

surfaces of rays making a large angle with the axis.) Astigmatism makes 

it impossible, for example, to focus clearly on the horizontal and vertical 

bars of a window at the same time. 
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6-3 Spectacles. All of the types of defective vision mentioned above 
may be corrected by the use of spectacles. We shall illustrate with the 
aid of numerical examples. 

Presbyopia and hyperopia. The near point of either a presbyopic or a 
hyperopic eye is farther from the eye than normal. Then in order to see 
clearly an object at normal reading distance (this distance is usually 
assumed to be 25 cm or 10 inches), we must place in front of the eye a lens 
of such focal length that it forms an image of the object, at or beyond the 
near point. Thus the function of the lens is not to make the object appear 
larger, since the object and its image subtend equal angles at the lens, but 
in effect to move the object farther away from the eye to a point where a 
sharp retinal image can be formed. 


s' *» - 100 cm 



s = +25 cm 
Fia. 6-6. 


Example. The near point of a certain eye is 100 cm in front of the eye. What 
lens should be used to see clearly an object 25 cm in front of the eye? (See Fig. 
6 - 6 .) 

We have 

s = +25 cm, s' = —100 cm. 

i _ 1 . 1 _ 1 , 1 

f s s' +25 -100* 

/ — +33 cm. 

That is, a converging lens of focal length 33 cm is required. 


Myopia. The far point of a myopic eye is nearer than infinity. To 
see clearly objects beyond the far point, a lens must be used which will 
form an image of such objects, not farther from the eye than the far point. 
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Fig. 6-7. 


Example. The far point of a certain eye is 1 meter in front of the eye. 
lens should be used to see clearly an object at infinity? 

Assume the image to be formed at the far point. Then 


What 


S = 00 , 


$' = —100 cm. 


1= L + I = i+ — 

f s s' 00 ~ 100 


/ = —100 cm. 

A diverging lens of focal length 100 cm is required, as in Fig. 6-7. 




Astigmatism. The correction of astigmatism by means of a cylindrical 
lens is illustrated in Fig. 6-8, in which (a) and (b) represent the top and 
side views respectively of an astigmatic eye. The curvature of the cornea 
in a horizontal plane, as seen in (a), has the proper value such that rays 
from infinity are focused on the retina. In the vertical plane, however, 
as seen in (b), the curvature is not sufficient to form a sharp retinal image. 

By placing before the eye a cylindrical lens with axis horizontal, as in 
(c) and (d), the rays in a horizontal plane are unaffected, while the addi- 
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tional convergence of the rays in a vertical plane, shown in (d)., now causes 
these to be sharply imaged on the retina. 

It is customary for the optometrist to describe the converging or 
diverging effect of spectacle lenses in terms, not of the focal length, but of 
its reciprocal. The reciprocal of the focal length of a lens is called its 
dioptric power, and if the focal length is in meters the power is in diopters. 
Thus the power of a positive lens whose focal length is 1 meter, is 1 diopter; 
if the focal length is 2 meters the power is 0.5 diopter and so on. If the 
focai length is negative, the power is negative also. For example, a lens 
of power —0.5 diopter is a diverging lens of focal length —2 meters. 

It is useful to consider not only the power of a lens, but the powers of 
the individual lens surfaces. For instance, a double convex thin lens may 
be thought of as two plano-convex thin lenses with their plane surfaces in 
contact. The power D\ of the first lens is 






The plane surface contributes nothing to the power, which may be 
considered as associated with the convex surface only. 

The power of the second lens is 



7 = (n - 1) 
h 





Treating the lens as a double convex thin lens, its power is 


Hence 


D = j = („ — 1) 




D — Di - f- Z) 2 , 


and the power of the lens equals the sum of the powers of its surfaces. 
An optometrist who grinds his own lenses usually purchases from the 
manufacturer lens blanks, one surface of which has been ground and 
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polished vo a specified radius or power. By subtracting the power of this 
surface from the desired power of the completed lens, the power to which 

the other surface should be ground is given at once. 

For the correction of certain types of defective vision a prism, usually 
of small angle, is combined with a spectacle lens. The deviation produced 
by the prism is expressed in prism diopters. The power of a prism in prism 
diopters is defined as the linear deviation, A, in centimeters which the 
prism produces at a distance of 1 meter, when a ray passes through the 
prism at minimum deviation. See Fig. 6-9. 


6-4 The simple microscope or magnifier. The apparent size of an 
object is determined by the size of its retinal image which, in turn, if the 
eye is unaided, depends upon the angle subtended by the object at the 
eve When one wishes to examine a small object in detail one brings it 
close to the eye, in order that the angle subtended and the retinal image 
may be as large as possible. Since the eye cannot focus sharply on objects 
closer than the near point, a given object subtends the maximum possible 
angle at an unaided eye when placed at this point. (We shall assume 
hereafter that the near point is 25 cm from the eye.) By placing a con¬ 
verging lens in front of the eye, the accommodation may, in effect be in¬ 
creased. The object may then be brought closer to the eye than the near 
point, and will subtend a correspondingly larger angle. A converging lens 
used for this purpose is called a magnifying glass, a simple nncroscope o r 
a magnifier. The magnifier forms a virtual image of the object and the 
eye'dooks at” this virtual image. Since a (normal) eye can focus sharply 
on an object anywhere between the near point and infinity, the image can 
be seen equally clearly if it is formed anywhere within this range. 

The magnifier is illustrated in Fig. 6-10. In part a), the object is at 
the near point and subtends an angle u at the eye. In part (b), a mag 
nifier in front of the eye forms an image at infinity and the angle sub¬ 
tended is a'. The height of the retinal image in either case is proportional 
to the tangent of the angle subtended, and the angular magnification y 
(not to be confused with the lateral magnification m) is defined as 


y = 


tan u' 
t an u 


The angular magnification can be expressed as follows. Let y repre¬ 
sent the height of the object and / the focal length of the magnifier, both 
expressed in centimeters. Then from Fig. 6-10 (a), 

V 
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Fig. 6-10. The magnifier. Angular magnification 7 = tan u '/tan u. 


and from 6-10 (b), 


Hence 


tan u' = - • 



y 



(J in centimeters). 


( 6 - 1 ) 


That is, the angular magnification of a simple magnifier of focal length 
10 cm is 2.5X (2.5 times). The height of the retinal image of an object 
viewed through the magnifier, as in Fig. 6-10 (b), is 2.5 times as great as 
when viewed with the unaided eye at the minimum distance of distinct 
vision. 

While it might appear that the angular magnification could be made 
as large as desired by decreasing the focal length /, the aberrations of a 
simple lens set a limit to 7 of about 2X or 3X. If these aberrations are 
minimized, the magnification may be carried as high as 20 X. 

6-5 Oculars. An ocular or eyepiece is a magnifier used for viewing an 
image formed by a lens or lenses preceding it in an optical system. Thus 
in both the compound microscope and the telescope, a real image of the 
object under observation is formed by a lens called the objective, and an 
ocular is used to view this image. 
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Fio. 6-11. The Ramsden ocular. 


The Ramsden ocular is iUustrated in Fig. of 

two plano-convex lenses °T* ^he imag ? t o be examined is shown at I , 

ttnlirmaget iunfinity Since four refracting surfaces are available, 
the aberrations of a simple magnifier may be greatly reduced. 



Fio. 6-12. The Huygens ocular. 


The Huygens ocular, another — ^arieffZ ^ 
The ratio of the focal lengt s ° e explained in Sec. 5-7 by making 

rsssaarsxprc]-—- 

which is then imaged at infinity by t e magnifier to examine 

Evidently the Ramsden ocular can be used^a m: g^^^ ^ ^ 

a real object (which shou e p &ce f ^ ■ | le( l a positive and the 

be used only to examine an image. The former is called 

latter a negative ocular. , , , w , ns t he other, the eye 

The front lens of an ocular ,s called the/UW lens,^ ^ ^ ^ 

converging towartTeach point of * j an eye*lensfof*much*greater 

irn: ss —g images - 

« w- in an ocular to h provide i:; 

enj l^n tt: field of view or to mahe measurements by movmg the 
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cross hairs across an image. The cross hairs must evidently be in focus at 
the same time as the object under observation. They should therefore 
coincide with the image I in Fig. 6-11 and with the image I' in Fig. 6-12. 

A highly corrected ocular is shown in the diagram of a prism binocular, 
Fig. 6-20. 

6-6 The compound microscope. When an angular magnification higher 
than that attainable with a simple magnifier is desired, it is necessary to 
use a compound microscope, usually called merely a microscope. The essen¬ 
tial elements of a microscope are illustrated in Fig. 6-13. The object to 
be examined is placed just beyond the first focal point F of the objective 
lens, which forms a real and enlarged image in the first focal plane of the 
ocular. The latter then forms a virtual image of this image at infinity. 
While both the objective and ocular of an actual microscope are highly 
corrected compound lenses, they are shown as simple thin lenses for 
simplicity. 

The overall magnification M of a compound microscope, like the an¬ 
gular magnification of a simple microscope, is defined as the ratio of the 
tangent of the angle u' subtended at the eye by the final image, to the tan¬ 
gent of the angle u that would be subtended at the unaided eye by the 
object at a distance of 25 cm. Let y represent the height of the object 
and y' the height of its image formed by the objective. Then 


and 


tan u = 


JL 

25 


I 


tan u' 



> 



Fio. 6-13. The compound microscope. 












'SCOPE 


hhi r 

• isKv 
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where fi is the focal length of the ocular. Hence 



tan u' 
tan u 


y_7h 
y /25 


y h 


But y’/y is the lateral magnification m produced by the objective, and 
25// 2 is the angular magnification y produced by the ocular. The overall 
magnification M is therefore the product of the lateral magnification of 
the objective, and the angular magnification of the ocular. 



( 6 - 2 ) 


Fig. 6-14 is a cut-away view of a modern microscope. The instrument 
is provided with a rotating nosepiece to which are permanently attached 
three objectives of different focal lengths. This construction makes pos¬ 
sible a rapid and convenient exchange of one objective for another. Cross 
sections of three modern microscope objectives are shown in Fig. 6-15. 
The one on the right is of the oil immersion type and utilizes as its front 
lens the spherical lens shown in Fig. 5-3. 



Fig. 6-15. Sectional views of three modern microscope objectives. 

(Courtly of Bauach A Lomb Optical Co.) 
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The mirror and condensing lens below the microscope stage are for the 
purpose of illuminating the object. The mirror is plane on one side and 
concave on the other. With low power objectives the lens may be swung 
to one side and the concave mirror alone provides sufficient illummation. 
(See Fig. 6-16 (a).) For objectives of power higher than 10X, the con 
denser and plane mirror are used as in Fig. 6-16 (b). 




Fm a-16 Use of concave mirror (a) and condensing lens (b) for illuminating 
Fio. 6-16. Use ot in a compoun d microscope. 

6-7 Refracting telescopes. The optical system of a refracting tele¬ 
scope is essentially the same as that of a compound microscope. In both 

instruments, the image formed by an objective is viewed ““‘“e 

The difference is that the telescope .s used to examinelargeobjects at large 
distances and the microscope to examine small objecte close at hand 

The astronomical telescope is illustrated in Fig. 6-17 The objective 
lens7o™“ reduced image / of the object 0. I » the virtual image 

° f “7, Met* examined by a telescope are at such large, £ 
tances from the instrument that the image I is formed very nearly at the 
second focal point of the objective. Furthermore, if the image 1 is at 



Fia. 6-17. The astronomical telescope. 
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Fig. 6-18. 

infinity, the image I is at the first focal point of the ocular. (This is not 
the case in Fig. 6-17, which has been drawn to show all the essential ele¬ 
ments in a finite diagram.) The distance between objective and ocular, 
or the length of the telescope, is therefore the sum of the focal lengths of 
objective and ocular, f\ + / 2 . 

The angular magnification 7 of a telescope is defined as the ratio of the 
tangent of the angle subtended at the eye by the final image to the 
tangent of the angle subtended at the (unaided) eye by the object. This 
ratio may be expressed in terms of the focal lengths of objective and ocular 
as follows. The shaded bundle of rays in Fig. 6-18 corresponds to that in 
Fig. 6-17, except that the object and the final image are both at infinity. 
The ray passing through F 1 , the first focal point of the objective, and 
through Fi, the second focal point of the ocular, has been emphasized. 
The object (not shown) subtends an angle u at the objective and would 
subtend essentially the same angle at the unaided eye. Also, since the 
observer’s eye is placed just to the right of the focal point Ft, the angle 
subtended at the eye by the final image is very nearly equal to the angle u'. 
The distances ab and cd are evidently equal to one another and to the 
height y' of the image /. From the right triangles F^ab and FJcd, 

tan u — —y~ » 

h 

. y' 

tan u — y • 

h 

Hence 


y _ y'/h _ 

u 

T y'/u 

u 


(6-3) 
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The angular magnification of a telescope is therefore equal to the ratio 
of the focal length of the objective to that of the ocular. The negative sign 
denotes an inverted image. While an inverted image is not a disadvantage 
if the instrument is to be used for astronomical observations, it is desirable 
that a terrestrial telescope shall form an erect image. This may be ac¬ 
complished by the insertion of an erecting lens or lens system between the 
objective and ocular as in Fig. 6-19. The erecting lens simply serves to 



Fig. 6-19. A terrestrial telescope. 


invert the image formed by the objective. This is the optical system of 
the “spyglass.” It has the disadvantage of requiring an unduly long tube, 
since four times the focal length of the erecting lens must be added to the 
sum of focal lengths of objective and ocular. 



Fio. &-20. The prism binocular. 
(Courteey of Bauach Sc Lomb Optical Co.) 











Fio. 6-21. Inversion of an image by the prism system of a prism binocular. 


The long draw tube of the terrestrial telescope is avoided in the prism 
binocular, of which Fig. 6-20 is a cut-away view. A pair of 45°-45°-90° 
totally reflecting prisms, arranged as in Fig. 2-22, are inserted between 
objective and ocular. The image formed by the objective serves as a 
virtual object for the pair of prisms. The process by which the image is 
inverted as a result of four reflections is illustrated in Fig. 6-21, where for 
simplicity a real object oabc is shown, and where one of the prisms has 
been omitted from the diagram to avoid confusion. 

The first (virtual) image formed by reflection at the upper inclined face 
of the prism is at o'a'b'c'. As explained in Sec. 2-6, this image is perverted. 
The plane of the lower inclined face of the prism is extended by light lines, 
and o"a"b"c" is the virtual image of o'a'b'c' formed by this face. Com¬ 
parison of o"a"b"c" with the object oabc shows that the second image is 
inverted but not perverted. The orientation of the image in space is not 
the same as that of an inverted image formed by a lens (see Fig. 4-14) but 
it must be remembered that in the present case the direction of travel of 
light has been reversed. An observer at the prism, facing the object oabc, 
sees oa pointing toward him, ob pointing toward his right, and oc pointing 
up. In order to see the reflected image o"a"b"c" the observer must turn 
around so that the reflected light comes toward him. Then o"a" points 
toward him, o"b" toward his left, and o"c" points down. Thus ob and oc 
have been reversed while oa has not. 
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T , of a single ray from the head of arrow oc has been traced 

wv, tpm This ray is initially horizontal, is reflected down at 

ZZt tdSd pri.m te ^n baok horizontally. The second prism 
the firet xuAonjrpI is mounted with its hypotenuse against that of 

(not shown m the gu ) horizontal instead of vertical. 

the fat prism but £ second prism through its 

The ray from the head o ar . ^ &t point p at an angle of 45 ", 

tTS'afross'horisontaily to point Q where it strikes the other face, 
and then emerges from Actions. Image 

S™.-.!™ a a « .... 

oWV* is shown in its correct ° rl u e ^ a f t ^ he b I . U t t ; ^eTef t §P Tt will be seen 

actual position, which wou “ reflections and the two reversals in di- 
that as a consequence of exactly as is the inverted image 

rection, the final 1 “ ° 4 _14 and that also the light is traveling in its 

S b ^ Henc^e if 

ocular produces an erect (virtual) image, the 

image seen by the eye is. the instrument give an optical path 

The repeated reflection. n i enKt h of the instrument, 

length considerably greater han^thn^^ ^ Galile0> who constructed one 

The Galilean « V in 1609> a diverging rather than a 

of the fat an JZr. The optical system is illustrated in 

°™£ g a distant object (not shown) are made converging 



Fio. &-22. The Galilean telescope. 
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by the objective 0. The image I serves as a virtual object for the ocular E. 
The final image /' is virtual and erect, as indicated. The angular magnifi¬ 
cation of this telescope is also given by 



but since f 2 is negative, 7 is a positive quantity and the image is erect. 
The distance between objective and ocular is the difference between (the 
absolute values of) their focal lengths. Consequently this instrument may 
be made much more compact than the astronomical type. Its chief dis¬ 
advantage is that it cannot cover as wide a field of view without the use 
of objectives of unduly large diameter. The “opera glass” is a Galilean 

telescope. 

6-8 Normal magnification. Thus far nothing has been said regarding 
the diameters of the lenses in a telescope; the magnification involves only 
the ratio of focal lengths. To see how the diameter of the objective sets 
a limit to the useful magnification, let us consider the optical system of a 
refracting telescope from a somewhat different viewpoint. 

The ocular of a telescope, as well as imaging the image formed by the 
objective, also forms a real, reduced image of the objective lens itself in 




Fig. 6-23. (a) The ocular of a telescope forms a real, reduced image of the objective 

lens, (b) Rays from a distant object are refracted by a telescope and pass through the 
exit pupil E. The exit pupil lies at the same point, and has the same diameter, as the 
image of the objective lens. 
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the space beyond the ocular. All of the light that enters the objective, 
and is refracted by the ocular, must pass through this image of the ob¬ 
jective, which is called the exit pupil of the telescope. The diameter of 
the transmitted beam is a minimum in the plane of the exit pupil. (See 
Fig. 6-23 (b).) If all of the transmitted light is to enter the pupil of the 
observer’s eye, the diameter of the exit pupil of the telescope should be no 
larger than the pupillary diameter of the eye. In practice, the eye is 
usually placed at the exit pupil which is also called the eye point of the 
telescope. 

Let us assume that the object being viewed and the virtual image 
formed by the ocular are both at infinity. If the objective lens is con¬ 
sidered as the object for the ocular, the object distance x in Fig. 6-23 (a), 
measured from the first focal point F 2 of the ocular, is 

* =fi, 

where /i is the tocal length of the objective lens. Let D be the diameter 
of the objective and D' the diameter of its image. By definition, the 
lateral magnification of the image of the objective is 

D' 

m ~ D ’ 

and from Eq. (4-15), 



x 


where / 2 is the focal length of the ocular. Then (disregarding algebraic 
signs), 

D _ x = fx 
D' U U ' 


But 7 equals 
J2 


the angular magnification of the telescope, y. 



Hence 


(6-4) 


and the angular magnification equals the ratio of the diameter of the ob¬ 
jective to the diameter of its image formed by the ocular, or the exit pupil. 

Incidentally, Eq. (6-4) indicates a convenient method for measuring 
the angular magnification of a telescope. The instrument may be directed 
toward a bright sky and a screen moved along the axis until the minimum 
diameter of the transmitted beam is found. The magnification Is then the 
ratio of the diameter of the objective to the minimum diameter of the 
transmitted beam. 
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The normal magnification of a telescope is defined as that at which the 
diameter of its exit pupil is just equal to the pupillary diameter of the eye, 
usually assumed to be 2 mm. 


Example. The objective lens of a telescope is 20 mm in diameter and its focal 
length is 250 mm. 

(a) What is the normal magnification of the telescope? 

(b) What focal length ocular should be used? 

(c) Find the position of the exit pupil. 

(d) What would be the diameter of the exit pupil if an ocular were used which 
gave a magnification 50% in excess of normal? 

(e) What would be the diameter of the exit pupil if the magnification were 50% 

of normal? 

Assume all lenses to be thin. 

D 20 

(a) From Eq. (6-4), y = — = 2 = 10X. 


(b) 7 = 




25 mm. 



fl 

ft 


- = ^ = 2.5 mm. 
7 10 


That is, the exit pupil is 2.5 mm to the right of the second focal point of the ocular, 
or 27.5 mm to the right of the ocular itself. 


(d) If 7 = 15X, D' = 


D 

y 


20 

15 


1.33 mm. 


(e) If 7 = 5X, D' = — = 4 mm. 

5 


The results of the preceding example will be used to illustrate an im¬ 
portant point. Let us compare the quantities of light reaching the retinal 
image from an object on the telescope axis, when the eye is unaided and 
when the telescope is used. The diameter of the objective (20 mm) is 10 
times that of the pupil of the eye and its area is 100 times as great. It 
therefore admits 100 times as much light. Suppose, first, that the normal 
magnification of 10 X is used. The diameter of the exit pupil then equals 
the diameter of the pupil of the eye, and all of the light admitted by the 
objective can enter the eye. The linear dimensions of the retinal image 
are increased by a factor of 10 and its area by a factor of 100. Hence 100 
times the light is distributed over 100 times the area and the apparent 
brightness of the object viewed is the same with the telescope as with the 
unaided eye. 
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When a magnification of 15X is used, the area of the retinal image is 
increased by a factor of 225. The objective admits 100 times as much 
light as does the unaided eye and since the diameter of the exit pupil is 
only 1.33 mm, all of this light can enter the eye. However, since the light 
is distributed over an area 225 times as great, the apparent bnghtness is 

less than with the unaided eye. . . , 

When the magnification is 5X, the area of the retinal image is increased 

by a factor of 25. The diameter of the exit pupil is 4 mm (twice that of 

the pupil of the eye) and its area is 4 times that of the pupil. Hence only 

one-quarter of the light passing through the exit pupil can enter the eye. 

Therefore, although the objective admits 100 times as much light as the 

unaided eye only one-quarter of this fight reaches the retinal image, and 

25 times the light is distributed over 25 times the area. The apparen 

brightness is the same as with normal magnification or as with the unaided 

ey6 This special case illustrates the general principle that no optical in¬ 
strument can increase the apparent brightness of an object.' 

6-0 The reflecting telescope. Most astronomical observations today 
are made not visually but photographically. By exposing a photographic 
plate for a long period of time, objects too faint ever to be seen can be re- 

“Uronomical telescope" is .applied to the type of instrument d^ 

scribed in Sec. 6-7, most telescopes in use today for astronomical purpose^ 
a- i i thocp n f lanre size make use of a concave mirror, rather than 

a^Tas the objective. There are several reasons for this, the chief one 
beine the difficulty of manufacturing optical glass of high quality in large 
E Btaea hght does not travel through the glass of a reflector the 
quafity is not important. Furthermore, a refracting objective must be 
constmeted of at least two lenses to correct for chromatic aberration, 
wUch requires the grinding and polishing of four surfaces, while for a 
Zror only a eingle surface need be finished. The mirror, of course, is 
inherently^free from chromatic aberration. Offsetting these advantages 
are the facts that the mirror of the reflecting telescope is more susceptible 
to temperature changes, and the telescope does not cover as wide a field of 

view. 

r T ^ is true for an extended object, but if the object is so small or so distant. (a 
, / the ai*e of ita image is determined by diffraction effects, the 

ap a p r ^t e SteeLtnt iT^^a telescope. See Chap. .0 for a further 

discussion of diffraction. 
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The largest refracting telescope in use today is that at the Yerkes 
Observatory, the objective of which is 40 inches in diameter. Fig. 6-24 
is a photograph of the concave mirror of the largest reflecting telescope, 
located at Mt. Palomar in southern California. The diameter of this 
mirror is about 16 feet. The reflecting surface of the mirror is toward the 
reader. It has not yet been metallized, and through it can be seen the 
supporting ribs cast on its rear surface for mechanical ngidity. 

The optical system of the reflecting telescope is essentially the same as 
that of the astronomical refracting telescope, the real image formed by the 
objective being examined by an ocular. However, since this image would 
be formed in the space in front of the mirror, where it would obviously be 
inconvenient to mount an ocular with which to observe it, various exped 




(a) 

Fia. 6-25. 


( 6 ) 

The reflecting telescope, (a) Newtonian mounting; 
(b) Cassegranian mounting. 


ents such as those illustrated in Fig. 6-25 are adopted In the Newtonian 
telescope Fig. 5-25 (a), a small plane mirror or totally reflecting prism is 
mounts on the axis of the telescope. The image may then be viewed m 
a direction at right angles to the axis. In the Cassegranian mounting, 
Fig 6-25 (b), a small convex hyperboloidal mirror intercepts the rays pro¬ 
ceeding toward the image, and reflects them back through an opening in 

the center of the objective. 


6-10 The projection lantern. The optical system of the projection 
lantern, or the motion picture projector, is illustrated in Fig- 6-26. The 
arrow at the left represents the light source; for example, the filament of a 
projection lamp. For simplicity, the slide to be projected is represented 

as opaque except 

Of course light is emitted from all points of the source and in all direc¬ 
tions. The diagram traces the course of three pencils of rays originating 
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Fig. 6-26. The projection lantern. 


at the ends and at the mid-point of the source. The function of the con¬ 
densing lens is to deviate the light from the source inward, so that it can 
pass through the projecting lens. If the condensing lens were omitted, 
light passing through the outer portions of the slide would not strike the 
projecting lens and only a small portion of the slide near its center would 
be imaged on the screen. 

A study of the figure will show that (a) for the three selected points of 
the source, only those rays within the shaded pencils can pass through the 
aperture, all others striking the condensing lens being intercepted by the 
opaque portions of the slide, and (b) similar pencils of rays could be drawn 
from every other point of the source. 

Each of these pencils converges, after passing through the aperture, to 
form an image of its point of origin just to the left of the projecting lens. 
In practice, this image would be formed at the projecting lens, but for 
clarity in the diagram the image and the lens have been displaced slightly. 
The focal length of the condensing lens should be such that the image of 
the source just fills the projecting lens. If the image of the source is 
larger than the projecting lens, some of the light passing through the slide 
is wasted. If it is smaller, the area of the projecting lens is not being fully 
utilized. Thus in the diagram, the outer portions of the projecting lens 
serve no useful purpose. We could have saved money by buying a pro¬ 
jecting lens of smaller diameter or, with the one illustrated available, we 
could increase the brightness of the image on the screen by using a con¬ 
denser of shorter focal length to produce a larger image of the source. 

Three rays tangent to the upper edge of the aperture have been em¬ 
phasized in the figure. These rays originate at different points of the 
source. Hence, although they intersect at the edge of the aperture, this 
point of intersection does not constitute an image of any point of the 
source. But these three rays diverge from a common point of the lantern 
slide, and therefore this point of the slide is imaged as shown on the screen. 
Similarly, rays tangent to any point of the edge of the aperture are imaged 
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at a conjugate point on the screen. Thus if the aperture is circular, a 

circular spot of light appears on the screen. 

Notice that light from all points of the source illuminates every point 
of the image of the aperture, and would do the same were the aperture at 

any other point of the slide. 

The preceding discussion has explained the conditions that determine 
the focal length of the condensing lens and the diameter of the projecting 
lens (the image of the source formed by the condensing lens should just 
fill the projecting lens). The dvameter of the condensing lens must evi¬ 
dently be at least as great as the diagonal of the largest slide to be pro¬ 
jected, while the focal length of the projecting lens is determined by the 
magnification desired between the slide and its image, and the distance of 

the lantern from the screen. 


6-11 The camera. The essential elements of a camera are a lens, a 
Ught tight box, and a sensitized plate or 61m for receiving the image. In 
contrast with a telescope objective, for which the field of new is limited 
to a range of about 6°, a photographic objective is called upon to cover a 
field of 50° or even more. Furthermore, the relative aperture of the lens 
must be large in order that it may collect sufficient light to permit short 
exposures. The combination of wide 6eld and large aperture makes the 
problem of correcting a photographic lens a difficult one. Nevertheless, 
even the simplest lenses, such as those used in Brownie cameras are co - 
rected for chromatic aberration and curvature of field. The ra P ld rec ^ 
linear" lens, which consists of two achromats with a stop between them 
is sensibly free from coma and distortion, as well as both lateral and axial 

chromatism. Spherical aberration 
is corrected and the lens has a flat¬ 
tened field. The “anastigmatic” 
lenses are corrected for spherical and 
chromatic aberration, coma, astig¬ 
matism, curvature of field, and dis¬ 
tortion. Most modem high speed, 
short focal length lenses are modifi¬ 
cations of the Zeiss “Tessar lens, 

illustrated in Fig. 6-27. 

The light-gathering power of a 
photographic objective is usually 
stated in terms of its //-number, 
which is determined by the focal 
length of the lens and by its diam- 



Fia. 6-27. Zeiss “Tessar” lens. 
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eter or the diameter of the aperture which effectively determines the lens 
area. Thus the notation //4.5 means that the focal length of the lens is 
4.5 times its effective diameter. The smaller the //-number, the larger 
the lens diameter for a given focal length and the greater the light-gathering 
power or “speed” of the lens. Extremely fast lenses may have//-numbers 
as small as //1.9 or //1.5. That of the Brownie lens is approximately 
//ll. The required time of exposure increases with the square of the 
//-number. For example, the ratio of the exposure time at //6.3 to the 
exposure time at //4.5 is (6.3) 2 / (4.5) 2 « 2. 

For a given position of the photographic film, only those objects 
lying in the plane conjugate to that of the film are sharply focussed upon 
it, objects at a greater or less distance appearing somewhat blurred. How¬ 
ever, because of lens aberrations, a point of a given object will be imaged as 
a small circle, called the circle of confusion, even with the best focussing. 
The circles of confusion of points at other distances will be larger. If 
extremely sharp definition of the image is not essential, there is evidently 
a certain range of object distances, called the depth of field, such that all 
objects within this range are simultaneously “in focus” on the plate. That 
is, the circles of confusion of points within this range are not so large that 
the image is unsatisfactory. The so-called fixed-focus camera is one with 
a large depth of field, so that all objects beyond a certain distance are 
simultaneously in satisfactory focus. 

6-12 Stops. A stop, in an optical instrument, is a diaphragm, lens 
mounting, or some similar obstacle which limits the rays that can be 
transmitted through the instrument. There are two properties of stops 
that are of importance: first, their limitation of the quantity of light 
transmitted by the instrument and second, the limits they impose on the 
field of view. The stop which controls the quantity of light transmitted 
is called the aperture stop. The stop which controls the field of view is the 
field stop. The adjustable diaphragm of a camera lens is an aperture stop. 
The field stop, in a camera, is the photographic film itself. In a telescope, 
the field stop is usually the rim of one of the lenses or a diaphragm in the 
telescope tube. Stops may also be used to eliminate unwanted rays which 
would produce aberrations. 

6-13 The rangefinder. A surveyor at point A in Fig. 6-28 can de¬ 
termine the distance AC to point C, on the opposite bank of a river, by 
laying off a measured base line AB at right angles to AC, then setting up 
his transit at point B and measuring the angle 0. The distance AC is 
computed from the relation AC = AB tan 0. It is this problem in trigo¬ 
nometry which is solved by the rangefinder. 



6-13] 


THE RANGEFINDER 


159 


The essential elements of a coin¬ 
cidence type rangefinder are shown 
in Fig. 6-29. Two penta prisms 
(see Fig. 2-23) are mounted at the 
ends of a horizontal tube. The dis¬ 
tance between the prisms, A B, is the 
base line of the instrument; it may 
vary from a few feet to 100 feet. 
Each prism deflects rays from the 
object through exactly 90°. Paths 
of two rays proceeding from a dis¬ 
tant object are shown by full lines. 
C and C' are two identical telescope 


C 



A B 

Fio. 6-28. 


objectives. The upper half of the . 

image formed by one objective and the lower half of the .mage formed 
by the other are reflected by the two right-angle prisms P and P into 
the ocular E. An observer thus sees a divided image, the upper half being 


displaced laterally relative to the lower. 

The dotted line indicates the path that would be followed by a ray 

striking the right prism, if the object were infinitely distant. The angle 0 
is evidently equal to the angle <t> in Fig. 6-28, or to 90 6. The later 

displacement of one half of the image relative to the other depends on the 
angle A or 6. A calibrated scale might be provided in the ocular from 
which the angle could be determined by observation of this displacement, 
and the object distance could be computed from this angle and the base 
line AB. Instead, however, the two halves of the image are•brought into 
coincidence by displacing the prism D to the left or right, and the distance 
to the object is read directly from the calibrated scale S. 



Fio. 6-29. The coincidence rangefinder. 
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6-14 The ultramicroscope. The ultramicroscope, as far as objective 
and ocular are concerned, is identical with the ordinary compound micro¬ 
scope; in fact, the term applies not so much to a different instrument as 
to a different method of using the compound microscope. The wave na¬ 
ture of light sets an ultimate limit to the smallest size particle of which a 
microscope can form an image. The ultramicroscope makes it possible to 
observe the -position of particles of submicroscopic dimensions, although no 
image of the particles is formed and their shape, size, and so on, cannot be 
ascertained. 

An ultramicroscope requires the use of some sort of dark-field illumi¬ 
nator, of which one type is illustrated in Fig. 6-30. Light proceeding up¬ 
ward from below the microscope 
stage is totally internally reflected 
from the surface of a paraboloid con¬ 
denser as shown, so that an intense 
illuminating beam is traveling trans¬ 
versely across the field of view of the 
microscope. If a cell containing 
some submicroscopic particles in 
suspension is placed in the field of 
view, these particles “scatter” the 
light from the condenser in all direc¬ 
tions, and appear as bright points of 
light against a dark background. 
The phenomenon of scattering, which 
we shall discuss later in Chap. 7, is 
also responsible for the luminous ap¬ 
pearance of a beam of light passing 
through a cloud of smoke, or through 
a milky solution. Particles as small 
as 4 X 10 7 cm in diameter, or 1/100 of the wave length of visible light, 
may be “seen” by this means. 

6-15 The prism spectrometer. Optical instruments may be grouped 
into two general classes, image-forming instruments and analyzing in¬ 
struments. Instruments of the former class, such as those we have been 
discussing, serve to form the image of some given object; those of the 
latter class are used to determine the composition,, intensity, or state of 
polarization of a beam of light. We shall consider next the prism spec¬ 
trometer and some of its modifications. These are analyzing instruments, 

used primarily to discover what wave lengths are present in a given light 
beam. 



Fio. 6-30. Illuminating system of the 
ultramicroscope. 











Fio. 6-31. Principle of the prism spectrometer. 


The essential elements of a prism spectrometer are illustrated in Fig. 
6-31. A narrow slit S, illuminated by the light to be analysed, >s located 
at the first focal point of the achromatic lens C, called the coUtmUor. T 
parallel beam of light emerging from the collimator falls on the pnsm , 
Is deviated, and the emergent light is examined by the telescope T. Since 
as we have seen, the index of refraction of optical materials vanes with 
wave length, the various wave lengths present in the light are deviated by 

dlff The t ob^reer E sees a number of images of the slit side by side, each 
formed by light of a particular wave length. If the source emits light of 
all wave lengths, the images form a continuous succession, called a con- 
tinuoua spectrum. If the source emits only a few definite wave lengths, the 
images of the slit are separated from one another and ap^ar as a senes 
of bright lines, each the color of the light producing it. (See Fig 11-1.) 
(This U the origin of the term “line-spectrum.' If a small circular hole 
were used instead of a slit, the images would be a senes of colored circles.) 

In using a spectrometer, the prism is first removed, and the telescope T, 
whose ocular is provided with cross hairs, is rotated about a vertical axis 
until the image of the slit, formed by the collimator and telescope, coincides 
with the cross hairs. The optical axis of the telescope is now in the di¬ 
rection of the beam emerging from the collimator, and the angular position 
of the telescope is read from a graduated circle. The pnsm is next placed 
in position on a stand which may be rotated about a vertical axis coincident 
withthe axis of rotation of the telescope. Care must be taken that the 
prism faces are parallel to this axis. The telescope is now swung until the 
deviated beam comes into the field of view and the pnsm is rotated slowly 
one way or another, meanwhile watching the deviated beam through the 
telescope, until a position is found such that the deviation of the line whose 
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wave length is desired is a minimum. The cross hairs are then set on this 
line, and the position of the telescope is again read from the graduated 
circle. The difference between this reading and the first gives the angle of 
minimum deviation for this particular wave length. 

To measure the angle of the prism, A, it is rotated into the position 
shown in Fig. 6-32, so that a portion of the light beam from the collimator 
is reflected from each face. The direction of each reflected beam is found 
by observing with the telescope the reflected images of the slit. The 
difference between the telescope settings is equal to twice the angle of the 
prism. 

Eq. (2-11) may now be applied. Since the angles A and 5 m have been 
measured, the index of the prism may be computed for light of the wave 
length used. Conversely, from known values of the index, one can com¬ 
pute an unknown wave length. 

A spectroscope is an instrument for visual observation of a spectrum, 



Fio. 6-32. 


i 
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rather than for measurement of 
wave lengths or angles. A simple 
and compact form, to be held in the 
hand and pointed toward the source, 
consists of a slit, collimating lens, 
and a direct-vision prism, usually of 
the Amici type illustrated in Fig. 
6-33. The outer prisms are of crown 

. • n* i 



Fio. 6-33. Directs vision spectroscope. 


while the central one is Bint. Paths of a few rays are traced through 
tfufsystem. The letters C, D, F, refer to the corresponding Fraunhofer 

'^A spectrograph is essentially a spectrometer but is constructed specifi- 

cally for photographing a spectrum. The spectrometer in Fig. 6-31 could 

, y , oruaptmeraDh bv introducing a photographic plate in the plane 

rf ^fiTa^eXSby the telescope Objective, instead of examining this 

image w.te the ocular of the telescope. Practically all measurements of 

unknown wave lengths are made today by photographing, on the same 

Zte with the unknown spectrum, a line spectrum of some substance, the 
plate wun already known. The known spectrum then 

p r a ovid“a scale by means of which the unknown wave lengths may be 
measured. 
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Problems—Chapter 6 

(1) Assume the eye to be filled with a homogeneous medium of index 1.336. 
(a) Compute the radius of curvature of the cornea, if the second focal point of the 
eye is at the retina, 25 mm behind the vertex of the cornea, (b) What is the 
height of the retinal image of an arrow 10 cm long, at a distance of 2 m from 
the eye? 

(2) (a) What spectacles are required for reading purposes by a person whose 
near point is at 200 cm? (b) The far point of a myopic eye is at 30 cm. What 
spectacles are required for distant vision? 

(3) (a) Where is the near point of an eye for which a spectacle lens of power 
+2 diopters is prescribed? (b) Where is the far point of an eye for which a 
spectacle lens of power —0.5 diopter is prescribed for distant vision? 

(4) A person with normal vision has a range of accommodation from 25 cm to 
infinity. Over what range would he be able to see objects distinctly when wear¬ 
ing the spectacles of a friend whose correction is (a) + 4 diopters? (b) —3 diop¬ 
ters? 

(5) The far point of a nearsighted individual is one meter in front of his eyes. 

(a) What power should his spectacles have, in order that he may see distinctly an 
object at infinity? (b) If, with these glasses, his near point is at 25 cm, where 
would it be without them? 

(6) The focal length of a simple magnifier is 12.5 cm. (a) What is the angular 
magnification if the final image is formed at infinity? (b) What is the angular 
magnification if the final image is 25 cm in front of the eye? 

(7) A compound microscope has an objective that produces a lateral magnifi¬ 
cation of 10X. What focal length ocular will produce an overall magnification of 
100X? 

(8) A certain microscope is provided with objectives of focal lengths 16 mm, 
4 mm, and 1.9 mm, and with oculars of angular magnifications 5X and 10X. Each 
objective forms an image 160 mm beyond its second focal point. What is (a) the 
largest, (b) the least overall magnification obtainable? 

(9) The focal length of the ocular of a certain microscope is 2.5 cm. The focal 
length of the objective is 16 mm. The distance between objective and ocular is 
22.1 cm. The final image formed by the ocular is at infinity. Treat all lenses as 
thin, (a) What should be the distance from the objective to the object viewed? 

(b) What is the lateral magnification produced by the objective? (c) What is the 
overall magnification of the microscope? 

(10) The image formed by a certain microscope objective lies 180 mm from its 
second focal point. The focal length of the objective is 9 mm. An ocular of focal 
length 50 mm is used to project a real image on a screen 1 m from the second focal 
point of the ocular. What is the lateral magnification between object and final 
image? Assume all lenses to be thin. 

(11) A crude telescope is constructed of two spectacle lenses of focal lengths 
100 cm and 20 cm respectively, (a) Find its angular magnification, (b) Find 
the height of the image formed by the objective of a building 200 ft high and dis¬ 
tant one mile. 
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(12) The focal length of the objective of a telescope of the astronomical type 
is 30 cm A normal magnification of 5 X is desired. Treat all lenses as thin, 
(a) What should be the diameter of the objective? (b) What should be the focal 
length of the ocular? (c) How far behind the ocular is the exit pupil, when the 
telescope is focused on the moon? (d) If first sharply focused on the moon how 
far and in what direction must the ocular be moved to focus on an object 20 m 

away? 

(13) A large astronomical telescope has an objective of diameter 100 cm and 
focal length 2000 cm. The instrument is used to observe a distant object and the 
image fonned by the ocular is at infinity. Assume the ocular te be a thin lens. 
(a^Draw a diagram of the telescope, showing the objective its second focal point, 
the ocular and both its focal points, and the exit pupil, m the correct relative posi¬ 
tions (b) What is the angular magnification if the focal length of the ocu ar is 
2 cm? (c) What is the normal magnification? 

(14) A demonstration model of an astronomical telescope is te be made from 
soectacle lenses. A + 1.5 diopter lens is selected for use as the objective, and the 
ocular is composed of a +5 diopter lens and a 4-10 diopter lens separated by 15 

T l d i PnQP n arp arranged in the order listed above, and the system is so ad- 
justed that distant objects are imaged at infinity, (a) How should the lenses be 
sps^l? (b) Where is the exit pupil? (O What is the angular magnification of 

the telescope? . 

(15) A telescope is sighted on the image of a scale fonned by reflection in a 

i ' * i i__ m ; prnr Roth the telescope objective and the scale are 1 m 

plane galvanometer tU oSS? (a) What is the lateral magnifi- 

from the f th f scl f le formed by the objective, if the objective has a focal 

length of*50 '(b) What should be the angular magnification of the ocular d 

Scale is to be read as easily through the telescope as ,t would be by the unaided 
eye with the scale at the normal near point (25 cm). 

(16) A Huygens ocular is constructed of two thin lenses of focal lengths 10 cm 

(lo) A nuyg hv 7 5 cm The ocular is used in an astronomical 

and 5 cm, telhe left of the front lens of the ocular, (a) 

SX ; h ron°^r e eI pn C pd. (b, Find the focal length of the ocular. 

(171 A Huveens ocular is constructed of two thin lenses of focal lengths 40 

th^ an< l£^0 "^flnd^rts^focal' hmgth^tb)^ Whence mmhm^^used [^conjunction 
the ocular and find its focal agronomical-type telescope, where must the 

^ectwetflocItedTAhe exit pupil is 20 mm from the second lens of the ocular? 

must be t”e fotlTen^h of the ocular? (c) What focal length ocular should be 
with this objective lens in order to produce a telescope havmg normal mag- 

nification for daytime use? 

(19) A Galilean telescope is to be constructed using the same objective as m 
p ! . wh . t tvDC a nd focal length lens should be used as an ocular, if the 

tetocopes are to have the same magnification? Compare the lengths of the tele- 
scopes. 
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(20) The dimensions of a lantern slide are 3 inches X 4 inches. It is desired 
to project an image of the slide, enlarged to 6 ft X 8 ft, on a screen 30 ft from the 
projection lens. Treat all lenses as thin, (a) What should be the focal length of 
the projection lens? (b) Where should the slide be placed? (c) The diameter of 
the projection lens is 2 inches and the filament of the projection lamp may be con¬ 
sidered a circle, 0.5 inch in diameter. What should be the focal length and diam¬ 
eter of the condensing lens? 

(21) A projector for 1 inch X 1 inch lantern slides uses a projection lamp whose 
filament may be considered to be a circle 0.25 inch in diameter. The condensing 
lens, of focal length 1 inch, forms an image of the filament which just fills a pro¬ 
jection lens 1.25 inches in diameter. Consider all lenses as thin, (a) Find the 
focal length of the projection lens, (b) How large an image of the slide will the 
projector produce on a screen located 25.5 ft from the slide? (c) What would be 
the effect on the image on the screen if half of the projection lens were covered by 
an opaque card? 

(22) The focal length of a certain f/2.8 camera lens is 8 cm. (a) What is the 
diameter of the lens? (b) If the correct exposure of a certain scene is 1/200 sec 
at f/2.8, what would be the correct exposure at f/6.3? 

(23) (a) An object at a distance x from a rangefinder of base length L (Fig. 

6-34) is displaced a distance Ax. What is the corresponding change A<p in the 
angle <£? Approximate finite changes by differentials, and recall that in practice 
<J> is nearly 90°. (b) If the limit of accuracy with which the telescopes can be set 

on an object is 10 sec of arc, what is the corresponding error in the determination 
of the distance z if L = 10 ft and z is approximately 1000 yd? 10,000 yd? (c) 
What would these errors be if L were 100 ft? 





CHAPTER 7 


POLARIZATION 

7-1 Introduction. The preceding chapters have dealt, for the most 
part, with problems that can be treated by the methods of geometrical 
optics. The next four chapters will be devoted to physical optics, a part 
of the subject in which the wave nature of light plays a fundamental part. 

We shall begin with a discussion of polarization. 

Fig. 1-2 is a diagram of the simplest type of electromagnetic wave, 
one in which the wave fronts are planes, while at any fixed point through 
which the wave train passes the electric and magnetic intensities oscillate 
along straight lines at right angles to one another, and to the direction 
of propagation. Fig. 7-1 shows a number of conventional methods of 
representing such a wave train advancing along the X-axis; in (a) by 
sine waves in the X-Z and X-Y planes, in (b) by E and H vectors along 
the Z- and K-axes, and in (c) by an E vector alone, the H vector being 
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left to the reader’s imagination. Another convention we shall often use 
is shown in (d), where the double arrow indicates the two equal and op¬ 
positely directed maximum values of E. 

The wave in Fig. 7-1 is said to be linearly polarized, meaning that at 
any fixed point the tip of the E (or H) vector oscillates along a line. The 
wave is also called plane polarized, from the fact that each of the sine 
waves in Fig. 7-1 (a) lies in a plane. Other more complicated types of 
polarization will be discussed later in the chapter. 

Both theory and experiment show that the waves from a simple radio 
or radar antenna (an oscillating dipole) are linearly polarized, with the 
electric vector in a plane containing the dipole. The waves from a source 
of light presumably originate in the molecules of the source and, if these 
radiate in the same way as does a dipole of finite size, the waves from any 
one molecule would also be linearly polarized. It is impossible, of course, 
to isolate a single molecule and study the wave train it emits. Every light 
source contains a tremendous number of molecules oriented in all possible 
directions. A beam of light waves from such a source, traveling along the 
X-axis toward the right as in Fig. 7-1, would then be expected to consist 
of a mixture of waves, in some of which E is oriented as in Fig. 7-1 (c), 
while in others the E vector (which must always lie in the Y-Z plane if 
the wave travels along the X-axis) makes some angle 6 with the Z-axis, 
as in Fig. 7-2 (a). Since all values of the azimuth angle 6 are equally 
probable, we would expect to find E vectors arranged symmetrically about 
the direction of propagation, as in Fig. 7-2 (b). Such is, in fact, found to 
be the case, and light of this sort is called unpolarized or natural light. 

Although we cannot control the azimuths of the molecular dipoles in a 
light source, there are a number of methods for sorting out of a beam of 
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natural light those wave trains or their components in which the electric 
vector oscillates in a particular azimuth. We consider first the processes 
of reflection and refraction at a boundary surface between two substances 
of different index. The problem was worked out in part in Sec. 2-2, where 
we derived the relation between the angles of incidence, reflection, and 
refraction. We now investigate the relative quantities of light in the inci¬ 
dent, reflected, and refracted wave trains. 


7-2 Reflection and refraction of linearly polarized light. In Fig. 7-3, 
a train of linearly polarized electromagnetic waves is incident on a plane 
surface bounding two substances of indices n and n , where we have as¬ 
sumed that n' > n. The wave is represented by a single ray, as in Fig. 
7-1 (b) The boundary surface lies in the Y-Z plane. The origin of co¬ 
ordinates, O, is at the point of incidence and the normal to the surface at 
the point of incidence is the X-axis. The incident, reflected, and refracted 

rays all lie in the plane of incidence, the X-Y plane. 

In order to predict the fraction of any type of incident light that is re¬ 
flected at a surface, it is sufficient to analyze two cases only: when the 


Fig. 7-4 (a), drawn 
looking this way 



Fia. 7-3. Reflection and refraction of 
the electric vector parallel 


a linearly polarized electromagnetic 
to the plane of incidence. (n'>n) 


wave, 


with 
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Fia. 7-4. The tangential components of the electric and mametic intensities are the 

same on opposite sides of a boundary surface. 


incident light is linearly polarized with the electric vector (1) perpendicular 
to, and (2) parallel to the plane of incidence. In Fig. 7-3, the electric 
vector is parallel to the plane of incidence and the magnetic vector is per¬ 
pendicular to this plane. The electric and magnetic vectors in each wave 
train are in planes perpendicular to the respective rays. 

The plane surfaces shown by light lines are reference planes only, to 
help in visualizing the three-dimensional nature of the problem. 

The electric and magnetic fields in the three wave trains must satisfy 
the usual boundary conditions at the boundary surface, namely, the tan¬ 
gential components of E and H must have the same value at points on 
opposite sides of the surface. Of course, the electric and magnetic fields 
in all three sets of waves are varying both in space and in time. Let us 
represent the maximum values of the electric and magnetic intensities in 
the incident, reflected, and refracted waves respectively, by Eon and H oi, 
E r and H r , and E' and H'. Consider an instant when the fields in the 
three waves at the point of incidence 0 have their maximum values. Fig. 
7-4 (a) shows the vectors Eo\\, E r , and E' at this instant. The X-Y plane 
of Fig. 7-3 is the plane of the diagram in Fig. 7-4, and the Z-axis and all 
three magnetic vectors point toward the reader. Although the three 
vectors are drawn from a common origin, the vectors Eon and E r refer to 
fields just to the left of the Y-Z plane in the first medium, while the vector 
E' represents the field just to the right of the Y-Z plane in the second 
medium. The resultant tangential component of the electric intensity in 
the first medium is 


£oii cos <p — E r cos r. 
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The tangential electric intensity in the second medium is 

E' cos <f>'. 

Since the tangential components are equal, 

Eo\\ cos <fi — E r cos r = E' cos <£'. (7-1) 

Consider now the boundary conditions imposed on H. In Fig. 7-4 (b), 
the X-Z plane in Fig. 7-3 is in the plane of the diagram and the F-axis 
points toward the reader. The electric vectors (not shown) lie along the 
X-axis in this view. The magnetic vectors are slightly displaced from one 
another for clarity. Since they are already tangent to the boundary sur¬ 
face it is unnecessary to take components and 

tfai + H T = H'. (7-2) 

From the general laws of electromagnetic waves, if the permittivity 
and permeability of the first and second media are represented respectively 

by e and /i> 

V7Eo[\ = VeE r = '/pHr, V? E’ = Vu' //'. (7-3) 

But for all transparent dielectrics, 

fx = p! = Ho- ( 7 ‘ 4 ) 

Also, the index of refraction n of a substance is related to its permit¬ 
tivity e by the equation 

Ve = VK r e o = nVeo, Ve' = V K.’eo = n'Ve 0 . (7-5) 

When the preceding three equations are combined with Eq. (7-2), we 
get 

nEo\\ + nEr = n'E'. (7-6) 

Eq (7-6) expresses, in terms of electric intensities, the boundary con¬ 
ditions’ imposed on the magnetic intensities. Making use of the laws of 
reflection and refraction, 

r = <t>, 

n sin <t> = r\! sin <j >', (7-7) 

we can now combine Eqs. (7-1) and (7-6) and express E, and E‘ in terms 
of 2 ? 0 |, as follows, 
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E r = 


E' = 


tan (0 — <t>') p 
tan (0 + <t>') 01 ” 

_ 2 sin#' cos0. 

sin (0 + 0') cos (0 — 0') 


7 \ * 0 , 


(7-8) 

(7-9) 


The relations between E and H given in Eq. (7-3) enable us to write 
also 



_ tan (0 - 0') jj 
~ tan (0 + V) 


(7-10) 



_ sin 2 <f> _ jr 

sin ( <f> 4- <£') cos (0 — 0') 01 


(7-11) 


The four preceding equations enable one to compute, for any angle of 
incidence, the electric and magnetic intensities in the reflected and re¬ 
fracted waves when the incident wave is linearly polarized with the electric 
vector parallel to the plane of incidence. When the incident wave is 
linearly polarized with the electric vector perpendicular to the plane of 
incidence, reasoning exactly like that above can be applied. In this case 
the electric and magnetic fields are as shown in Fig. 7-5. We shall omit 
details and give the results only. These are, 



Fig. 7-5. Reflection and refraction of a linearly polarized electromagnetic wave, with 
the electric vector perpendicular to the plane of incidence. (n'>n) 
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sin ( <f) r 

E r - "—77XTTT £ ' 0J -’ 

sin (<p + <p ) 

(7-12) 

2 sin <p' cos <p 

E' = . . , , , >T~ E oi> 
sin (<pi- <P ) 

(7-13) 

sin (<t> — <t>') u 

- si^W+V) Ho,u 

(7-14) 

sin 2 <p u 

//' = -—7 . 1 ZT\ "on- 

sin (<t> + <P ) 

(7-15) 


Comparison of W Z 

the two cases are not identic . .g = H r = 0) when 

(7-8) and ( 7 - 10 ) that there .s^no ^"thf indent wave is 

(4> + <P ) - 9° (S1 ^ G electric vector parallel to the plane of incidence, 

p«»i •—**“ ,l ' •“™ 

vector perpendicular to the pla " e ° *T, ^ se in w hich n' > n and, as a 
Figs. 7-3 and 7-5 are dr “ c js true , ^ when light traveling in 

consequence, <t> < <t>- If f then $■ > 4 , and sin (<t> - 4> ) and 

glass is reflected atla glass- . means that the electric and mag- 

tan «> - >. ar * b "*® d waves are reversed, relative to their directions 

“te V "abov: T his point has a bearing on certain interference 

effects that will be described in Chap. 8. 

_ The equations derived in the pre- 

7-3 Polarization by r * the e i ec tric and magnetic fields in a 

ceding section give the amp * electroma gnetic waves, in terms of the 
train of reflected and refr angles of incidence and refraction, 

amplitude of the time and per unit area 

The energy transported by iona , to the squaTe 0 f the amplitude of 

(i.e„ the Poynting vector) P P quantity of light reflected or 

the wave. If the wave " a 1 definition of “quantity of light" in 

refracted (we shall give am P the wave> Let J 0 and I r repre- 

Chap. 13) depends on ‘ he incident and reflected beams. Then for 

sent the quantities of hgh , . linear light) in which the electric 

,.,x ...»-• - 

J r _ ES _ tan 2 (<t> ~ 4>'l . 

7^;" ^oii* tan * + * #) 


r = 


(7-16) 
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If the electric vector is perpendicular to the plane of incidence as in 
Fig. 7-5, 

Ir _ E r * _ sin 1 (0 — < t>') 

/al 

l/h (%) 


r = 


Eoi 2 sin* (0 + 0') 


(7-17) 
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These equations were first 
derived by Fresnel and are 
called Fresnel’s formulae. 
Curve A in Fig. 7-6 is a graph 
of Eq. (7-16), for the special 
case in which n — 1 and n' — 
1.523. Curve B is a graph of 
Eq. (7-17). 

If the incident light is lin¬ 
early polarized with the elec¬ 
tric vector making some angle 
other than 0° or 90° with the 
plane of incidence, it may be 
resolved into components par¬ 
allel and perpendicular to the 
plane of incidence, as in Fig. 
7-2 (a), and Eqs. (7-16) and 
(7-17) may be applied to find 
the fraction of each component 
reflected. 

Natural or unpolarized light 
is a mixture of waves polarized 
in all possible azimuths. Each 
wave may be resolved into 
components as in Fig. 7-2 (a). By symmetry, the amount of each com¬ 
ponent will be equal. The reflectance of a surface for natural light is 
then given by one-half of Eq. (7-16) plus one-half of Eq. (7-17), or 
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Fro. 7-6. Variation of reflectance with angle 
of incidence. Curve A: plane polarized light, 
E vector in incident light parallel to plane of in¬ 
cidence. Curve B: plane polarized light, E- vec¬ 
tor perpendicular to plane of incidence. Curve 
C: natural or unpolarized light. 


_ I, _ 1 tan* (0 — 0') 1 sin* (0 — <f>') 

r ~ Io ~ 2 tan* (0 + 0V 2 sin* (0 + 0') 


(7-18) 


The corresponding curve is labelled C in Fig. 7-6. 

For the special case in which the angle of incidence is zero and the first 
medium is air, Eq. (7-18), with the help of Snell’s law, may be reduced to 


'-fe- 


(n - 1)* 
(n + 1)* 


(7-19) 
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It follows that if n = 1.5, a typical value for glass, about 4% of the 

incident light is reflected at normal incidence. 

The phenomenon of reflection may be used to separate or filter out 

ssvpz ,t—s»w »*p»« 7 »“ 

in which the electric vector is parallel to the plane of mcdence = Thts 

angle called the polarizing angle <t>r, is that at which W> +' 4> ) ■ 

angle, calleat v that (<£ + 0') = 90° means that at the 

prising angll the reflected and refracted rays are at right angles to one 

an0 The r polarizing angle may be expressed in terms of indices of refraction 

as follows: . 

n sin </>p = n sin Q » 

4> P + <j>' = 90°, 

n sin 4>r = n' sin (90° - <t>e) = «' cos 4>r, 

sin <t>r __ ^ 
cos <pr n 


, n 
tan <pp = — 


(7-20) 


This relation is hnown as B— ft*. ^ 
discovered it experimentally in 1812. It n i ana 

izing angle u , 56°.. q{ natura , light is inci dent at the polarizing angle 

In Fig. 7 , linearly polarized wave in the incident beam 

on a reflecting surface. - e i ectr i c vector parallel or per- 

can be resolved into compone the po i ar i z i ng angle, none of the 

pendicular to thepl™ ° * c of ' inci dence is reflected. That is, all of 

"f" sek k 

t^at the polling 

lar component, or a ou £ linearly polarized, but is a mixture of 
transmitted light is no co ^ ^ which is transmitted (since none is re- 
the “parallel comp > of t ^ e “perpendicular” component. 

fleC By > anowi t ng e a r bn of natural light to fall at the polarizing angle on a 

pile of glass plates, instead^or, a ^^“^^“re^edTeflecUoits. 

F*. 7- 7 f where for simplicity only two plates are 
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shown. Eventually an almost complete separation of the light into two 
linearly polarized beams results. The transmitted beam consists almost 
entirely of waves in which the E-vector is parallel to the plane of inci¬ 
dence, while the reflected beam contains only waves in which the E-vector 
is perpendicular to this plane. Any device such as this, which transmits 
only waves in which the E-vector is in a single direction, is termed a 
polarizer. 

Before leaving this question, it should be noted that the curves in Fig. 
2-4 are graphs of Eq. (7-18), curve A applying when n' > n, and curve B 
when n' < n. Curve A in this figure is the same as curve C in Fig. 7-6. 
At the critical angle for total internal reflection, 0' = 90°. But tan* (0 — 
90°) = tan 1 (0 + 90°), and sin 1 (0 - 90°) = sin 1 (0 + 90°). Hence Eq. 
(7-18) reduces to 



or, in other words, all of the incident light is reflected. 

7-4 Double refraction. The progress of a wave train through a homo¬ 
geneous isotropic medium such as glass may be determined by Huygens 
construction. The secondarv wavelets in such a medium are spherical 
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surfaces. There exist, however, many transparent crystalline substances 
which, while homogeneous, are optically anisotropic. That is, their optica 
properties are different in different directions Crystals having this prop- 
erty are said to be doubly refracting, or to exhibit birefringence Two sets 
of Huygens wavelets propagate from every wave front in such a crystah 
In some crystals there is one particular direction called the optic axis in 
which the velocities of the two wavelets are equal. In other crystals the 
velocities are the same in two different directions. Crystals of the former 
type are called uniaxial, those of the latter, biaxial. Since all of the doubly 
refracting crystals used in optical instruments (chiefly quarts and calcite) 
are uniaxial we shall consider only this type. One of the wavelets in a 
uniaxial crystal is spherical, while the other is an ellipsoid of revolution. 

The two wavelets are tangent in the direction of the optic axis 

In Fig. 7-8 (a), the origin of coordinates represents a point in a uni¬ 
axial crystal from which two Huygens wavelets are diverging. The Z-ax.s 
t in th e direction of the optic axis. (The optic axis is a direction n the 
crystal not just one line. Any other line parallel to the Z-axis is also an 
odUc axis ) The diagram shows the intersections of the two wave sur¬ 
faces with three mutually perpendicular planes. The intersections of al 
three planes with the spherical surface are circles with center at the origin. 
The Z-axis is the axis of revolution of the ellipsoidal surface. The inter- 
.■ f this sur face with any plane containing the Z-axis, such a* the 
“ dFZ» ell.ps' whose minor axis is equal to the radii. 

i*i Thp intersection of the ellipsoidal surface with 

.i. »»»-» - >* 

The velocities of the wavelets, in any direction, are proportional to the 
len ^ ofthe r^us vectors d_ --e on^^that dueerfon to the 

respective surfaces. The vetot ^ ^ ^ ^ same in all 

or optic -- Jhe velocity o P* ^ ^ crystal in which the 

S^Xavit is greater than that of the spherical 
wavelet except in the direction of the optic axis. In some uniaxial crystals 
The vetciwof the ellipsoidal wavelet is less than that of the spherical, 
againexcept along the optic axis. If the ellipsoids he outside the spheres 
Thr Fig 7-8, the crystal is said to have a negative birefringence. If the 

“rti: (b)! (t "SC -ions of the wav. surfaces 

-• rpnresented by the wave surfaces in Fig. 7-8. The reference 
axes are oriented in the same way in both figures, so that the optic axis of 





Fio 7-9. Three sections cut from a doublv refracting crvstal in different orientations 
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X 




(a) 


(b) 


(O 


wavelets in a doubly refracting crystal when the optic axis is 
(a) «r^ndicu"7S the left face, (b) parallel to the feft face, (e) at some arbitrary 

angle with the left face. 

the crystal in Fig. 7-9 is parallel to the Z-axis Suppose that we cut three 
sections from the crystal, as indicated by the letters A B a»d C and 
orient them as shown in parts (a), (b), and (c) of F,g. 7-10. The opt,, 
axis is then perpendicular to the left face of sect,on A, isparallel to the 
left face of section B, and makes an intermed,ate angle with the left face 
of section C. Let a beam of parallel light be me,dent normally on the left 
LTof each section. The diagram shows how the Huygens wave ets are 
used to determine the progress of the wave fronts through the three sec- 

“° The wavelets in section /i are like those above (or below) the .Y-F 
plane in Fig. 7-8, namely, a sphere and an elhpso.d, tangent in the po¬ 
tion of the optic axis. The envelopes of both sets of ' vav ® lets .: t “ "auai 
and a single wave front travels through the sect,on with a velocty equal 

to that of the spherical wavelets. . . . , v 7 

The wavelets in section B are like those at the r.ght of the F-Z plane 
in Fig. 7-8. The envelopes of both sets are planes but the wave front 
corresponding to the ellipsoidal wavelets travels with a greater velocty 

than that corresponding to the spherical wavelets. 

In section C, where the optic axis makes an angle other than 0 or 90 
with the surface, the envelope of the spherical wavelets is like that m the 
other sections. The envelope of the ellipsoidal wavelets, although ,t is a 
plane at right angles to the direction of the incident rays, is not tangent to 
the ellipsoids in the direction of the incident rays. Hence this wave front 
travels to the right and upward as it moves through the crystal, as ,nd,- 
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Extraordinary 



Fia. 7-11. A narrow beam of natural light can be split into two beams by a doubly 

refracting crystal. 

cated by the rays sloping upward and to the right. In this case the rays 
are not normal to the wave front. A ray incident normally on the crystal 
is broken up into two rays in traversing the crystal. The rays correspond¬ 
ing to wave fronts tangent to the spherical wavelets are undeviated and 
are called ordinary rays. Rays corresponding to wave fronts tangent to 
the ellipsoidal wavelets are deviated even though the incident rays are 
normal to the surface, and are called extraordinary rays. If a narrow beam 
of parallel rays is incident on the crystal as in Fig. 7-11, two spots of light 
appear on a screen at the right. When the crystal is rotated about an axis 
parallel to the incident beam, the spot produced by the ordinary rays re¬ 
mains fixed, while the other revolves around it in a circle. 

The index of refraction of a material is defined as the ratio of the 
velocity of light in empty space to the velocity in the material. Evi¬ 
dently a doubly refracting material has one index for the ordinary and 
another for the extraordinary ray. The latter index, however, does not 
have a unique value, since the velocity of the extraordinary ray is differ¬ 
ent in different directions. It is customary to specify the index for a 
direction at right angles to the optic axis (i.e., the X-Y plane in Fig. 7-8) 
in which the velocity is a maximum if the birefringence is negative and a 
minimum if the birefringence is positive. Some values of n 0 and n g , the 
indices for the ordinary and extraordinary rays, are listed in Table 7-1. 
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It will be seen that calcite has a negative and quartz a positive birefrin¬ 


gence. 


TABLE 7-1. 


Indices of refraction of doubly refracting crystals 

(For light of wave length 589 m m) 

Material 

no 

Tie 

Calcite. 

1.6583 

1.4864 

Quartz. 

1.544 

1.553 

Tourmaline. 

1.64 

1.62 

Ice. 

1.306 

1.307 


7-5 Polarization by double refraction. Experiment shows that the 
ordinary and extraordinary waves in a doubly refracting crystal are 
linearly polarized in mutually perpendicular directions, with the electric 
vector in the ordinary wave at right angles to the optic axis. Conse¬ 
quently if some means can be found to separate one wave from the other, 
a doubly refracting crystal may be used as a polarizer. There are a num¬ 
ber of ways in which this separation can be accomplished. 

One method of separating the two components is by means of a Nicol 
prism or one of its modifications. The Nicol prism is a crystal of Iceland 
spar or calcite (CaCO,), whose natural shape is shown by the full lines in 
Fig 7-12 (a). To make a Nicol prism, the end faces of the crystal are cut 




Fio. 7-12. (») Natural crystal of Iceland spar, (b) A Nicol prism. 
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Fig. 7-13. Linearly polarized light transmitted by a dichroic crystal. 


at a more obtuse angle, as shown by the dotted lines. The crystal is then 
cut along the shorter diagonal b'd' and cemented together again with 
Canada balsam. The index of Canada balsam has such a value that the 
ordinary ray is totally reflected, while the extraordinary ray is transmitted 
as in Fig. 7-12 (b). 

Certain doubly refracting crystals exhibit dichroism, that is, one of the 
polarized components is absorbed much more strongly than the other. 
Hence, if the crystal is cut of the proper thickness, one of the components 
is practically extinguished by absorption, while the other is transmitted in 
appreciable amount, as indicated in Fig. 7-13. Tourmaline is one ex¬ 
ample of such a dichroic crystal. 

The angular and linear apertures of Nicol prisms are limited by the 
optical constants of calcite, and the scarcity of large pieces of optical 
quality. In 1934, Land developed a new type of dichroic polarizer, known 
as polaroid, which could be manufactured in thin sheets of large area. 
One type is made by preparing a suspension of dichroic crystal needles of 
herapathite (iodoquinine sulfate) in a volatile viscous medium, and then 
subjecting the suspension to a uniform flow process. This results in the 
orientation of the crystals, which are of microscopic size, parallel to the 
streamlines in the flow process. The solvent is then allowed to evaporate. 
A more recent type is manufactured by subjecting a sheet of polyvinyl 
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Fin 7 14 The intensity of the transmitted linear light is the same at all asimuths of 
no. the polarizer. 

alcohol a rubberlike material, to a large tensile strain. This orients the 
molecules parallel to the direction of the stra.n and renders the material 
doubly refracting. When stained with todme, the material becomes 

dichroic. 

7-6 Percentage polarization. Malus’ law. When light is incident on 
a polarizer as in Fig. 7-14, linear light only is transmitted. The panzer 
may be a pile of plates, a Nicol prism, or a sheet of Polaroid. It is repre¬ 
sented as a Polaroid disk in Fig. 7-14. The dotted line across the polarizer 
. ,. tVl _ direction of the electric vector in the transmitted light, that 
“Triponl toThe vertical direction in Fig. 7-13. The transmitted 
light falls on a photocell, and the current in a microammeter connected to 
the cell is proportional to the quantity of light incident on it. 

If the incident light is unpolarised, then as the polarizer is rotated 
. ‘ t the incident ray as an axis, the reading of the microammeter remains 
constant The polarizer transmits the components of the incident waves 
in which'the E-vector is parallel to the transmission direction of the polar¬ 
izer and by symmetry the components are equal for all azimuths. 

If there is any variation in the meter reading as the polarizer is rotated, 
the incident light is not natural light and is said to be partially polarized. 
(But just what kind of light it is cannot be determined from this experi¬ 
ment alone.) Suppose the meter reading does vary. Let /-. and 
represent the maximum and minimum values of the quantity of light inci- 
dent on the photocell, or the maximum and minimum meter readings, since 
the two are proportional. The percentage polarization of the incident light 

is defined as 

Percent polarization = {"*** X 100. (7-21) 

i max i i min 
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Suppose now that a second polaroid is inserted in the light between 
polarizer and photocell, as in Fig. 7-15. Let the transmission direction of 
the second polaroid, or analyzer, be vertical, and let that of the polarizer 
make an angle 6 with the vertical. The linear light transmitted by the 
polarizer may be resolved into two components as shown, one parallel and 
the other perpendicular to the transmission direction of the analyzer. 
Evidently only the parallel component, of amplitude E cos 6, will be trans¬ 
mitted by the analyzer. The transmitted light is a maximum when 
0 = 0, and is zero when 6 = 90°, or when polarizer and analyzer are 
crossed. At intermediate angles, since the quantity of light is proportional 
to the square of the electric intensity, we have 

/ = cos'd, (7-22) 

where / w , is the maximum amount of light transmitted and I is the amount 
transmitted at the angle 6. This relation, which was discovered experi¬ 
mentally by Etienne Louis Malus in 1809, is called Mains’ law. 

Evidently, the significance of the angle 6, in general, is the angle be¬ 
tween the transmission directions of polarizer and analyzer. If either the 
analyzer or the polarizer is rotated, the amplitude of the transmitted beam 
varies in the same way with the angle between them. 
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Polaroid is now widely used in “sun glasses” where, from the stand¬ 
point of its polarizing properties, it plays the role of the analyzer in Fig. 
7-15. We have seen in Sec. 7-3 that when unpolarized light is reflected, 
there is a preferential reflection for light polarized perpendicular to the 
plane of incidence. When sunlight is reflected from a horizontal surface, 
the plane of incidence is vertical. Hence in the reflected light there is a 
preponderance of light polarized in the horizontal direction, the propor¬ 
tion being greater the nearer the angle of incidence is to the polarizing 
angle. The transmission direction of the polaroid in the sun glasses is 
vertical, so none of the horizontally polarized light is transmitted. 

Apart from this polarizing feature, these glasses serve the same purpose 
as any dark glasses absorbing 50% of the incident light, since even in an 
unpolarized beam, half the light can be considered as polarized horizontally 
and half vertically. Only the vertically polarized light is transmitted. 


7-7 Retardation plates. Circular and elliptical light. A section cut 
from a doubly refracting crystal like that lettered B in Fig. 7-9 is called a 
retardation plate. Fig. 7-10 (b) shows how two waves travel through the 
plate with different velocities when light is incident normally on the face 
of the section The action of a retardation plate is illustrated in more de¬ 


tail in Fig. 7-16. . .. .... 

The polarizer in part (b) of Fig. 7-16 transmits a beam of linear light, 
the E-vector in which is shown making an angle of 45 with the vertical. 
The beam can be resolved into components, in one of which the E-vector 
is horizontal, while in the other it is vertical. These components are 
shown in part (c) of Fig. 7-16 by the convention of Fig. 7-1 (c) and also in 
part (d) of Fig. 7-16 by the convention of Fig. 7-1 (a). This linear light 
is incident normally on the left face of the retardation plate, of which part 
(e) of Fig. 7-16 is a schematic cut-away view. The axes on the plate are 
lettered to correspond to those in Figs. 7-8 and 7-9 ; Instead of showing 
the Huygens wavelets in the plate (as in Fig. 7-10 (b)), the waves in the 

plate are indicated by the convention of Fig. 7-1 (a). 

The optic axis of the plate is parallel to the Z-axis. The electric vector 

in the ordinary wave is always perpendicular to the optic axis, and in the 
extraordinary wave it is parallel to the optic axis. If the azimuth of the 
polarizer were set so that the electric vector in the light transmitted by it 
were vertical only an extraordinary wave would travel through the plate. 
If the electric vector in the transmitted light were horizontal, only an ordi¬ 
nary wave would be set up. When the polarizer makes some angle with 
the vertical, as in Fig. 7-16, both types of wave travel through the plate. 
Neglecting the small loss of light by reflection, the amplitudes of the ex- 
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wave retardation plate rotates the direction of polarization of linear light by 90°, when light is incident on the 

plate at an angle of 45° with the optic axis. 
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y.yj 4vx-/ 1 --—- 

traordinary and ordinary waves in the plate are equal to the amplitudes of 
the vertical and horizontal components of the light transmitted by the 
polarizer. For the special case shown in Fig. 7-16, in which the trans¬ 
mitted light makes an angle of 45° with the optic axis, the horizontal and 
vertical components are equal and hence the extraordinary and ordinary 

waves in the plate are of equal amplitude. 

The velocity of the extraordinary wave, for the type of crystal as¬ 
sumed, is greater than that of the ordinary wave. Therefore the wave 
length’of the former in the crystal is greater than that of the latter. As a 
consequence, the ordinary wave falls behind the extraordinary wave and 
hence on emergence from the plate the phase relation between the waves 
will have altered. After emergence, both waves resume their original 
velocities and wave lengths, so there is no further change in phase. Smce 
the plate causes one wave to lag behind the other, it is called a retardation 

VUlt lt should be evident that the phase difference between the emergent 
waves depends on the difference between the indices no and n* and on the 
thickness of the plate. If these quantities are such that in traveling 
through the plate one wave drops behind the other by just one-quarter of 
a wave length, we have a quarter-wave plate; if the lag is one-ha f a wave 
length, we have a half-wave plate. These are the two most useful retards, 

tion piates^ie full O-waves and two and a half E -waves are shown 

within the plate. (This implies that the ratio of indices for the two waves 
is 6/5, much greater than in any known crystal. The wave lengths in 
real crystals are much more nearly equal than in the diagram.) The 
O-wave is therefore just one-half a wave length behind the £-wave on 
emergence. In other words, the plate in Fig. 7-16 is a half-wave plate. 

Parts (f) and (g) of Fig. 7-16 show the two waves on emergence. It 
will be seen that they combine to form a linearly polarized wave, but with 
the direction of the electric vector at right angles to that in the incident 
wave In other words, a half-wave plate rotates the azimuth of a beam of 
linear liaht by 90°, provided the light is incident on the plate with the elec¬ 
tric vector making an angle of 45° with the optic axis. 

Consider now the effect of a quarter-wave plate. Fig 7-17 (a) corre¬ 
sponds to part (f) of Fig. 7-16, the preceding portion o the optical setup 
being the same except that the retardation plate is only half as thick as 
that in Fig. 7-16- The O-wave therefore drops behind by only one-quarter 
of a wave length. The nature of the resultant wave is shown in Fig. 
7-17 (c), which has been drawn as if it were a wire model because much of 
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Fio. 7-17. A quarter-wave retardation plate converts linear light to circular light; 
when linear light is incident on the plate at an angle of 45° with the optic axis. 


the figure is invisible if the reference planes are considered opaque. The 
resultant electric vector has been constructed at a number of lettered 
points. 

At points a, c, e, and g, the magnitude of the vertical component is zero 
and that of the horizontal component is a positive or negative maximum. 
The resultant at these points, shown by an arrow, is therefore horizontal 
and equal to the maximum of the horizontal wave. At points b, d, and /, 
the magnitude of the horizontal component is zero and the resultant equals 
the maximum of the vertical wave, equal to that of the horizontal wave. 
At a point halfway between a and b, the magnitude of each component is 
0.707 times the maximum. The magnitude of the resultant is the square 
root of the sums of the squares of these components; that is, it is equal to 
the maximum value of either wave and hence equal to the resultant at 
points a and 6. Its direction makes an angle of 45° with the horizontal 
and vertical planes. To avoid further confusion in the diagram, the re¬ 
sultant at this point has not been drawn but is left to the reader’s imagi¬ 
nation. At a point halfway between b and c, the same construction shows 
that again the magnitude of the resultant is the same, and that it makes 
an angle of 45° with both reference planes, but on the opposite side of the 
vertical plane. It should be evident without further analysis that the 
magnitude of the resultant electric intensity is the same at all points, but 
that it rotates around the direction of propagation, making one revolution 
as the wave advances one wave length. If we consider a plane perpendic¬ 
ular to the ray, through some fixed point such as point a, then as the wave 
advances, the electric field in this plane, instead of oscillating in magni¬ 
tude along a fixed direction as in Fig. 1-2, remains constant in magnitude 
but rotates in direction. An electromagnetic wave of this sort is called 
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circularly 'polarized, and if it is a 

light wave we speak of it as circular / j K 

light. Thus a quarter-wave plate con- A 

verts linear light to circular light, —ijl 

when linear light is incident on the t K fll 

plate at an angle of 45° with the ij 

optic axis. A conventional method \ 

for representing circular light is 

shown in part (b) of Fig. 7-17. 

Retardations of one-quarter and i 

one-half wave lengths are evidently 

Knppial cases We now consider the Fig. 7-18 The resultant of two beams 
special cases. . . of linear light of the same frequency, in 

general case of some arbitrary pnase mutually perpendicular planes, is, in gen- 
relation, as in Fig. 7-18. When the eral, elliptical light. 

horizontal and vertical components . . , , 

are added vectorially it will be found that while the resultant rotates 

around the direction of propagation as with circular light, its magnitude 
does not remain constant. The projection of the tip of the resultant on a 
plane at right angles to the direction of propagation is an ellipse The 
light is said to be elliptically polarized and for brevity is called elliptical 
light Circular light and linear light are special cases of elliptical light, 
the former resulting when the phase difference between the components is 
90° or 270°, the latter when the phase relation is 0° or 180°. 

The phase difference between the waves emerging from a retardation 
plate can be computed as follows. Let t represent the crystal thickness 
(in the direction of propagation), the index for the extraordinary ray, 
and no the index for the ordinary ray. If A is the wave length ,n vacuum 
the wave lengths of the extraordinary and ordinary waves in the crystal 


are 


X . X 

= —» A o = 
ns no 


The number of waves of eacn type in the crystal is 

^ (extraordinary), 

A b A 


tno 


(ordinary). 


The difference between these expressions is the number of waves that 
one wave train lags behind the other on emergence, since the waves are 
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necessarily in phase at the left face of the crystal. Each wave corresponds 
to a phase angle of 2t radians, so the phase difference between the emer¬ 
gent waves is 


<t>e — <t>o = 


27 rt 

X 


(n* — no). 


(7-23) 


Example. What minimum thickness of crystalline quartz is required for a quar¬ 
ter wave plate? 

The indices of refraction of quartz, for light of wave length 589 mp, are 

n E = 1.553, no = 1.544. 

From Eq. (7-23), the thickness required for a given phase difference of the 
emergent waves is 

j _ X ( 4>b — <f>o) ' 

2w (ns — no) 

For a quarter wave plate, <t>s — <t>o = x/2, so 

= 589 X IQ" 7 X t/2 
2tt(1.553 -1.544) 

= 16 X 10 -4 cm. 



Fio. 7-19. Principle of the Babinet 
compensator. 


In the analysis of polarized light 
it is often desirable to be able to pro¬ 
duce a phase difference of any arbi¬ 
trary amount between two linearly 
polarized waves in mutually perpen¬ 
dicular planes. A single crystal such 
as a quarter-wave plate can, of 
course, produce only one particular 
phase difference, dependent on the 
thickness of the crystal and the 
wave lengt h of the light. The Babinet 
compensator is a device by means of 
which the phase difference is con¬ 
tinuously variable. It consists of 
two wedge-shaped sections of crys¬ 
talline quartz as in Fig. 7-19. The 
optic axis is lengthwise in one sec¬ 


tion and transverse in the other. 
Thus a wave that travels through the first crystal as an ordinary wave, 
travels through the second as an extraordinary wave and vice versa. If t x 
and U are the thicknesses of the crystals at any point, the phase difference 
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produced by the first crystal is 2 -f («, - no) and that produced by the 
second is - ^ (n* - no). The resultant phase difference is the sum of 

A 

these, or 

^ (<i - U) (ns - no). 

The crystals are mounted so that one can be slid over the other. The 
difference (t, - «, and hence the phase difference, can be made 

any desired value. 

7-8 Transmission of elfipticaUy polarized fight by an analyzer. Fig^ 

two linearly polarized waves of un- 

• • -1 !_ n lnn AC 


v v r- 

eguaZ amplitude, polarized in planes 
parallel to the major and minor 
axes of the ellipse and differing in 
phase by tt/ 2 radians as in Fig. 7-20. 
This viewpoint is more useful for our 

present problem. 

Suppose a beam of elhptically 

polarized light is incident on an 
analyzer and the transmission direc¬ 
tion of the analyzer makes an angle 
0 with the major axis of the ellipse. 
(Fie. 7-21.) Let Ei and E 2 repre- 


iS 



Si 


Fio. 7-20. An elliptically polarized 

- _ L- ..vn/%lirnd intn two linPATlV 


(Fig. 7-21.) Let Ei and A repre- ™ gnearly 

sent the amplitudes of the /^-vectors po i ar ized waves of unequal amplitudes, 
^he linearly polarized component differing in phase by ,/2 rad.ans. 

waves, parallel “q ^ r ^“*omp^nmt of each of these components parallel 
the major ax,s ’ L tion wi n be transmitted. The problem is some- 
^^"^dby the fact that the components are out of phase 

by lie ZtZy the Vibration of amplitude A. parallel to the transmission 
direction is’ traLmitted. As the analyzer is rotated and 0 increases the 
amplitude of the transmitted beam decreases and becomes equal E 2 
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Fio. 7-21. Transmission of elliptically polarized light by an analyzer. 

when 6 = 90°. Thus the amplitude fluctuates between a maximum of E\ 
and a minimum of E 2 and the beam is never completely extinguished as 
with linear light. In the special case where E\ = E 2 the light is circularly 
polarized and the amplitude of the transmitted light is independent of the 
azimuth of the analyzer. In this respect circular light behaves like natu¬ 
ral or unpolarized light, that is, circular light cannot be detected by an 
analyzer. However, if a quarter-wave plate, or a Babinet compensator 
adjusted to give a phase difference of 7 t/ 2 radians, is inserted in the beam, 
the circular light becomes linear light and the analyzer shows maxima, and 
minima of zero intensity, as it is rotated. What would be the effect of in¬ 
serting a quarter-wave plate in a beam of unpolarized light? 

7-9 Optical stress analysis. When a polarizer and an analyzer are 
mounted in the “crossed” position, i.e. with their transmission directions at 
right angles to one another, no light is transmitted through the combi¬ 
nation. But if a doubly refracting crystal is inserted between polarizer 
and analyzer, the light after passing through the crystal is, in general, 
elliptically polarized and some light will be transmitted by the analyzer. 
Thus the field of view, dark in the absence of the crystal, becomes light 
when the crystal is inserted. 

Some substances, such as glass, celluloid, and bakelite, while not 
normally doubly refracting, become so when subjected to mechanical stress. 
From a study of the specimen between “crossed Nicols” much information 
regarding the stresses can be obtained. Improperly annealed glass, for 
example, may be internally stressed to an extent which might cause it later 
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to develop cracks. It ,s ev.dently unportant that optical glass should be 
free from such a condition before it is subjected to expensive grinding and 
polishing. Hence such glass is always examined between crossed Nicols 

before Grinding operations are begun. , 

The double redaction produced by stress is the basts of the science of 

Vhotoelasticily The stresses in opaque engineering materials such as 
pnoioiuisucuy. analyzed bv constructing a 

girders, boiler p ales gear . ^ ,, v of bakelite, and examining it 

transparent of ‘he ob e, ^ stress distributions such as 

between crossed Nicols. Very c I ^ wou|J |l{ , practica i| y i mp ,r, 

those around a hole or a gear to , ^ stud , pd bv optica i methods, 

sible to analyze mathematically. n . ^ tress 

Fig. 7-22 is a photograph of a P*—ct^ht^^me so when 
Liquids are not normally doubly refra * menon is known 

an electric field is established *ithm them. » 



I'm. 7-22. Photorlaatic stress analysis. 
(Co.ir.eny Dr W M Murray. M I T.) 
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Fig. 7-23. A beam of linear light can be 
resolved into two beams of circular light. 


as the Kerr effect. The existence of 
the Kerr effect makes it possible to 
construct an electrically controlled 
“light valve.” A cell with trans¬ 
parent walls contains the liquid be¬ 
tween a pair of parallel plates. The 
cell is inserted between crossed 
Nicols. Light is transmitted when 
an electric field is set up between the 
plates and is cut off when the field is 
removed. This is the method used 
by Anderson to modulate the inten¬ 
sity of a light beam in his measure¬ 
ments of the velocity of light. (See 
Sec. 1-6.) 

7-10 Optical activity. It has 
been useful in the cases previously 
discussed to consider a linearly po¬ 
larized wave train as the resultant 
of two linearly polarized waves, vi¬ 
brating in mutually perpendicular 
planes. A linearly polarized wave 
may also be looked upon as the re¬ 
sultant of two circularly polarized 
waves whose ^-vectors rotate in op¬ 
posite directions. Thus in Fig. 7-23, 
which represents an “end-on” view 
of a wave train advancing toward 
the reader, the vectors OA and OB, 
rotating in opposite directions, rep¬ 
resent the circularly polarized waves. 
Their resultant OC corresponds to a 
linearly polarized wave whose vibra¬ 
tion direction is vertical. 

When a beam of linearly polar¬ 
ized light is sent through certain 
types of crystals, the crystal sepa¬ 
rates the linearly polarized beam 
into two components, circularly po¬ 
larized in opposite directions. These 
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Fio. 7-24. 


components travel through the crystal with different velocities and on 
emergence from the crystal one component will have rotated through a 
greater angle than the other. If, for example, the electric vector m the in¬ 
cident wave is vertical, as in Fig. 7-23 (a), the vectors CM and OB are both 
initially vertical. Suppose that after passing through the crystal one vec¬ 
tor say OA has made some integral number of revolutions while the other 
has’ turned through a slightly smaller angle. The situation on emergence is 

then as in Fig. 7-24. The resultant 
OC lies in a plane making an angle a 
with the vibration plane of the inci¬ 
dent wave. This phenomenon is 
called rotation of the plane of polari¬ 
zation, and substances which exhibit 
the effect are called optically active. 

Those which rotate the plane of 
polarization to the right, looking 
along the advancing beam, are 
called dextrorotatory or right- 
handed; those which rotate it to 
the left, laevorotatory or left- 

^Optical activity may be due to an asymmetry of the molecules of a 

substance or it may be a property of a crystal as a whole For example 
. .. ’ f rane SUKa r are dextrorotatory, indicating that the optical 

solutions of ca- 8 molecule. The rotation of the plane 

“ U T “ t -on b^ a sugar solurion is used commercially as a method of 
of polarization y g sugar in a given sa mple. Crystalline 

determining t e Propo 8Qme natural crystals being right-handed 

quartz is als p optical activity is a consequence of the 

’tinceTdtap^ the quarts is melted and 

allowed to resolidify ’into a glassy noncrystalline state called fused quartz. 

7 11 The scattering of light. The sky is blue. Sunsets are red. 
Skvheht is largely linearly polarized, as can readily be venfied by looking 
at thfsky direcfly overhead through a polarizing plate. One and the 
“ “ u is responsible for all three of the effects noted above. 

““inFig. 7-25 sunlight (unpolarized) comes from the left along the X-aws 
and passes over an observer looking vertically upward along the Z-axis. 
One of the molecules of the earth’s atmosphere is located at point O. We 
know that these molecules are aggregates of electrically charged particles. 




196 


POLARIZATION 


[Chap. 7 


Z 



I'ig. 7-25. Scattering of light by an oscillating molecular dipole. 


1 he electric field in the beam of sunlight exerts a force on the positive 
charges in one direction, and on the negative charges in the opposite direc¬ 
tion. Since the charges are not bound in a perfectly rigid structure, a 
small relative displacement of the charges results. However, since the 
field in the light wave is continually reversing in direction, the molecular 
charges are displaced first in one direction and then in the opposite direc¬ 
tion. These directions necessarily lie in the Y-Z plane in Fig. 7-25, since 
the electric field in the wave is at right angles to the direction of propaga¬ 
tion. There is no field, and hence no vibration, in the direction of the 
X-axis. 

An arbitrary component of the incident light, vibrating at an angle 0 
with the Z-axis, sets the electric charges in the molecule vibrating in the 
same direction, as indicated by the heavy line through point 0. In the 
usual way, we can resolve this vibration into two, one along the Y- and 
the other along the Z-axis. The result, then, is that each component in 
the incident light produces the equivalent of two molecular “antennas,” 
oscillating with the frequency of the incident light, and lying along the 
Y- and Z-axes. 

It is well known that an antenna does not radiate in the direction of 
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its own length. Hence the antenna along the Z-axis sends no light to the 
observer directly below it. It does, of course, send out light in other di¬ 
rections. The only light reaching the observer comes from the component 
of vibration along the T-axis and, as is the case with the waves from any 
antenna, this light is linearly polarized with the electric field parallel to 
the antenna. The vectors on the Z-axis below point 0 show the direction 
of the electric vector in the light reaching the observer. The vectors on 
the F-axis give the direction of the electric vector in the light radiated in 

this direction by the antenna vibrating along the Z-axis. 

This absorption and reradiation of energy by the molecules is called 
scattering. The energy of the scattered light is abstracted from the original 

beam, which becomes weakened in the process. 

The vibration of the charges in the molecule is a forced vibration, like 
the vibration of a mass on a spring when the upper end of the spring is 
moved up and down with simple harmonic motion. The amplitude of the 
forced vibrations is greater, the closer the driving frequency approaches 
the natural frequency of vibration of the spring-mass system. Now the 
natural frequency of the electric charges in a molecule is the same as that 
of a wave length in the ultraviolet. The frequencies of the waves in visible 
light are less than the natural frequency, but the higher their frequency, 
or the shorter their wave length, the closer is the driving frequency to the 
natural frequency, the greater the amplitude of vibration and the greater 
the intensity of the scattered light. In other words, blue hgh ,s scat ered 
more than red, with the result that the hue of the scattered light is blue. 

Toward evening, when sunlight has to travel a large distance through 
the earth's atmosphere to reach a point over or nearly over an observer a 
large proportion of the blue light is removed from it by scattering. White 
light minus blue light is yellow or red in hue. Thus when sunlight with 
the blue component removed, is incident on a cloud, the light reflected 
from the cloud to the observer has the yellow or red hue so commonly seen 

atS Fr™ the explanation above, it follows that if the earth had no at¬ 
mosphere we would receive no skylight at the earth s surface and the sky 
would appear as black in the daytime as it docs at night. This conclusion 
is borne out by observations at high altitudes, where there is leas atoms- 

phere above the observer. . m iin , 

It is not too difficult a matter to compute the way in which the amount 

of scattered light should vary with wave length, and the problem affords 

an opportunity to bring to bear on a problem in optics a number of dive,so 

relations from the fields of electricity and mechanics. The theory was 

first worked out by Lord Rayleigh. 
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Our problem is first to compute the amplitude of forced oscillations of 
the electric charges in a molecule set up by the oscillating field in a light 
wave, and second to find the power radiated by this oscillating doublet. 
From the principles of mechanics, we know that when a systen of mass m, 
capable of oscillating with a natural frequency / 0 , is acted on by a sinu¬ 
soidally varying driving force of frequency / and maximum value F m , the 
amplitude A of the forced oscillations is 



F m 


47 r^m 



(7-24) 


and the frequency of oscillation, /, equals that of the driving force. 

To find the natural frequency of oscillation of the electric charges in a 
molecule, we choose as the simplest molecular model a Thomson molecule, 
consisting of a sphere of positive charge in which the electrons are em¬ 
bedded. If the molecule contains Z electrons, the total positive charge is 


Ze , where e is the electronic charge, 
we can think of all the electrons as 



MH 

Fig. 7-26. 


For the purposes of this calculation 
combined in a single negative charge 
of magnitude Ze and mass Zm, 
where m is the electronic mass (see 
Fig. 7-26). The equilibrium posi¬ 
tion of the electrons is at the center 
of the sphere of positive charge. It 
is an elementary problem in electro¬ 
statics to show that when the elec¬ 
trons are displaced a distance x from 
the center, the force pulling them 
back is 



1 Z 2 e* 
47reo R s *’ 


(7-25) 


where R is the radius of the sphere of positive charge and we are using 
rationalized mks units. This is a linear restoring force, of the form 



If the electrons are displaced from the center and released, they exe¬ 
cute simple harmonic motion of natural frequency 

, = ± fk = _1_ / 1 Z V 
; ° 2tt \ m 2?r \ 47reo R'Zm * 


(7-26) 
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Let us calculate the order of magnitude of this natural frequency. 
Take as our Thomson molecule an atom of oxygen, which has eight elec¬ 
trons. Then 

Z = 8, 

e = 1.6 X 10-* 9 coulomb, 


m = 9.1 X 10-* 1 kgm, 


—— = 9 x 10* coulVoewton-m*. 

47T€o 

From many lines of evidence, the radius R of the atom can be taken as 

R = 10- 8 cm = 10" 10 m. 

When these numerical values are inserted in Eq. (7-26) we get 

/„ = 7.2 X 10 16 vibrations/sec. 

This is equal to the frequency of a "light” wave of wave length 

= i = 0.42 X 10" 7 m = 42 m/i, 
fo 

which is in the ultraviolet. In the visible spectrum, where wave lengths 
are of the order of 500 = 10~’m, the frequency / is 



= 0.6 X 10 ,# cycles/sec. 


Hence the square of the natural frequency, /«>, is much larger than the 
square of the frequency of a wave of visible light, f, and we may neglect 
the latter in the denominator of Eq. (7-24) if we are concerned only with 

the scattering of visible light. v , , . . • 

The maximum force E„ exerted on the charge Ze by the electnc field 

of the light wave is 

F _ = Ze.E. 


where E is the maximum electric intensity in the wave. When we insert 
this expression for F m in Eq. (7-24), and neglect the term />, we get for the 
amplitude of forced oscillations of frequency /, 

ZeE 

= 47T 2 m/o* 


This completes the first part of the problem. 


(7-27) 



200 


POLARIZATION 


[Chap. 7 


Electromagnetic theory predicts that the average power radiated by 
an oscillating electric doublet is 


p _ 4?r*p m 2 /< 
ap ” 3€ 0 c* ’ 


(7-28) 


where p n is the maximum electric moment of the doublet and / is the fre¬ 
quency of oscillation. The maximum electric moment of a molecule con¬ 
sisting of positive and negative charges of magnitude Ze, oscillating with 
an amplitude A, is 

p m = ZeA. 


Inserting this expression for p„ in Eq. (7-28), together with the value 
of A from Eq. (7-27), we get for the average power radiated by a single 
molecule 



1 Z*e i E 7 f* 
127re 0 m 2 c* / 0 4 


(7-29) 


If there are n molecules per unit volume, the average power radiated 
(i.e., scattered) per unit volume is n times as great. It is customary to 
express this power as a fraction of the power per unit area, or the Poynting 
flux, in the incident wave. The latter is 


S av = ^ ccoE 2 , 

and the ratio of the scattered power to the incident flux is 

nP av = 1 nZ*e A f 4 

Sav 67T€ 0 2 m 2 (A f 0 * ’ 

or in terms of wave lengths it is 


(7-30) 


1 nZ*e 4 Xo 4 
67T€ 0 2 m 2 c* X 4 


(7-31) 


The scattering is therefore inversely proportional to the 4th power of 
the wave length, so that the shorter blue waves are scattered more than 
the longer red waves. Either Eq. (7-30) or Eq. (7-31) is known as the 
Rayleigh scattering formula. 
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Problems—Chapter 7 

(1) (a) At what angle above the horizontal must the sun be in order that sun¬ 
light reflected from the surface of a calm body of water shall be completely linearly 
polarized? (b) Is the plane of the E-vector in the reflected light horizontal or 

vertical? 

(2) A parallel beam of “natural” light is incident at an angle of 58° on a plane 
glass surface. The reflected beam is completely linearly polarized, (a) What is 
the angle of refraction of the transmitted beam? (b) What is the refractive index 

of the glass? 

(3) Light is incident on a water sur¬ 
face (index 4/3) at such an angle that 
the reflected light (ray 1 in Fig. 7-27) is 
completely linearly polarized, (a) What 
is the angle of incidence? (b) A block 
of glass (index 3/2) having a flat upper 
surface is immersed in the water as in¬ 
dicated in Fig. 7-27. The light reflected 
from the surface of the glass (ray 2) is 
completely linearly polarized. !• ind the 
angle between the surface of the water 
and the surface of the glass. 

(4) Linearly polarized light is incident on the surface of a glass plate of index 
1 732 at an anele of incidence of 60°. The electric vector in the incident light 
makes an angle of 30° with the plane of incidence. What fraction of the incident 

light is reflected at the first surface? 

(5) A beam of natural light is incident on the surface of a piece of glass of index 

1.523 at an angle of incidence of 70". (a) What fraction of the incident light is 

reflected 7 (b) In the reflected beam, what is the ratio of the component of the 
E-vector in the plane of incidence to the component of the E-vector at right angles 

to the plane of incidence? 

(6) A polarizer and an analyzer are oriented so that the maximum amount of 
light is transmitted. To what fraction of its maximum value is the ""density of 
the transmitted light reduced when the analyzer is rotated through (a) 30 , (b) 45 , 

(c) 60"? 

(7) How must a polarizer and an analyzer be oriented so that a beam of natural 
light is reduced to (a) V6, (b) X, (<0 H. of its original intensity? 

(8) (a) Construct a diagram like that of Fig. 7-17, showing the state of polar¬ 
ization of the light transmitted by a quarter-wave plate when the electric vector 
in the incident linear light makes an angle of 60” with the optic axis, (b) Describe 

the state of polarization. 

(9) (a) A beam of circularly polarized light is passed normally through a 
quarter-wave plate. What is the state of polarization of the light after it emerges 
from the plate? (b) A beam of circularly polarized light is passed normally 
through an eighth-wave plate. What is the state of polarization of the hght after 
it emerges from the plate? 
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(10) A parallel beam of linearly polarized light of wave length 589 m/i (in 
vacuum) is incident on a calcite crystal as in Fig. 7-10 (b). (a) Find the wave 

lengths of the ordinary and extraordinary waves in the crystal, (b) What mini¬ 
mum thickness of crystal is necessary to produce phase differences of x/4 radians, 
t/ 2 radians, and ir radians between the emergent waves? (c) If the electric 
vector in the incident light makes an angle of 45° with the optic axis, what is the 
state of polarization of the emergent light in the three cases in part (b)? 

au a sheet of cellophane is a half-wave plate for light whose wave length is 
400 mu. (a) Assuming that the variations in the indices of refraction with wave 
length can be neglected, how would the sheet behave with respect to light whose 
wave length is 800 m/x? (b) White light is incident on this sheet after passing 
through a Nicol prism so oriented that the F-vector of the light incident normally 
on the sheet makes an angle of 45° with the optic axis of the cellophane. If the 
light transmitted by the sheet of cellophane is then examined by another Nicol 
prism oriented like the first, what will be the color of the transmitted light (i.e., 
which will be transmitted to a greater extent, the short wave length end of the 
visible spectrum or the long wave length end)? 

(12) Assume the values of no and ng for quartz to be independent of wave 
length. A certain quartz crystal is a quarter-wave plate for light of wave length 
800 m/x (in vacuum). What is the state of polarization of the transmitted light 
when linearly polarized light of wave length 400 m/i (in vacuum) is incident on the 
crystal, the plane of polarization making an angle of 45° with the optic axis? 

(13) Suppose the thickness L of one of the quartz wedges of a Babinet com¬ 
pensator (see Fig. 7-19) is 2 mm. Find the required thickness tt of the other 
wedge, if it is desired to produce a phase difference of 27 t/ 3 radians between the 
ordinary and extraordinary waves for light of wave length 500 m/x in vacuum. 

(14) A beam of light, after passing 
through the polarizing plate Pi in Fig. 
7-28, traverses a cell containing a scat¬ 
tering medium. The cell is observed at 
right angles through another polarizing 
plate, Pi. Originally, the plates are 
oriented until the brightness of the field 
seen by the observer is a maximum, 
(a) Plate Pi is rotated through 90°. Is 
extinction produced? (b) Plate Pi is 
now rotated through 90°. Is the field 
bright or dark? (c) Plate P 2 is then 
restored to its original position. Is the 
field bright or dark? 
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INTERFERENCE 


8-1 Interference in thin films. At any point where two or more trains 
of waves cross one another they are said to interfere. This does not mean 
that any wave train is impeded by the presence of the others, but refers to 
the combined effect of them all at the point in question. The principle of 
superposition states that the resultant displacement at any point and at 
any instant may be found by adding the instantaneous displacements that 
would be produced at the point by the individual wave trains if each were 
present alone. The term “displacement” as used here is a general one. 
If one is considering surface ripples on a liquid, the displacement means 
the actual displacement of the surface above or below its normal level. 
If the waves are sound waves, the term refers to the excess or deficiency of 
pressure. If the waves are electromagnetic, the displacement means the 
magnitude of the electric or magnetic field intensity. 

The brilliant colors that are often seen when light is reflected from a 
soap bubble or from a thin layer of oil floating on water are produced by 
interference effects between the two trains of light waves reflected at op¬ 
posite surfaces of the thin films of soap solution or of oil. 

In Fig. 8-1, part (a) represents a train of plane waves, incident on a 
thin film of a material whose index is greater than that of air. For simplic¬ 
ity, it has been assumed that the waves are linearly polarized with the 
electric vector parallel to the plane of incidence, as in Fig 7-3, but the 
results are the same whatever the state of polarization of the incident 
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Electric and magnetic vectors in a train of waves (a) incident on; (b) and (c) 
reflected from the surfaces of a thin film. 
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beam. The horizontal lines are wave fronts spaced one-half a wave length 
apart. The direction of the electric vector in the wave fronts is shown by 
an arrow and the direction of the magnetic vector by the usual convention 
of dots and crosses. The incident wave train is in part reflected at the 
first surface of the film, and in part transmitted. Of the portion trans¬ 
mitted, a part is reflected at the second surface and emerges through the 
first surface. The wave train reflected from the first surface is shown in 
part (b) and that reflected at the second surface in part (c). Actually, of 
course, both reflected wave trains travel back along the same path as the 
incident train, and parts (b) and (c) should be moved to the left so as to 
overlap part (a). The separation in the diagram is schematic only. 

The lowest wave front in beam (a) is just making contact with the 
upper surface, and the lowest wave front in beam (b) is the reflected wave 
front that originates at the upper surface at this instant. The film thick¬ 
ness is assumed to be a sufficiently small fraction of the wave length so 
that the lowest wave front in beam (c), reflected from the lower surface, 
can be considered to coincide with the corresponding wave fronts in beams 
(a) and (b). 

Reference to Figs. 7-3 and 7-4 shows that for the wave reflected from 
the first surface, where the index of the reflecting medium is greater than 
that of the medium in which the wave is traveling, the direction of the 
electric vector is reversed, relative to its direction in the incident wave, 
while that of the magnetic vector is not. The electric vector is said to be 
reflected with reversal of phase. The wave front reflected at the second 
surface is reflected from a medium whose index is less than that of the 
medium in which the wave is traveling. Diagrams corresponding to Figs. 
7-3 and 7-4, for the case in which the index of the second medium is less 
than that of the first, were not included in Chap. 7, but it was explained 
in Sec. 7-2 that in this case the magnetic vector is reflected with reversal 
of phase while the electric vector is not. It will be seen from an exami¬ 
nation of Fig. 8-1 that in wave (b) the electric vector in the lowest wave 
front is opposite in direction to that in the lowest wave front in beam (a), 
while the magnetic vectors are in the same direction. In wave (c), the 
magnetic vector is opposite in direction to that in the lowest wave front in 
beam (a), while the electric vectors are in the same direction. 

A comparison of the reflected beams, (b) and (c), shows that both the 
electric and magnetic vectors in the two beams are in opposite directions. 
Furthermore, the amplitudes of the respective vectors are very nearly the 
same in both beams, since from Eq. (7-19) the reflectance of both surfaces 
of the film is the same and, since the reflectance is small, the amplitude of 
the wave incident on the second surface is only slightly smaller than that 
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Flo. 8-2. Waves reflected from the surface of a film of thickness M wave length. 

of the original wave. (A more complete analysis would have to take into 
account the effect of additional reflections within the film.) By the prin¬ 
ciple of superposition, the resultant electric and magnetic intensities in the 
reflected beam are both very nearly zero at every point and at every 
instant. In other words, no light is reflected from a film of thickness small 

compared with the wave length of the light. , . 

Suppose now that the film thickness is gradually increased Let A. 

be the ware length of the incident light in air, and let n be the index of the 
film The wave length in the film is then As/n. When the thickness is 

equal to one-quarter of the wave length in the film, or j A the wave train 

reflected from the second surface drops behind that reflected from the 
first surface by one-half a wave length (since the hght must travel through 
the film and back). The reflected wave trains are then as shown in Fig. 
8-2 It will be seen that both the electric and magnetic vectors in he re¬ 
flected waves are in the same direction at all points,so that the ,amplitudes 
of both in the reflected light are twice as great as in either beam. 

words, fight is strongly reflected from a film of thickness - when in- 
cident normally on the film. 

If the thickness is increased to | the wave reflected from the second 

surface drops behind the other by one wave length and destructive inter¬ 
ference again results. When the thickness is - A there is strong reflec¬ 
tion again, and so on. Hence there is no reflection (or very little reflec¬ 
tion) from a film of thickness zero, | A j f etc., and strong reflection 

... 1 3 Xo 5 Xo . 

from a film of thickness 4 n ’ 4 n ’ 4 71 

If the film is in the shape of a thin wedge of narrow angle, as in Fig. 8-3 
and is vlewTd b ; reflected monochromatic light, it appears to be crossed 
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Fig. 8-3. Destructive interference results at thickness of zero, one-half a wave length, 

one wave length, etc. 


by parallel bright bands of the color of the light used, separated by dark 
bands. At the apex, the film is dark. At a distance from the apex such 
that the film thickness is one-quarter of a wave length, it is bright. Where 
the thickness equals one-half a wave length it is dark, and so on. If the 
film is illuminated first by blue, then by red light, the spacing of the red 
bands is greater than that of the blue, as is to be expected from the greater 
wave length of the red light. The bands produced by intermediate wave 
lengths occupy intermediate positions. If the film is illuminated by white 
light, its color at any point is that due to the mixture of those colors which 
may be reflected at that point, while the colors for which the thickness is 
such a. c to result in destructive interference are absent. Just those colors 
which are absent in the reflected light, however, are found to predominate 
in the transmitted light. At any point, the color of the film by reflected 
light is complementary to its color by transmitted light. 

The frontispiece is reproduced from a Kodachrome photograph of the 
light reflected from a thin film of soap solution. The film is formed on a 
glass ring and mounted in a vertical plane. As a result of drainage of the 

liquid in a downward direction, the 
thickness of the film increases from 



Fig. 8-4. Destructive interference be¬ 
tween light reflected from the surfaces of a 
“nonreflecting” film. 


top to bottom. The black section 
at the top indicates that the thick¬ 
ness in this region is less than one- 
quarter of the wave length of light. 

8-2 Nonreflectmg film s. The 
phenomenon of interference is uti¬ 
lized in the production of so-called 
‘‘nonreflecting” glass. A thin layer 
or film of transparent material is de¬ 
posited on the surface of the glass 
as in Fig. 8-4. If the index of this 
material is properly chosen at some 
value intermediate between that of 
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. , i „„ n i rtnontitipq of lieht are reflected from its outer sur- 

^“and fro^L: boundary a medium™" 

m0 re, since in both ‘^e lrne phase change occurs in 

"" 'it follows that if the 

a Wsecond, and com- 
plete destructive interference resu ' ts - wave length for one par- 

The thickness can, of course^be^ one-quarter^^ ^ 

ticular wave length only. sensitive. Some reflection 

portion of the spectrum w ere shorter waV e lengths and the reflected 
then takes place at both long d^ frQm a , ens or prism sur[ace 

ks=- -- 

number of air-glass surfaces. 

, . c T f the convex surface of a lens is placed in con- 

8-3 Newton’s rings. If the co a thin film of air is formed be- 

tact with a plane glass plate, G f this film is very small at the 

tween the two surfaces. . e DroC eeds outward. The loci 

point of contact, gradually the point of con- 

of pomts of equal thickne . interference colors, produced in the 

tact. Such a film is foun o e film The inte rference bands are 

same way as the colors in rontact. When viewed by reflected 

circular, concentric with the P°| n is a t hin soap film. Note that 

light, the center of in"he light reflected 

in this case the magnetic which here is of smaller index than that 

from the upper surface of the “in 
of the medium in which the light is 
traveling before reflection), and that 
the phase of the electric vector is re¬ 
versed in the light reflected from the 
lower surface. When viewed by 
transmitted light, the center of the 
pattern is bright. If white light is 
used, the color of the light reflected 
from the film at any point is comple¬ 
mentary to the color transmitted. 

The thickness of the film at a dis¬ 
tance r from the point of contact U 
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may be found as follows. From the construction in Fig. 8-5, it will be 
seen that 


t = R — R cos d = R (1 — cos 6). 


If 6 is small, cos 6 may be written 

cos 6 = 1 



or 


Furthermore, 


i a 02 

1 — cos 0 = — • 


6 = (approximately) 


Substituting these values, we find 




(approximately). 


If light travels through the film vertically, destructive interference will 

1 2 

occur wherever the thickness t is equal to - X 0 , x Xo, etc. 

Hence by measuring the radius of a bright or dark ring, the wave length 
of the light producing it may be calculated or, conversely, if the wave 
length is known, one can find the thickness of the air film. 

These interference patterns were studied by Newton, and are called 
after him, Newton’s rings. Newton did not attempt to account for them 
by a wave theory, but in terms of a theory of his own that a reflecting sur¬ 
face was subject to “fits of easy transmission” and “fits of easy reflection.” 
Newton’s “Opticks,” which contains a complete account of all of his ex¬ 
periments in this field, should be read by every serious student of physics. 

1 ig. 8-ti is a photograph of Newton’s rings, formed by the air film be¬ 
tween a convex and a plane surface. 

The surface of an optical part which is being ground to some desired 
curvature may be compared with that of another surface, known to be 
correct, by bringing the two in contact and observing the interference 
fringes. For example, if a plane surface (an “optical flat”) is desired, a 
glass plate whose lower surface is accurately plane is placed over the sur¬ 
face to be tested. If both surfaces are accurately plane, the entire area of 
contact will be dark, or, if contact between them is made at one edge, a 
series of straight interference fringes, parallel to the line of contact, will be 
observed. If the surface being ground is not plane, the interference 
fringes are curved. By noting the shape and separation of the fringes, the 
departure of the surface from the desired form may be determined. 
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Fig. 8-6. Newton’s rings formed by in¬ 
terference in the air film between a convex 
and a plane surface. 

(Courtesy of Bauach 4 Lomb Optical Co.) 


Fig. 8-7. The surface of a telescope ob¬ 
jective under inspection during manufac¬ 
ture. 

(Courtesy of Bausch 4 Lomb Optical Co ) 


Fig. 8-7 is a photograph made at one stage of the process o manu¬ 
facturing a telescope objective. The lower, larger diameter, thicker disk 
is the master. The smaller upper disk is the objective under test The 
“contour lines" are Newton's interference fringes, and each one indicates 
an additional departure of the specimen from the master of one-half a 
wave length of light. That is, at 10 lines from the center spot the space 
between the specimen and master is 5 wave lengths, or about 0.0002 inch. 

This specimen is very poor. 

8-1 Standing waves. It will be recalled that a direct and a reflected 
wave train, traveling in opposite directions in a vibrating string or an 
organ pipe, give rise to a system of standing waves in the string or the 
pipe. These standing waves, whose amplitude at every point is found by 
applying the principle of superposition, are fundamentally an interference 
phenomenon. The “interference pattern,” in the examples mentioned, is 
such that the “medium” (the string or the air column) is divided into a 
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Anti nodal planes 



Fig. 8-8. Wiener’s experiment. 


number of vibrating segments, separated by points which remain at rest, 
called nodes. The regions of maximum amplitude of vibration, inter¬ 
mediate between the nodes, are called loops or antinodes. There is no 
longer any appearance of traveling waves in the medium, the nodes and 
antinodes remaining in the same position. If the displacement at the ends 
of the medium, as fixed by the boundary conditions, is zero, then the ends 
are necessarily nodes. This is the case in a closed organ pipe, or a string 
held rigidly at both ends. If either end is free, as the open end of an organ 
pipe, that end is a displacement antinode. 

All of these standing wave phenomena may be produced by interference 
between trains of direct and reflected light waves. The boundary con¬ 
ditions which the light waves must fulfill are determined by the nature of 
the reflecting surface. If it is a metallic reflector, then we can see quite 
readily what these conditions must be, for our light wave is an electro¬ 
magnetic wave, and we have seen that within a conducting material the 
electric field must be zero. This implies that the resultant ^-vector of the 
incident and reflected waves must be zero at the reflecting surface, or 
that this surface must be a node. 

Suppose that plane waves of monochromatic light, represented by the 
full lines in Fig. 8-8 (a), are allowed to fall on a polished silver surface 
MM at an angle of incidence of 45°. The electric vector in the reflected 
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light undergoes a phase change of tc radians and the reflected waves are 
shown by dashed lines. At the points marked by small circles the two 
wave trains meet crest to trough, and at all points of planes through these 
circles, parallel to MM, the electric intensity is always zero. These planes 
are then nodal "planes , and are shown by dotted lines in Fig. 8-8 (b). In 
planes halfway between the nodal planes, the two wave trains meet crest 
to crest, and trough to trough. These are the anlinodal planes and in them 
the electric intensity is a maximum. They are shown by full lines in Fig. 
8-8 (b). 

The existence of the standing wave pattern was shown experimentally 
by Wiener in 1890. An extremely thin film of photographic emulsion, 
PP in Fig. 8-8 (b), was inclined at a small angle with the reflecting surface. 
After development, the film was found to be crossed by a series of dark 
lines (indicated by shading in Fig. 8-8 (b)), located along the lines of 
intersection of the film with the antinodal planes. No blackening resulted 
along the lines of intersection of the film with the nodal planes. 

Wiener also showed that in order to obtain these results, the light 
should be plane polarized with the electric vector perpendicular to the 
plane of incidence (the plane of the diagram in Fig. 8-8). The reader can 
readily verify that only if this is the case will the /^-vectors in the incident 
and reflected waves point in opposite directions. 

The Wiener experiment was repeated in 1932 by Fry and Ives at the 
Bell Telephone Laboratories, using the photoelectric effect in a thin metal 
film on a quartz wedge instead of a photographic emulsion. Their con¬ 
clusions bear out the theory in all respects. 

8-5 The Lippmann process of color photography. A method of color 
photography invented by Lippmann in 1881 makes use of the phenomenon 
of standing light waves. A specially prepared photographic plate, Fig. 
8-9, having an extremely fine grain emulsion, is covered on the emulsion 
side with a layer of mercury to form a reflecting surface. It is then ex¬ 
posed in a camera, but with the glass instead of the emulsion side of the 
plate toward the light. 

Suppose light of various wave lengths, corresponding to the various 
colors of the object photographed, is incident on the plate as shown. A 
standing wave pattern is set up at each point, the separation of the anti¬ 
nodes corresponding to the particular color incident on the plate at that 
point. When developed, the plate contains a number of layers of silver 
located at the antinodes. If now the plate is illuminated with white light 
and viewed by reflection, the silver layers will reflect strongly, at each 
point of the image, only that color (or colors) by which they were origi- 
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nally formed. Each silver layer, by 
itself, is so thin as to reflect only a 
small amount of light. But as the 
white light passes through the film 
and is partially reflected at each 
layer, all light of the same wave 
length as that by which the layers 
were formed, reflected from any one 
layer, is in phase with that reflected 
from every other layer. These 
beams then combine so as to re¬ 
enforce one another’s effects, giving 
rise to an intense reflection for this 
particular color. Other colors, for 
which the path differences between 
the reflected beams is not exactly 
one wave length, will be reflected 
with much less intensity. 

It appears contradictory at first that, although each silver layer reflects 
equal (or very nearly equal) amounts of all colors, the one particular color 
whose wave length is twice that of the separation of the layers should 
predominate to a great extent in the reflected light. An example may 
make this point clearer. It will be recalled that the energy of a harmonic 
vibration, or the intensity of a sinusoidal wave, is proportional to the 
square of its amplitude. The resultant intensity of a number of wave 
trains, if there is no definite phase relation between them, is found by 
adding the intensities of the individual wave trains. But if the wave trains 
are all in phase, the resultant intensity is found by adding the amplitudes 
of the individual waves, and squaring to obtain the resultant intensity. 
A number of wave trains whose phase relations are quite at random are 
called noncoherent, while if a definite phase relation does exist between 
them, they are called coherent. 

Assume for instance that we have three wave trains to combine, each 
of amplitude 2 (arbitrary units). If the phase relation between them is 
random, we first compute the intensity of each wave, which is 2 2 , or 4, 
and add the intensities, giving 12 (arbitrary units) as the resultant inten¬ 
sity. If the three are in phase, however, they combine to produce a wave 
of amplitude 6, or intensity 6 2 = 36. In general, given n wave trains of 
amplitude A, their resultant intensity, if noncoherent, is nA*, while if 
coherent, the intensity is (nA) 2 . The intensity in the latter case is n times 
that in the former. If n is very large, as would be the case in the Lippmann 


Glass Emulsion Mercury 



Fio. 8-9. Principle of the Lippmann 
method of color photography. 
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color photograph, the coherent reflection far exceeds the noncoherent. 

Lippmann color photographs are extremely brilliant, but the plates are 
difficult to prepare, and of course no prints can be made from them. 


8-6 The Michelson interferometer. The phenomenon of interference 
is of very practical value in connection with precise measurements of 
length. The Michelson interferometer, which makes possible the measure¬ 
ment of a distance in terms of the wave length of light waves, is illustrated 
in Fig. 8-10. Light from a small source 5 is made parallel by a lens L, 
and falls on a glass plate A, inclined at 45° to the direction of the incident 
beam. The front surface of this plate is “half-silvered” that is, covered 
with an extremely thin coating of silver, so that approximately one-half 
of the beam is reflected, while the remainder is transmitted through 
the plate. The reflected and trans¬ 
mitted beams strike the plane 
mirrors B and D respectively, and 
are returned to the plate A. At the 
half-silvered surface a part of the 
beam from B is transmitted, and a 
part of the beam from D reflected. 

Since both are derived from the 
same beam originally incident on A , 
they are capable of producing inter¬ 
ference effects. The light reflected 
from B passes once through the 
plate A, while that from D passes 
through it three times. In order 
that each beam may travel the same distance in glass, another glass plate 
C, of the same thickness as A, is inserted in the path of the upper beam, 
which ensures that each beam passes through the same thickness of glass. 

An observer O sees the surface of mirror B through the half-silvered 
plate A, and sees the surface of mirror D reflected in A. If the distances 
from A to the two mirrors are exactly equal, and B and D are exactly at 
right angles to one another and at 45° with A, the image of D coincides 
with the surface of B. If these adjustments are not made exactly, then 
in effect a thin air film exists between the surface of B and the image of D, 
and the interference fringes in this thin film are what are observed. 

The mirror B is fixed in position, and the mirror D is mounted on a 
screw so that it may be moved along a line perpendicular to its face. As 
D is displaced, the system of fringes moves laterally across the field of 
view, a displacement of the mirror of one-half a wave length causing each 



Fio. 8-10. The Michelson interferometer. 
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fringe to move from its original position to that formerly occupied by the 
next adjacent fringe. By counting the number of fringes which pass a 
fixed reference point, the distance moved by the mirror can be measured 
to within a small fraction of the wave length of the light used. 

In seeking for some permanent standard of length, so that the standard 
meter might be reproduced if it should ever be destroyed, it was decided 
that the wave length of the light emitted by some chosen chemical element 
in an electrical discharge would be a standard of the most fundamental and 
unchanging sort. After some searching, one of the wave lengths emitted 
by cadmium vapor, lying in the red portion of the spectrum, was chosen 
as the most suitable. Making use of an interferometer of the type de¬ 
scribed above, Michelson compared the standard meter with the wave 
length of these red cadmium waves. The value found is, 

1 meter = 1,553,164.13 wave lengths, 
or the wave length of these waves is 

X = 643.84696 m/x. 

The precision of this result is better than one part in a piillion, and it 
represents one of the most precise physical measurements ever attempted. 

8-7 Double slit interference. Young’s experiment. One of the earli¬ 
est demonstrations of the fact that light can produce interference effects 
was performed in 1800 by the English scientist Thomas Young. The ex¬ 
periment was a crucial one at the time, since it added further evidence to 
the growing belief in the wave nature of light. A corpuscular theory was 
quite inadequate to account for the effects observed. 

Young’s apparatus is shown in Fig. 8-11. Light from a source at the 
left, not shown, falls on a narrow slit Si. Two more slits, S 2 and S 3 , are 
parallel to Si and equidistant from it. When a screen is placed at the 
right of these slits a number of alternate bright and dark bands are ob¬ 
served on it, parallel to the slits. If either of the slits S 2 or S 3 is covered, 
the dark lines disappear and the screen is illuminated in a broad band. 
A photograph of these interference fringes is reproduced in Fig. 9-2 (b). 
The diffuse bands of light in Fig. 9-2 (a) show the appearance of the screen 
when only a single slit S 2 or S 3 is used. A corpuscular theory cannot ac¬ 
count for the fact that a point on the screen, bright when only one slit is 
exposed, becomes dark when both slits are exposed. The explanation in 
terms of the wave theory follows. A more complete analysis will be found 
in Sec. 9-3. 
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Fig. 8-11. Interference of light waves passing through two slits. Young’s experiment. 


According to Huygens’ principle, cylindrical wavelets spread out from 
slit Si and reach slits S z and 5, at the same instant. A train of Huygens 
wavelets diverges from both of these slits. Let d represent the distance 
between the slits, and consider a point P on a screen, in a direction mak¬ 
ing an angle 0 with the axis of the system (Fig. 8-11 (b).) With P as a 
center, and PS t as radius, strike an arc intersecting PS 2 at B. If the dis¬ 
tance R from slits to screen is large in comparison with the distance d be¬ 
tween the slits, the arc SiB can be considered a straight line at right angles 
to PSt, PA, and PS t . Then the triangle BS 2 Si is a right triangle, similar 
to POA , and the distance S 2 B equals d sin 6. This latter distance is the 
difference in path length between the waves reaching P from the two slits. 
The waves spreading out from S t and S t necessarily start out in phase, 
but they will not be in phase at P because of this difference in length of 
path. If X is the wave length, the number of waves in the distance 
d sin 0 is d sin 0/X, and since the phase of a wave increases by 27 t radians 
in each wave length, the phase difference <fi between the waves reaching 
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If point P coincides with point 0, then 0 is zero and the phase difference 
<f> is zero. The waves therefore reach 0 in phase, their amplitudes add, 
and there is a bright line at the center of the interference pattern. As 
P moves farther and farther out from the center, the angle 0 and the phase 
difference (f> both increase. When <f> = tt radians, or when 



the waves are exactly out of phase and there is a dark line on the screen. 
When <f> = 2tt radians, or 



( 8 - 1 ) 


there is another bright line, and so on. Evidently bright lines are observed 
when 


and dark lines when 


sin0 = 



X 

2X 

3X 

7 ’ 

~d ' 

d 

X 

3X 

5X 

2d' 

2d’ 

2d 


etc., 


etc. 


Hence by measuring the angle 0 for a dark or bright line in the inter¬ 
ference pattern, and the distance d between the slits, the wave length of 
the light can be computed. 


8-8 Interference—many slits. An extremely useful optical device 
known as a grating consists, in one of its forms, of a large number of equi¬ 
distant narrow slits side by side. Light waves spreading out from the 
slits interfere with one another in the same way as the waves from the 
two slits in Young’s experiment. The first gratings were constructed by 
Joseph Fraunhofer in 1821, and consisted of a number of fine wires 
stretched across a frame, with spaces of a few hundredths or tenths of a 
millimeter between the wires. Gratings are now made by ruling equi¬ 
distant lines with a diamond cutting tool on a glass or metal surface, the 
latter type being used in reflection rather than transmission. The spacing 
of the lines is of the order of a few ten-thousandths of an inch, and there 
may be as many as 50,000 lines in a grating. 

The theory and applications of the grating are discussed more fully in 
the next chapter. At this point we shall give only an elementary analysis, 
using the same method as that in the preceding section. In Fig. 8-12, a 
slit S\ is illuminated from the left by monochromatic light. Since we wish 
to have wavelets start out in phase from all of the slits in the grating, a 
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Collimating lens 



Screen 


Grating 


Fio. 8-12. 


Interference between light waves passing through a large number of slits 

Principle of the grating. 


collimating lens is inserted between slit and grating, with the slit in its 
first focal plane. The wave fronts emerging from the lens are then planes 

at right angles to the axis of the system. . Q 10 a 

One might place a screen at the right of the grating in Fig. 8-12 and 
observe an interference pattern as in Fig. 8-11. In practice, however, the 
grating is almost always followed by a second lens as in Fig. 8-12, with a 
screen or photographic film in its second focal plane. Since a lens brings 
parallel rays to a focus in its second focal plane, the lens forms on the 
screen a reduced image of the pattern that would appear on a screen at 

The wavelets diverging from the slits in the grating start out in phase, 
but travel along different paths in reaching the point P. Let us consider 
those portions of the wavelets that leave the grating in an arbitrary direc¬ 
tion making an angle 0 with the axis of the system. Construct the line 
af at right angles to this direction. We have shown in Sec. 3-1 that the 
number of waves is the same in all rays from a plane through af to the 
image point P. Hence the relative phases of the wavelets remain un¬ 
changed after they pass through this plane, and it suffices to consider only 
their relative phases at a,j, h, g, and/, where the rays from the slits inter¬ 
sect the line af. It is evident from the diagram that the distance bj equals 
d sin 0, ch equals 2d sin 0, and so on. If the angle 0 has such a value that 
bj equals just one wave length, then ch equals two wave lengths, and so 
on. At this particular angle the phase differences between the wavelets 
reaching P are 2 tt, 4tt, etc., so that the amplitudes all add and the screen 
is bright along a line through P, parallel to the slits. That is, P lies on a 

bright line if 

• f) X 2X 3\ e ^ c 
8 .nfl = - • ~T ' -J ’ 
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Notice that these angles are exactly the same as those at which bright 
lines appear in the interference pattern of two slits. In what way, then, 
does the interference pattern of a large number of slits differ from that of 
two slits? The difference lies not in the 'positions of the maxima, but in 
the distribution of light on the screen between the maxima. The simple 
theory given above does not enable one to calculate this distribution, but 
we shall show in Sec. 9-3 that as the number of slits is increased the max¬ 
ima become much brighter and much narrower. With only two slits, the 
brightness decreases gradually from that at a maximum to zero at a mini¬ 
mum, while with many slits it falls practically to zero at an extremely 
small angle away from a maximum and remains very nearly zero until the 
next maximum is reached. The increased sharpness of the line enables the 
angle 6 to be determined with much greater precision and hence makes 
possible a more accurate measurement of wave length. The nature of the 
interference patterns of two, three, four, and five slits is shown in Fig. 9-2. 
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Problems—Chapter 8 

(1) (a) Find the thickness of a soap film (n = 1.33) for a strong first-order re¬ 
flection of yellow light, X = 600 mu (in vacuum). Assume normal incidence, 
(b) What is the wave length of the light in the film? 

(2) Will an exceedingly thin air film between two glass plates appear bright or 
dark by reflected light? Why? 

(3) A glass plate 0.40 micron thick is illuminated by a beam of white light nor¬ 
mal to the plate. The index of refraction of the glass is 1.50. What wave lengths 
within the limits of the visible spectrum (X = 40 X 10 -4 cm to X = 70 X 10 -4 cm) 
will be intensified in the reflected beam? 

(4) A continuous spectrum is projected normally on a glass plate coated with a 
uniform film of lacquer. As seen by reflection, the spectrum appears to have dark 
bands centered at 600 m/x and 428.6 m/x. The index of refraction of the glass is 
1.600 and that of the lacquer is 1.500. Find the thickness of the lacquer film. 

(5) Two rectangular pieces of plane glass are laid one upon the other on a table. 
A thin strip of paper is placed between them at one edge so that a very thin wedge 
of air is formed. The plates are illuminated by a beam of sodium light at normal 
incidence. Bright and dark interference bands are formed, there being ten of each 
per centimeter length of wedge measured normal to the edges in contact. Find the 
angle of the wedge. 

(6) Monochromatic light is incident normally on a thin wedge-shaped film of 
transparent plastic of refractive index 1.40. The angle of the wedge is 10" 4 radian. 
Interference fringes are observed, with a separation of 0.25 cm between adjacent 
bright fringes. Compute the wave length (in air) of the incident light. 

(7) A wedge-shaped vertical soap film (index 4/3), 2.75 cm X 2.75 cm. is 
illuminated normally by red light of wave length 600 m/x (in vacuum). The upper 
edge of the film is observed to be black when viewed by reflected light. Six hori¬ 
zontal bright bands appear to traverse the film, the center of the sixth bright band 
coinciding with the bottom of the film. Find the angle of the wedge. 

(8) The radius of curvature of the convex surface of a plano-convex lens is 30 
cm. The lens is placed convex side down on a plane glass plate, and illuminated 
from above with red light of wave length 650 m/x. Find the diameter of the third 
bright ring in the interference pattern. 

(9) Newton’s rings are observed when a plano-convex lens is placed convex 
side down on a plane glass surface and the system is illuminated from above by 
monochromatic light. The radius of the first bright ring is 1 nun. (a) If the 
radius of the convex surface is 4 m, what is the wave length of the light used? 
(b) If the space between the lens and the flat glass surface is filled with water, 
what is the radius of the first bright ring? 

(10) (a) Measure the rings in Fig. 8-6 and determine the radius of curvature 
of the convex surface. Assume a wave length of 600 m/x. (b) If the space be¬ 
tween the surfaces in Fig. 8-6 were filled with water, what would be the diameter 
of the first dark ring? (c) Assuming the surface of the telescope objective and the 
test glass to be in contact at the dark spot at the center of Fig. 8-7, by how many 
wave lengths are they separated at the left edge of the lens? 
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(11) The radius of curvature of the 
convex surface of a plano-convex lens is 
200 cm. The lens is placed convex side 
down on the concave surface of a plano¬ 
concave lens as shown in Fig. 8-13. The 
radius of curvature of the concave sur¬ 
face is 400 cm. The lenses are illuminated from above with red light of wave 
length 625 m#x. Find the diameter of the third bright nng in the interference 

pattern seen by reflected light. 

(12) The surfaces of a prism of index 1.52 are to be made “nonreflectin^ by 
coating them with a thin layer of transparent material of index 1.30. The thick¬ 
ness of the layer is such that at a wave length of 550 m/x (in vacuum) .light reflected 
from the first surface is 180° out of phase with that reflected from the second sur¬ 
face (a) Find the thickness of the layer, (b) What is the phase difference for 
violet light of wave length 400 m M ? For red light of wave length 700 m/x? As¬ 
sume normal incidence. 

(13) A Michelson interferometer has mirrors (B and D in Fig. 8-10) which are 
4 cm X 4 cm. An observer sees 20 vertical fringes across mirror B when the sys¬ 
tem is illuminated by sodium light of wave length 589 m/x. Find the angle between 

mirrors B and D. 


(14) Find the distance between the silver layers in a Lippmann color photo¬ 
graph if formed by light of wave length 500 m/x (in vacuum). Take 1.53 as the 

index of the gelatine film. 

(15) Let the distance d between the slits in Fig. 8-11 be 0.1 mm and the per¬ 
pendicular distance to the screen be 50 cm. Compute the distance on the screen 
between the central maximum and the first maximum at either side, for violet 
light, X = 400 m/x, and red light, X = 700 m^. 
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9-1 Diffraction. According to geometrical optics, if an opaque object 
is placed between a point light source and a screen as in Fig. 9-1, the edges 
of the object will cast a sharp shadow on the screen (the penumbra will be 
negligible if the source is sufficiently small). No light will reach the screen 
at points within the geometrical shadow, while outside the shadow the 
screen will be uniformly illuminated. The photograph reproduced in Fig. 


Point 

source 


9-8 was made by placing a razor ^ 

blade halfway between a pinhole creen | 

illuminated by monochromatic light p 0 inf 1: 

and a photographic film, so that the ^ uu ^ c ^_ _ T \ y 

film made a record of the shadow 

cast by the blade. Fig. 9-7 is an Straight 

enlargement of a region near the * e 

shadow of an edge of the blade. A . . 

11 ^ r “hent” Fig. 9-1. Geometrical shadow of a 

small amount of light has Deni straightedge. 

around the edge, into the geometri- 

cal shadow, which is bordered by alternate bright and dark bands. In 
the first bright band, just outside the geometrical shadow, the illumina¬ 
tion is actually greater than in the region of uniform illumination at the 


Straight 

edge 


Geometrical 
' shadow 


Fig. 9-1. Geometrical shadow of a 
straight edge. 


extreme left. 

This simple experiment serves to give some idea of the true complexity 
of what is often considered the most elementary of optical phenomena, the 

shadow cast by a small source of light. 

The reason that a pattern like that of Fig. 9-8 is not commonly ob¬ 
served in the shadow of an object is merely that most light sources are not 
point sources. If a shadow of a razor blade is cast by a frosted bulb in¬ 
candescent lamp, for example, the light from every point of the surface of 
the lamp forms its own pattern of bright and dark lines, but these overlap 
to such an extent that no individual pattern can be observed. 

The term diffraction is applied to problems such as this, in which one 
is concerned with the resultant effect produced by a limited portion of a wave 
front. Since in most diffraction problems some light is found within the 
region of geometrical shadow, diffraction is sometimes defined as "the 
bending of light around an obstacle.” It should be emphasized, how¬ 
ever, that the process by which diffraction effects are produced is going on 
continuously in the propagation of every wave front. Only if a part of the 
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wave front is cut off by some obstacle are the effects commonly called 
“diffraction effects” observed. But since every optical instrument does 
in fact make use of only a limited portion of a wave front (a telescope, for 
example, utilizes only that portion of a wave front admitted by the ob¬ 
jective lens) it is evident that a clear comprehension of the nature of dif¬ 
fraction is essential for a complete understanding of practically all optical 
phenomena. 

The main features observed in diffraction effects can be predicted with 
the help of Huygens' principle, according to which every point of a wave 
front can be considered the source of a secondary wavelet which spreads 
out in all directions. The shape of the wave front at a later time is found 
by constructing the envelope of the secondary wavelets. As proposed by 
Huygens, this principle was a useful graphical method for finding the shape 
of the new wave front and not a great deal of physical reality was attached 
to the wavelets themselves. Later on, when the wave nature of light came 
to be more fully understood, it was realized that Huygens’ method had a 
deeper significance than was at first supposed. 

In Fig. 9-10, 0 represents a point source of electromagnetic waves. 
From the known laws of propagation of these waves we can find the energy 
reaching some other point P. An alternate method, however, is to break 
the problem up into two steps. We surround the point 0 with an arbi¬ 
trary closed surface S, and compute the amplitude and phase of the waves 
from 0 at every infinitesimal element of area dS of this surface. Each of 
these elements is then treated as a small source sending out secondary 
wave trains. The waves from all elements pass through the point P, and 
the disturbance at this point is found by combining these wave trains with 
proper amplitude and phase. The problem is therefore essentially one in 
interference, except that instead of dealing with two wave trains, we now 
have an infinite number of infinitesimal wave trains. 

The complete theory, which we cannot go into here, shows that the 
amplitude of the secondary wave train originating at any element is pro¬ 
portional to the area of that element and inversely proportional to the 
distance of the element from the source 0. (The “amplitude” can be 
taken as either that of the E-vector or the //-vector in the wave.) As each 
secondary wave advances, its amplitude decreases in inverse proportion to 
the distance traveled. Also, the amplitude of the secondary wave is a 
maximum in the direction radially outward from the source 0 and falls to 
zero in the opposite direction. This latter property of the secondary 
waves removes one of the difficulties with the simpler form of Huygens’ 
principle, namely, that if the wavelets spread out in all directions from 
each infinitesimal source they should combine to give a wave traveling 
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Fig. 9-3. Fraunhofer diffraction pattern of a single slit. 







<«•) 

I'm;. I. I'raunliofer •lillrai'tinii patterns of fom m'iim* '. "illi 

circular opening in front ..I the lens. In (a), tin- openm- >«. -■nail tliat tin- 
patterns at tin- rinlit are just resolvnl l.v l{a\ lei^li - critei mu. liiercaMi'K ,lu ‘ 




l U* I I 1*1 w I 


• I... 


till 4 . 


( tl... . I I I I f I 1 I I 1 I k * I t t • 




I till 





Dim: \( Tins 







DIFFRACT I OX 



/ 

/ 

/ 

» 

f 


Fig. 9-6. Shadow of a hall boai in«. 


DIFFRACTION 



Fic. 9-7. Shadow of a straight edge. 



Fig. 9-8. Shadow of a razor blade. 
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Fig. 9 - 9 . Shadows of needles of various sizes. 
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F.o. H ». Each element « of a closed * *** ” 0 ' “ 


-as£5s: :-~ 

™ r; 

mak e the problem H 

from the source 0, m F g. » CO “' d c le between 0 and P as in Fig. 
develops, however, that «««“*; obstructcd , the efIect at P 0 f 

pu^&dramch'mm^rearlll^w^th^thehelp o^Uie generalizedTorm^f Huygens' 

principle. 

o 2 Diffraction by a slit. We consider first the diffraction of light by 

9 c iit Tn the drawing of Fig. 9-11, a beam of parallel monochro- 

maticTight is incident from the left on an opaque plate in which there is a 
ma k • rtntnl slit According to the principles of geometrical optics, 
“"bet’ htrLme cro/section as the slit and a screen 
• thp rmth of the beam is illuminated uniformly over an area of the same 
ttd tpet the slit, as in part (a) of Fig. 9-11 Actually what one 
observes on the screen is the diffraction pattern shown in part (b). 
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a Geometrical srladow" of a slit b' Diffraction pattern of a slit. 
Tbc slit width has been greatly exits; unrated 
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beam spreads out vertically after passing through the slit, and the dif¬ 
fraction pattern consists of a central bright band, which may be much 
wider than the slit width, bordered by alternating dark bands and bright 
bands of decreasing intensity. A diffraction pattern of this nature can 
readily be observed by looking at a point source such as a distant street 
light through a narrow slit formed between two fingers in front of the eye. 
The retina of the eye then corresponds to the screen in Fig. 9-11. 

The width of the slit in Fig. 9-11 has been greatly exaggerated for 
clarity. To obtain a vertical spread having the proportions shown in the 
figure, the slit width would have to be of the order of 5 wave lengths of 
light. (See page 232.) There is also a small transverse spreading of the 
beam, which has been omitted in the diagram for simplicity. 

Fig. 9-3 is an enlargement of a photograph made by placing a photo¬ 
graphic film in the plane of the screen in a setup like that in Fig. 9-11. 

Let us now apply the extended form of Huygens’ principle, described 
in Sec. 9-1, to compute the distribution of light on the screen. The in¬ 
finitesimal elements of area dS (see Fig. 9-10) are obtained by subdividing 
the wave front passing through the slit into narrow strips, parallel to the 
long edges of the slit. A section through the slit is shown in Fig. 9-12 (a). 
The division of the wave front into narrow strips, which are seen end on, 
is indicated by the short lines across the wave front. From each of these 
strips, secondary wavelets spread out in all directions as shown. 

In Fig. 9-12 (b), a screen is placed at the right of the slit and P is one 
point on a line in the screen, the line being parallel to the long edges of the 
slit and perpendicular to the plane of the diagram. The light reaching a 
point on the line is calculated by applying the principle of superposition 
to all the wavelets arriving at the point, from all the elementary strips of 
the wave front. Because of the varying distances to the point, and the 
varying angles with the original direction of the light, the amplitudes and 
phases of the wavelets at the point will be different. 

The problem is greatly simplified when the screen is sufficiently dis¬ 
tant, or the slit sufficiently narrow, so that all rays from the slit to a point 
on the screen can be considered parallel, as in Fig. 9-12 (c). The former 
case, where the screen is relatively close to the slit (or the slit is relatively 
wide) is referred to as Fresnel diffraction, the latter as Fraunhofer dif¬ 
fraction. There is, of course, no difference in the nature of the diffraction 
process in the two cases, and Fresnel diffraction merges gradually into 
Fraunhofer diffraction as the screen is moved away from the slit, or as the 
slit width is decreased. 

Fraunhofer diffraction occurs also if a lens is placed just beyond the 
slit as in Fig. 9-12 (d), since the lens brings to a focus in its second focal 
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plane all light traveling in a specified 
direction. That is, the lens forms 
in its focal plane a reduced image of 
the pattern that would appear on an 
infinitely distant screen in the ab¬ 
sence of the lens. 

The photograph in Fig. 9-3 is a 
Fraunhofer diffraction pattern. 

When a narrow slit is placed in 
front of a lens as in Fig. 9-13, the 
image of a distant axial point source 
Pi is spread out into the diffraction 
pattern P 2 '. Point sources P\ and 
P 3 , not on the lens axis, are imaged 
as shown at P\ and P 3 '. If there 
are point sources all along the line 
PiP 3 , the images of these points 
merge to give a diffraction pattern 
like that in Fig. 9-3. The usual way 
of providing a line source is to place a 
slit along the line PjP 3 , illuminate 
this slit from the left, and then in 
effect move the slit to infinity by 
inserting between it and the lens in 
the diagram a second lens called a 
collimating lens, with the illuminated 
slit in its first focal plane. 

Because of its relative simplicity, 
we shall consider only Fraunhofer 
diffraction at this point. Fresnel 
diffraction is discussed in Sec. 9-8. 
Some of the important aspects of 
Fraunhofer diffraction by a slit can 
be deduced very easily. Consider 
the two infinitesimal strips in the 
wave front passing through a slit, 
one just below the upper edge of 
the slit and the other just below its 
center line, as in Fig. 9-14, and the 
wavelets from these strips that travel 
in a direction making an angle a 



Fig. 9-13. 


with the direction of the incident light. The two wave trams start out 
from the plane of the wave front in phase, but the upper one has to travel 
a greater distance than the lower before reaching the screen. This addi- 

tional distance, from Fig. 9-14, is 

^ sin a, 

where D is the slit width. We have shown in Sec. 3-1 that when parallel 
rays are imaged by a lens, there are the same number of waves in all rays 
from points in a plane at right angles to the rays, to the image. There- 



Fio. 9-14. Diffraction by a single slit. 
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fore the only phase difference between the waves arriving at P is that 
arising from the excess path length of the upper ray, 

D . 

2 sm «» 

For those points on the screen that lie on a line through 0, opposite 
the center of the slit, the angle a is zero and the path difference is zero. 
The wavelets from all strips on the transmitted wave front therefore reach 
points on this line in phase with one another, their amplitudes add, and 
the center of the diffraction pattern is bright. As we consider points 
farther and farther out from the center, the angle a increases and the path 
difference increases. When the path difference has become equal to one- 
half a wave length, the wavelets from the two strips in Fig. 9-14 reach the 
screen out of phase and complete destructive interference results. The 
path difference between the wavelets from the two strips next below those 
in Fig. 9-14 is also one-half wave length, so that these two wavelets cancel 
one another also. Proceeding in this way, it is seen that the light from 
each element in the upper half of the slit is cancelled by the light from the 
corresponding element in the lower half. Hence no light reaches the 
screen at points along a line, the direction to which lies at an angle a above 
or below the original direction of the light, provided that 
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or 


sin a 


X 

D‘ 


(9-1) 


Similar reasoning shows that the screen is again dark when 


2X 3X e x. 

sin a = 


The preceding simple analysis gives the angular positions of the lines 
of zero intensity in the diffraction pattern, but does not tell how the inten¬ 
sity varies from point to point. A more complete discussion follows. 

Let us as before subdivide the transmitted wave front into infinitesimal 
strips, all of equal width dx as in Fig. 9-15. At point P, the amplitude 
dE m of the electric vector in the wavelet spreading out from any one strip 
is proportional to the width of the strip, dx, and we shall write it as 

dE m = kdx, 


where k is a proportionality constant. Consider first the wavelet origi¬ 
nating at the central strip in the wave front. If / is the frequency of the 
wave, the instantaneous electric intensity dE at point P due to this wave¬ 
let can be written 

dE = dE„ sin 2 t rft = kdx sin 2irft. 


The wavelet originating at a strip at a height x above the center line 
travels a greater distance than the wavelet originating at the center, by an 
amount x sin o. Since the phase of the wave train increases by 2ir radians 
in a distance of one wave length, the phase difference <f> at point P, be¬ 
tween this wavelet and the wavelet from the central strip, is 

„ xsina 
<f> = 2tt —^- 


Hence the electric intensity at P due to this wavelet is 

dE = dE m sin (2irft - <t>) 

= kdx sin (2*/f - 2w • 

The resultant electric intensity at P due to the wavelets from all of the 
strips can now be found by integrating over the width of the slit. This 

gives 
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+ ? 


E 


= ^ dE = J A; sin ^2 irft — 2ir X 


dx. 


D 

2 


The integral is of the form 


J 


a sin (b — cx) dx, 


where a, b, and c are constants. The integration is straightforward and 
yields 


E = 


kD 


. / sin ot\ 
sm ) 


7 rD 


sm a. 


sin 27 rft. 


(9-2) 


Since E varies with sin 27 t ft, the phase of the resultant is the same as 
the phase of the central wavelet. We shall need to make use of this fact 
later. 

The term in brackets in Eq. (9-2) is the amplitude of the resultant 
oscillating electric field at point P. Let us represent this by E n . 



For brevity, we define a new quantity z by the equation 


sm a 

Z -* D x ■ 

(9-4) 

Then the amplitude at any point is 

E m — kD S ' n 2 ■ 

(9-5) 


z 


The amplitude is evidently not the same at all points, because although 
k and D do not change from point to point, the term (sin z/z) does, since 
z depends on the angle a through Eq. (9-4). The quantity of light inci¬ 
dent at any point on the screen is proportional to the square of the electric 
vector, so if one is interested only in the relative amounts of light reach¬ 
ing different points, it suffices to consider the relative magnitudes of the 
quantity 
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at different points, or at different 
angles a. 

Fig. 9-16 is a graph of (sin z/z )*, 
as a function of z and of sin a, shown 
above a drawing of the diffraction 
pattern to which it applies. At the 
center of the pattern, 

a = 0 , 

sin a = 0, 


z 



sin a 

X 



sin z = 0, 



-JA -A . ■■ _ Sln 

ODD D D D 


Fig 9-16. Graph of intensity distribu¬ 
tion in the Fraunhofer diffraction pattern 
of a narrow slit. 


and 



since sin z = z when z is very small. 

As we consider points farther out from the cen er, z a 
crease from zero, since sin a increases. However, z mcrease.at ajaste 
rate than sin z, so the magnitude of (sin «/.)• decreases from .ta value of_l 
at the center. It becomes equal to zero when z ir ra , 
angle sin z = 0 while z is finite. But 


sin a 

z = trD —■ 


so when z = ir, 


sin a = ^ 


That is, the more complete theory predicts the first mm,mum at exactly 

the same angle as the simple theory on page 229. 

Beyond the first minimum (sin z/z)* increases to a secondary max, 

mum and again becomes zero when z — 27T, or w en 
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again in agreement with the simple theory. The secondary maximum 
occurs nearly, though not exactly, halfway between the first and second 
minima, that is, when z = 37r/2. (See problem 4 on page 255.) At this 
angle, 



The intensity at the mid-line of the central band, where (sin z/z ) 2 = 1, 
is therefore over 20 times as great as that at the next adjacent maximum, 
and most of the light is concentrated in the central band. It is easy to 
show that other minima occur when 


3X 

sin a = 



with maxima of decreasing intensity approximately halfway between them. 
Thus the more complete theory predicts not merely the positions of the 
minima, or the dark lines in the diffraction pattern, but the positions of 
the maxima as well, and their relative intensities. 

The angle corresponding to the first minimum at either side of the 
center is called the half-angular breadth of the central band. The angular 
breadth of the entire central band is twice as great. The half-angular 
breadth is proportional to the wave length X and inversely proportional to 
the slit width D. It was stated earlier that in order to obtain a divergence 
of the diffracted beam like that shown in Fig. 9-11, the slit width should be 
about 5 wave lengths. We can now justify this statement. If the slit 
width D equals 5 wave lengths, the half-angular breadth of the central 
band is 

sin “ = 5 = k = °- 20 ’ 


a = 12° (very nearly), 


which is approximately the angular divergence shown in Fig. 9-11. Let 
y represent the half-linear width of the central band, and assume that the 
screen is 20 cm beyond the slit. The half-angle a is approximately 


a 


y 

s,n « = 20 " 


= 0.20 radian, 


and hence 


y = 20 X 0.20 = 4 cm. 
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The central band is therefore 8 cm wide, although the width of the slit 

is only 5 wave lengths of light. 

When the slit width is just one wave length, 

sin a = 1, cl = 90°, 

and the central band spreads out over an angle of 180°. 

9-3 The plane diffraction grating. The elementary theory of the dif¬ 
fraction grating was given in Sec. 8-8, where we referred to the device 
merely as a “grating.” We can now see that the grating combinesa prob¬ 
lem in diffraction with one in interference. That is, each 
ing gives rise to a diffracted beam in which the intensity distribution is a 
function of slit width, and these diffracted beams then interfere with one 

another to produce the final pattern. 




(a) “ ,6 > 

Fia. 9-17. The diffraction pattern of the alit is the same in (a) and (b). 

To begin with, let us point out one property of the Fraunhofer de¬ 
traction pattern of a slit that was not mentioned in Sec. 9-2. F ig. » U 
shows a single slit in front of a lens, with a screen in the second oral plane 
of the lens. Parallel monochromatic light is assumed inc.de.it from the 
left, and the center line of the slit lies on the lens axis. Two diffracted 
beams are indicated, one giving rise to the central maximum m the dif¬ 
fraction pattern, the other to the first minimum below the center. T 

central maximum lies on the lens axis. , 

In Fig. 9-17 (b), a slit of the same width as in part (a is located abo 

the lens axis. Neglecting lens aberrations, the intensity d.st ributmn. inthe 
diffraction pattern of this slit is exactly the same as in part (a and the pat¬ 
tern is centered at the same point on the screen that is, on theaxisof the 
lens, not on a line opposite the center of the slit. A moment s though 
will show that this must be the case, since nil rays parallel to the lens axis 

are imaged at its second focal point. 

Now suppose we have two slits as in Fig. 9-18, each of width D a 

with a center-to-center spacing d. This is the arrangement used by 
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d sin 0 



Fig. 9-18. Interference between the light beams diffracted by two slits. 

Young in studying interference effects. The present discussion is a more 
complete theory of Young’s experiment, and it will give us not merely the 
positions of the maxima and minima in the interference pattern, but the 
intensity distribution as well. From the discus: ion in the preceding 
paragraph, it follows that either slit alone would give rise to diffraction 
patterns of equal intensity and in the same position on the screen. The 
intensity distribution in these patterns is shown by the heavy solid and 
dotted lines at the right of Fig. 9-18. Actually, of course, the graphs 
should coincide. The question now is, what will be the nature of the 
diffraction pattern due to the two slits? It would appear at first that 
with two slits the pattern on the screen would merely be twice as bright 
as with one slit. What is actually observed is shown in the photograph 
in Fig. 9-2 (b). In Fig. 9-2 (a) one sees the diffraction pattern of a single 
slit. In Fig. 9-2 (b), where the screen receives light from two slits, a 
number of much sharper lines appear, with the distances between their 
minima less than that between the minima in the diffraction pattern. 

Although the diffraction patterns of the individual slits are identical 
as far as their intensity and position are concerned, this is not true of the 
phases of the waves in the light from the two slits (except at the mid-point 
of the pattern). The mathematical analysis in Sec. 9-2 shows that the 
phase of the resultant electric vector in a diffracted beam, at any point on 
the screen, is the same as the phase of the central ray in the beam. By 
symmetry, the phase of the electric vector in the wave from the upper slit, 
at point O in Fig. 9-18, is the same as the phase of the electric vector in 
the wave from the lower slit. The amplitudes of the waves are equal, so 
the resultant at O has twice the amplitude, and four times the intensity, 
of the wave from a single slit. 

At a point such as P, while the resultant amplitudes of the waves from 
the two slits are equal (although different from the amplitude at O ) the 
phases of the waves are not the same. The central ray from the upper 
slit travels a greater distance than that from the lower slit, by an amount 
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d sin 0 (see Fig. 9-18). Since there 
is a phase change of 2 tt radians in 
each wave length, the phase differ¬ 
ence at P between the two waves is 


E„ £ 




„ d sin 0 
2 * — 


(9-6) 


Fio. 9-19. 


Let E m represent the amplitude at P of the wave from either slit. (See 
Ea (9-3) ) The problem of computing the amplitude of the resultant of 
the two waves is the same as that of finding the resultant of two currents 
or voltages of equal amplitude, differing in phase by an angle <*>. t rom 
Fig. 9-19, which may be considered a rotating vector diagram, the resultant 

E is seen to be 


(b 

E = 2 E m cos - 


The intensity at any point is proportional to E 2 , or to 

E m 2 X 4 X cos 2 |- 


(9-7) 


Thus the resultant amplitude varies from point to point for two reasons, 
first because E m varies from point to point according to Eq. (9-3), and 
second because 0 varies as given by Eq. (9-6). Notice that at any spec- 
fied point P the angles a and 6 are equal. It seems preferable to use 
different symbols for them, the former when we are considering the light 
diffracted by a single slit, the latter when considering the interference 

between the light from two (or more) slits. 

Part (a) of Fig 9-20 is a graph of the intensity distribution in the light 
diffracted by a single slit of width D. It is the same as the right s.de of 
Fig 9-10, except that the horizontal scale has been expanded to cover 
only slightly more than the half-angular width of the central band. The 
ordinate of the curve is proportional to E m 2 , and for the purposes of this 
discussion let us assume it is equal to E m *. 

The solid line in Fig. 9-20 (b) is a graph of cos 2 The abscissa can be 

considered either as the phase difference <t>, or as sin 6, since by Eq. (9-6) 
the two are proportional. 








. 




r 


• .\ “-j 


\/d 


2\/d 


3\/d 


A\/d sin 0 


Fig. 9-20. Diffraction and interference patterns of 1, 2, 3, and 4 slits. Compare with 

the photographs in Fig. 9-2. 


The resultant intensity at any point (Eq. (9-7)) is obtained by multi¬ 
plying the ordinate of the curve in part (a), (i.e., E «,*), by 4 times the 

ordinate of the solid curve in part (b) ^i.e., cos* ^ This product is 

shown by the heavier dotted curve in part (b), except that the factor 4 
has been omitted to keep the diagram of reasonable height. 

The maxima in the interference pattern occur when the phase dif¬ 
ference <f> is 

<f> = 0, 2ir, 4i r, etc., 

or, from Eq. (9-6), when 
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sinfl = (m = 0, 1, 2, 3, etc.) (9-8) 

a 

These angles are in agreement with those calculated from the simple 
theory in Sec. 8-8. 

The diagram has been drawn to scale for a distance d between the slits 
equal to 4 times the slit width D. The first minimum in the diffraction 
pattern (curve (a)) occurs at an angle 

X 

sm « = £ * . 

Since d = 4D, four interference fringes are included in one half-width 
of the diffraction band. That is, the interference fringes form a much 
finer pattern, superposed on the relatively broad diffraction bands as 

shown in the photograph of Fig. 9-2 (b). . r . nonM 

Now suppose we have three slits instead of two, as in Fig. 9-20 (c). 
We shall omit details, but the problem is essentially the same as with two 
slits. It is necessary to find the resultant of three vectors of equal ampli¬ 
tude, differing in phase by an angle <f>. The resultant intensity is 

E 1 = ES (1 + 2 cos <*>)’, 

of which the heavier dotted line in Fig. 9-20 (c) is a graph. The maxi¬ 
mum value of (1 + 2 cos 0) 2 is 9, and the vertical scale of the figure 
should be increased by this factor. It will be seen that although the 
maxima occur at the same angles with three slits as with two, they are 
much more intense and much narrower. Also, small subsidiary maxima 
appear between them, as shown in the photograph in Fig. 9-2 (c). 

Fig. 9-20 (d) shows the nature of the pattern when four slits are used. 
The vertical scale should be increased by a factor of 16. The maxima are 
still brighter and narrower, and the subsidiary maxima are even smaller. 
Fig. 9-2 (d) is a photograph of the interference pattern of four slits. 

The extension to a very large number of slits, such as one finds in an 
actual grating, should be evident. The maxima become very sharp in¬ 
deed and the subsidiary maxima are of negligible intensity 

In practice, the parallel beam incident on the grating is usually pro¬ 
duced by a collimating lens, in the first focal plane of which is a narrow 
illuminated slit. Each of the maxima is then a sharp image of the slit, of 
the same color as that of the light illuminating the slit, assumed thus far 
to be monochromatic. If the slit is illuminated by light consisting of a 
mixture of wave lengths, every wave length gives rise to a set of slit images 
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deviated by the appropriate angles. If the slit is illuminated with white 
light, a continuous group of images is formed side by side or, in other 
words, the white light is dispersed into continuous spectra. In contrast 
with the single spectrum produced by a prism, a grating forms a number 
of spectra on either side of the normal. Those which correspond to 
m — 1 in Eq. (9-8) are called first order, those which correspond to m = 2 
are called second order, and so on. Since for m — 0 the deviation is zero, 
all colors combine to produce a white image of the slit in the direction of 
the incident beam. 

In order that an appreciable deviation of the light may be produced, 
it is necessary that the grating spacing shall be of the same order of magni¬ 
tude as the wave length of light. Gratings for use in or near the visible 
spectrum are ruled with from 10,000 to 30,000 lines per inch, and it is 
evident that the construction of such a grating is no simple task. Trans¬ 
mission gratings, of the type which we have been discussing, may be made 
by ruling fine lines on glass with a diamond point. The roughened spaces 
produced by the ruling point form the opaque regions of the grating. 
Reflection gratings are also in common use, made in the same way by ruling 
on a polished surface with a diamond point. The light reflected from the 
narrow rulings, or the spaces between them, interferes to produce maxima 
and minima in exactly the same way as the light transmitted by a trans¬ 
mission grating. 

Because of the many difficulties attendant upon their construction, 
there are, as a matter of fact, only a relatively small number of original 
ruled gratings in existence. For many purposes, replica gratings, whose 
manufacture has been brought to a high degree of perfection, are perfectly 
satisfactory. A thin layer of collodion solution is poured over the surface 
of a ruled grating and allowed to harden. The collodion film, when stripped 
from the grating, retains an impression of the rulings of the original grating, 
and is mounted between glass plates if a transmission grating is desired, or 
against a silvered surface to form a reflection grating. Evidently any 
number of replicas may be made from a single original. 

The diffraction grating is widely used in spectroscopy instead of a prism 
as a means of dispersing a light beam into spectra. If the grating spacing 
is known, then from a measurement of the angle of deviation of any wave 
length, the value of this wave length may be computed. In the case of a 
prism this is not so; the angles of deviation are not related in any simple 
way to the wave lengths but depend on the characteristics of the material 
of which the prism is constructed. Since the index of refraction of optical 
glass varies more rapidly at the violet than at the red end of the spectrum, 
the spectrum formed by a prism is always spread out much more in pro- 


9-3] 


THE PLANE DIFFRACTION GRATING 


239 



Fig. 9-21. A prism forms an irrational spectrum; a grating, a rational spectrum. 


portion at the violet end than it is at the red. The spectrum formed by 
a prism is said to be irrational, while that formed by a grating is called 
rational. The effect is illustrated in Fig. 9-21, in which an irrational prism 
spectrum is compared with a rational grating spectrum having the same 
dispersion. Notice also that while a prism deviates red light the least and 
violet the most, the reverse is true of a grating, since in the latter case the 
deviation increases with increasing wave length. 


Examples. (1) The limits of the visible spectrum are approximately 400 to 
700 m/x. Find the angular breadth of the first order visible spectrum produced by 
a plane grating having 15,000 lines per inch, when light is incident normally on the 

grating. 

The grating spacing, d, in centimeters, is 

d = 2.54/15,000 = 1.69 X 10" 4 cm. 


The angular deviation of the violet is 

. 4 X 10-* 

Sin 6 1.69 X IQ' 4 


C.237, 


0 = 13° 40'. 


The angular deviation of the red is 

7 X 10-* 


sin 0 


= 0.415, 


1.69 X 10' 4 
0 = 24° 30'. 

Hence the first order visible spectrum includes an angle of 

10° 50'. 

(2) Show that the violet of the third order visible spectrum overlaps the red of 
the second order. 

The angular deviation of the third order violet is 

sin 0 = 3 X 4 X 10 ~*/d 


and of the second order red it is 

sin 0 = 2 X 7 X 10 -*/d. 
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Since the first angle is smaller than the second, whatever the grating spacing, 
the third order will always overlap the second. 

(3) What is the maximum slit width D, if the complete second order spectrum 
is to be formed? 

For practical purposes, all of the light diffracted by a single slit can be con¬ 
sidered to lie in the central diffraction band. The half-angular breadth of this 
band must then be at least as great as the maximum angle of deviation of the 
second order spectrum, and actually it must be somewhat greater, since the in¬ 
tensity falls to zero at the edge of the diffraction band. The maximum angle 0 in 
the second order spectrum is given by 

8i “ 9 - 2 x ry^ - °- 830 ' 

e = 56°. 

The half-angle a of the central diffraction band is 

X 

~ • 

D 


sin a = — 


Hence, setting a = 6, we obtain 

.830 = 7 -^. 
D = 0.85 X 10- 

This is just hnlf the distance between slits. 


cm 


9-4 The concave grating. The plane grating requires the use of two 
lenses, the first to render parallel the light incident on the grating, and the 
second to bring the diffracted rays to a focus. These lenses add to the 
complexity of a spectrograph and, furthermore, if investigations are to be 
made in the ultraviolet, the lenses may have to be made of some material 
other than glass, since ordinary optical glass is not transparent much out¬ 
side the visible spectrum. Both lenses may be dispensed with in the con¬ 
cave reflection grating, first developed by J. H. Rowland. 

A concave grating is ruled on a polished concave spherical surface, the 
rulings being the intersections with the surface of equidistant planes parallel 
to the principal axis of the surface. The surface acts at the same time as 
a grating and as a concave mirror. 

Let GG, Fig. 9-22, be the intersection with the plane of the figure of 
the concave spherical surface of the grating. The grating rulings are per¬ 
pendicular to the plane of the paper. Let C be the center of curvature of 
the grating surface, R its radius of curvature, and CSVI a circle of diameter 
equal to R, tangent to the grating at its vertex V. If a light source or 
slit S is placed at any point on the circumference of CSVI, the spectra 
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produced by the grating will be imaged at other points such as I along the 
circumference of this same circle. 

In the large gratings in the spectroscopy laboratory at M. I. T., the 
light source is mounted at C, and plates for photographing the spectra 
may be placed along the circumference of the circle CSVI. 

9-5 Diffraction of x-rays by a crystal. Although x-rays were dis¬ 
covered by Roentgen in 1895, it was not until 1913 that x-ray wave lengths 
were measured with any degree of precision. Experiments had indicated 
that these wave lengths might be of the order of 10 8 cm, which is about 
the same as the interatomic spacing in a solid. It occurred to Laue in 
1913 that if the atoms in a crystal were arranged in a regular way, a crystal 
might serve as a three-dimensional diffraction grating for x-rays. The 
experiment was performed by Friederich and Knipping and it succeeded, 
thus verifying in a single stroke both the hypothesis that x-rays were waves 
(or at any rate wavelike in some of their properties) and that the atoms 
in a crystal were arranged in a regular manner. Since that time, the 
phenomenon of x-ray diffraction by a crystal has proved an invaluable 
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tool of the physicist, both as a method of measuring x-ray wave lengths 
and of studying the structure of crystals. 

Fig. 9-23 is a diagram of a simple type of crystal, that of sodium chlo¬ 
ride (NaCl). The black circles represent the sodium, and the open circles 
the chlorine atoms. Fig. 9-24 is a diagram of a section through the crystal. 
Planes such as those parallel to aa, 66, cc, etc., can be constructed through 
the crystal in such a way that they pass through relatively large numbers 
of atoms. These sets of equidistant planes correspond to the lines in a 
plane grating. 



Fig. 9-23. Model of arrangement of 
atoms in a crystal of NaCl. Black circles, 
Na; open circles, Cl. 


A simple way of interpreting the 
phenomenon of x-ray diffraction by 
a crystal was suggested by W. L. 
Bragg. When a beam of x-rays is 
incident on a crystal, a small part of 
the beam is, in effect, reflected from 
each of the crystal planes such as 
those in Fig. 9-24, with the angle of 
reflection equal to the angle of inci¬ 
dence. This reflection is brought 
about by the process of scattering 
Fundamentally, the phenomenon is 
the same as that responsible for the 
scattering of light by a gas. The 
only difference is that the molecules 
of a gas are arranged at random, 


while those in a crystal have a fixed, regular spacing. As the incident 


beam passes through the crystal, the electrons in the atoms of the crystal 



Fig. 9-24. Crystal pianos such as aa, bb, cc, serve as a three-dimensional diffraction 

grating for x-rays. 
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Fig. 9-25. Strong reflection of x-rays from a crystal results when sin 6 = m • 


are set into vibration and become sources of secondary scattered waves. 
The phase relations of the scattered waves are such that they combine to 
give a relatively intense wave train in that particular direction in which 
the incident wave would be reflected if each crystal plane were a mirror. 
Only a very small part of the energy of the incident wave is, however, 
reflected at each plane. 

Let the horizontal lines in Fig. 9-25 represent any two crystal planes. 
The line oab is one of a bundle of parallel rays incident on the crystal. 
The angle 6 between the ray and the crystal planes is called the glancing 
angle. A small part of the incident energy is reflected at a, another small 
part at 6, and so on. If the glancing angle has the correct value, the wave 
trains reflected from all the planes parallel to those shown will be in phase 
and will combine to give a strong reflection at the angle 6. 

To find this angle, construct be from b at right angles to the crystal 
planes. Through c draw cd at right angles to the incident ray, and fee at 
right angles to the reflected rays 1 and 2. Remembering that each ray 
represents a train of waves at right angles to the ray, it will be seen that 
if the waves corresponding to rays 1 and 2 are in phase at points / and e, 
we have the proper conditions for reenforcement. By construction, 
af = ad, so ray 2 has to travel a distance db + be, or 2db, farther than 
ray 1. For reenforcement, this distance must equal some integral number 
of wave lengths, say ra\. If d represents the grating spacing, the distance 
2db = 2d sin 0. Hence for strong reflection, 



(9-9) 
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This relation is known as Bragg’s 
law. The angle 6 can be determined 
by observation of the reflected beam, 
and hence X can be computed if d is 
known or vice versa. 

Fig. 9-26 is a photograph made 
by directing a narrow beam of x-rays 
at a thin section of a crystal of quartz 
and allowing the diffracted beams to 
strike a photographic plate. Each 
spot corresponds to the reflection 
from a particular set of crystal 
planes 

9-6 Fraunhofer diffraction by a 
circular aperture. Diffraction by a 
circular aperture is more common 
than is diffraction by a slit, since 
most lenses, as well as the pupil of the eye, are of circular cross section. The 
method of analysis is the same as that for a slit, described in Sec. 9-2, with 
the exception that the wave front transmitted by the aperture is sub¬ 
divided into narrow annular zones instead of strips. The mathematics, 
however, is considerably more complicated and will not be given. The 
problem was first solved by Airy in 1834. The diffraction pattern con¬ 
sists of a bright central disk, bordered by alternate dark and bright rings. 
The intensity is greatest at the center of the disk, and decreases to a first 
minimum of zero at a half-angle a given by 



Fig. 9-26. Laue diffraction pattern 
formed by directing a beam of x-rays at a 
thin section of quartz crystal. 

(Courtesy of Dr. B. E. Warren) 


sin a 


1.22X _ 0.61 X 
D R ’ 


(9-10) 


where D is the diameter of the aperture and R is its radius. Notice that 
except for the factor 1.22 this equation has precisely the same form as that 
for the half-angular breadth of the diffraction pattern of a slit. Approx¬ 
imately 85% of the energy transmitted by the aperture is found within the 
central disk. 

When a lens is placed just beyond the aperture, it functions in pre¬ 
cisely the same way as in Fig. 9-12 (d), which will serve equally well as a 
diagram for this case. The pattern formed in the second focal plane of 
the lens is geometrically similar to that which would appear on a distant 
screen, but i.s reduced in scale. Figs. 9-4 (a) and (b) are photographs of 
the Fraunhofer diffraction patterns of a number of point sources, formed 
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by placing a lens just beyond a small circular opening with a photographic 
film in the second focal plane of the lens. We see that a geometrical 
point object, even in the absence of all lens aberrations, is imaged not as 
a geometrical point but as a disk surrounded by dark and bright rings. 
The half-angle of the central disk, from Eq. (9-10), is inversely propor¬ 
tional to the radius of the aperture in front of the lens, so that the smaller 
this aperture, the larger the diffraction pattern 

9-7 Fresnel zones. When the distance from an aperture to a screen 
is very large, or when the aperture is very small, rays from all points of 
the aperture to any point on the screen can be considered parallel and the 
problem is classified as one in Fraunhofer diffraction. When the distance 
to the screen is so small, or the aperture so large, that the rays cannot be 
considered parallel, we speak of the problem as one in Fresnel diffraction. 
An exact mathematical analysis of this case is very complicated, but by 
means of an approximation suggested by Fresnel a semiquantitative treat¬ 
ment can be worked out which explains the main features of the diffraction 
pattern and which uses only elementary mathematics. Essentially, the 
Fresnel approximation consists of dividing the wave surface into small but 
finite zones, and working with these instead of the infinitesimal zones of 
the more exact theory. 

In Fig. 9-27 (a), light of wave length X originates at a distant point 
source at the left of the diagram and falls on a screen. The wave fronts, 
one of which is shown at A A', may be considered planes. Point P is any 
point on the screen, and R is the perpendicular distance from P to the 
wave front. With P as center, and radii 

+ « + 2|, R + 3 ^.etc., 

construct spheres which intersect the wave front A A' as circles. These 
circles intersect the plane of the diagram at a and a', b and b ', c and c', 
and so on. This construction divides the wave surface into a number of 
regions called half-period elements or Fresnel zones, so situated that the 
distance to the point P increases by one-half a wave length as one passes 
from the inner to the outer boundary of each zone. A front view of the 
Fresnel zones is shown in Fig. 9-27 (b). The inner zone is a circle and the 
outer zones are concentric annular rings. 

The radii of the zones may be computed as follows. In the right 
triangle POa, we have 

r.* + R’ = (ft + I)’ = R' + R\ + Qy, 
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Fig. 9-27. Fresnel zones on a plane wave front A A'. 


r * s - « x +®’■ 

If R is sufficiently large in comparison with X we may neglect the term 
6)’ and 

r, 2 = R\, n = vGftX. (9-11) 

As an example, if R = 50 cm and X = 500 m/x = 5 X 10 -s cm, then 

r, = \/50 X 5 X 10~ 5 
= 0.05 cm 
= 0.5 mm. 

The radii of successive outer zones, say r 2 , r 3 , etc., are found by the 
same method to be 

r ? = V2R\ = V2 r 1( 
r 3 = V3 R\ — y/3 r lt etc. 


The radii are therefore in the ratio Vl, y/2, V3, and so on. 
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Note carefully that the radii of the Fresnel zones on a wave surface are 
not of any fixed size, but their magnitude depends both on the wave length 
of the light and on the distance from the wave surface to the point P. 
The longer the wave length, or the more distant the point, the larger are 
the zones. 

Let us next find the phase relation between the wave trains reaching P 
from the various zones. Consider an instant at which the phase at P of 
the wave from the center of the first zone is zero. At this instant, the 
phase at P of the wave from the outer edge of the first zone will be ir, 
since the edge is farther away by one-half a wave length and the waves 
start from AA' in phase. Accordingly, the “mean” phase of the entire 
wave train from the first zone, at this instant, may be taken as 7r/2. At 
this same instant, the phases at P of the waves from the inner and outer 
edges of the second zone are 7 r and 27 t respectively, so that the mean phase 
of the wave train from this zone is 37r/2. The mean phases of the wave 
trains from successive outer zones are 5tt/2, 77 t/2 , and so on. Evidently, 
then, the phase difference between the wave trains from successive zones 
is 7T, or in other words, the wave trains are alternately out of phase and 
in phase with that from the central zone. 

The amplitude of the wave from each zone is proportional to the area 
of_the zone. We have shown that the radii of the zones are r x , v'2 r lt 
V3 ri, etc. The area of the central zone is Trr x 2 . The area of the second 
zone is 27rri 2 — nrP = Trr x 2 . That of the third is 37rr t 2 — 27rri 2 = 7 rr, 2 , etc. 
Hence the areas of all zones are equal, and the amplitudes of all of the 
wave trains are equal at their points of origin. 

Call E x , Ei, Ei, . . . E n , the amplitudes at the point P of the electric 
vectors in the wave trains reaching P from the first, second, third . . . 
and nth zones. The distance each wave train must travel before reaching 
P is smallest for the central zone and increases slightly for successive outer 
zones. Furthermore, the angle which the direction of P makes with the 
forward direction of the wave also increases gradually for successive zones. 
For both of these reasons, the amplitude at P of the wave train from any 
one zone is slightly smaller than that of the wave from the zone just inside 
it. That is, E t is slightly smaller than E\, E 3 is slightly smaller than E 2 , 
and so on. 

The resultant amplitude E at P, by the principle of superposition, is 

E = Ex - Ei + Ei - • • • , (9-12) 

where the alternate plus and minus signs occur because the waves are 
alternately out of and in phase. 
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Since the amplitudes decrease slowly and regularly, the amplitude of 
the wave from any zone may be placed equal to the mean value of the 
amplitudes of the waves from the zones immediately preceding and follow¬ 
ing it. Thus one may write 



Ei Ei „ 
- 


E * + E \ etc. 
2 


(9-13) 


Eq. (9-12) may be put in the following form 



From Eq. (9-13), each term in parentheses is zero. Then if E n is the 
amplitude of the wave from the last zone and E n - 1 that of the wave from 
the next to the last zone, the series reduces to 

E- f + (9-M) 

if n is odd, and to 

E = f + %■' - E - (9_15) 


if n is even. 

If the entire wave front is unobstructed, the number of terms in the 
series is infinite. Since the terms decrease regularly both E n - 1 and E n are 
zero, and 



The amplitude at P due to an unobstructed wave of infinite extent is 
therefore only one-half of that which would he -produced by the first Fresnel 
zone alone. 


9-8 Fresnel diffraction by a circular aperture. Fig. 9-28 represents an 
opaque plate in which there is a circular aperture, with a screen S rela¬ 
tively close to the aperture so that we have Fresnel diffraction. Parallel 
monochromatic light is incident on the aperture from the left. Consider 
first the quantity of light reaching point P, at the center of the geometrical 
shadow, as the diameter of the aperture is varied. 

Suppose the diameter is such as to expose only the first, central Fresnel 
zone. Let E\ represent the amplitude at P of the electric vector in the 
wave train from this element. If the entire wave front were exposed, the 
amplitude at P, as we have shown, would be only E x /2. Hence when all 
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Fig. 9-28. Fresnel diffraction by a circular aperture. 


of the wave front except the first Fresnel zone is obstructed by an opaque 
plate, the amplitude at P is twice as great, and the amount of light four 
times as great, as if the wave were unobstructed. 

Now let the diameter of the aperture be increased until it includes the 
first two Fresnel zones. The amplitude at P is then E\ — E j, which, 
since E x and E 2 are nearly equal, is practically zero. Increasing the size 
of the aperture therefore decreases the light reaching point P, and it is 
possible for a Fresnel diffraction pattern to have a dark center, in contrast 
to a Fraunhofer diffraction pattern where the center is always bright. 

If the aperture is still further enlarged so as to expose the first three 


E E 

Fresnel zones, as in Fig. 9-28, the amplitude is — 1 + which again is 

large. It will be seen that, in general, if the opening includes an odd 
number of zones the center of the geometrical shadow will be bright, while 
if the number of zones is even the center will be dark. 

The photographs in Fig. 9-5 were made by drilling a number of holes, 
ranging in diameter from 1 mm to 4 mm, in a brass plate, illuminating 
the plate from the left with parallel monochromatic light, and placing a 
photographic film at a distance of about a meter to the right of the plate, 
corresponding to the screen S in Fig. 9-28. Each hole in the plate then 
registers its own diffraction pattern on the film. The four holes at the 
top of the figure are so small as to expose less than the first Fresnel zone. 
In other words, these patterns are still in the region of Fraunhofer diffrac¬ 
tion. Notice that they all have bright centers. The second hole from 
the left, in the second row, is large enough to expose the first two Fresnel 
zones and the center of the pattern is dark. The last hole in this row 
exposes three zones and the center is again bright. 
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(a) S ( b) 

Fio. 9-29. For a point Pi not at the center of the geometrical shadow, the Fresnel 

zones are exposed nonsymmetrically. 


Do not confuse the bright and dark circles in these diffraction patterns 
with the imaginary Fresnel zones on the wave surface. The photographs 
in Fig. 9-5 represent the actual variations in the amount of light reach¬ 
ing different points on the film, or on the screen S in Fig. 9-28. The 
circles in part (b) of Fig. 9-28 are purely imaginary lines on the wave sur¬ 
face transmitted by the aperture, as they would appear if they were real 
and if one placed his eye at P and looked to the left toward the aperture. 

For light of a given wave length, the radii of the Fresnel zones increase 
with the square root of the distance from the wave front to the point at 
which the illumination is to be computed. Hence if an aperture is main¬ 
tained of fixed size it will expose a greater or smaller number of zones as 
the screen is moved toward or away from it. The center of the shadow 
of the opening, as the distance of the screen from the opening is altered, 
will be alternately bright and dark as the opening alternately includes an 
odd or an even number of zones. 

Consider next the light reaching a point such as P\ in Fig. 9-29 (a), 
which lies a short distance to one side of the center of the geometrical 
shadow. The Fresnel zones that must be used to find the amplitude at 
P i have their centers on the perpendicular from P\ to the wave front, and 
the aperture is not located symmetrically with respect to the zones. For 
concreteness, assume that the radius of the aperture is equal to the outer 
radius of the third element, so that the center of the pattern is bright. As 
seen from Pi, the aperture and the elements appear as in Fig. 9-29 (b). 
The first and second zones are still exposed, together with about half of 
the third and fourth zones. Zones 1 and 2 will therefore cancel one an¬ 
other, and there will be approximate cancellation of zones 3 and 4. The 
amplitude is therefore less than at the center and the central bright spot 
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Fia. 9-30. Fresnel zones exposed by a circular aperture for a point within the geo¬ 
metrical shadow. 


is surrounded by a darker ring. (See the pattern at the right of the 
second row in Fig. 9-5.) Still other bright and dark rings may be formed, 
depending on the size of the aperture. 

In addition to the bright and dark rings in the central portion of the 
pattern, we also find some light reaching the screen within the region of 
geometrical shadow. Assume again for concreteness that the radius of 
the aperture equals the outer radius of the third Fresnel zone. Point P j, 
in Fig. 9-30, lies just above the edge of the geometrical shadow and the 
exposed zones on the wave surface appear as in Fig. 9-30 (b). About one- 
third of the first zone is exposed, a somewhat larger fraction of the second 
zone, and smaller and smaller fractions of succeeding zones. The sum of 
the amplitudes of all the wave trains reduces to approximately one-half 
of the first term, since the last terms of the series are very small. The 
amplitude is therefore about 1/6 of E\, and while this is small, it is not 
zero, so that some light does reach points within the region of geometrical 
shadow. 

9-9 Diffraction by a circular obstacle. Let the circular aperture in 
Fig. 9-28 be replaced by a circular obstacle as in Fig. 9-31. Assume that 
the three inner zones are covered. The first zone sending light to point P 
is then zone 4, and to find the amplitude at P we must perform the same 
summation as in Eq. (9-12), beginning with E 4 . This sum is evidently 
EJ2, and the amount of light reaching P is proportional to (/?«/2)*. The 
amplitude at P due to the entire wave front is E \/2 and the amount of 
light is proportional to (2?i/2) 2 . Since E\ and E\ are not very different, 
the center of the shadow is nearly as bright as if the obstacle were not there. 
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Fig. 9-31. A circular obstacle cuts off 
the light from the inner Fresnel zones. 


From a point just to one side of 
the center of the shadow, those zones 
which are covered are the same as 
those exposed in Fig. 9-29 (b). 
Zones 1 and 2 are completely cov¬ 
ered. A small part of zone 3 is ex¬ 
posed, a somewhat larger part of 
zone 4, and all of the remaining 
zones. The first term in the series 
is therefore small, and of course the 
last term is zero. The resultant 


amplitude is therefore small and the 
central bright spot is surrounded by 


a darker ring. Other bright and dark rings may also be seen if the ob¬ 
stacle is small. Fig. 9-6 is a photograph of the shadow of a small ball 
bearing, mounted on the point of a needle. 


It is interesting to note that Poisson, who first deduced by means of 
the argument above that a bright spot should be formed at the center of 
the shadow of a circular obstacle, concluded that this seemingly absurd 
prediction definitely disproved the wave theory of light. The experiment 
was tried by Arago, however, and the bright spot was found. 


9-10 Diffraction by a straight edge. Let M in Fig. 9-32 (a) represent 
a straight edge perpendicular to the plane of the paper. Point P is the 
trace of its geometrical shadow on a screen. A train of plane mono¬ 
chromatic waves is incident from the left. The wave surface is to be 
subdivided in a somewhat different way from that used for a circular 
opening. With P as center, and radii 

+ K + 2^, R + 3^.etc., 

strike circles intersecting the wave front at a and a', 0 and 6', etc., and 
divide the wave front into half-period zones by lines through these points 
parallel to the straight edge. A front view of the zones is shown in Fig. 
9-32 (b). Let E x be the amplitude at P of the wave train from the first 
zone above or below the center line, E 2 the amplitude of the wave from 
each of the second zones, and so on. 
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(a) 

Fio. 9-32. Fresnel zone construction when the obstacle has a straight edge. 


Suppose that the entire wave front is unobstructed. The resultant 
amplitude at P due to the upper half of the wave, say E, is 


which reduces to 


E = Ei — Et 4- Ez 





In the same way, the amplitude due to the lower half of the wave, say 
E', is 



Hence the amplitude at P due to the entire unobstructed wave front is 

E + E' = Ei. 

Next let the lower half of the wave be covered so that P lies at the edge 
of the geometrical shadow. The amplitude at P is now that due to the 
upper half of the wave alone, or E x /2, and the intensity is 1/4 that of the 
unobstructed wave. 

Consider next points on the screen just within and just outside the 
geometrical shadow. Instead of drawing a number of diagrams, it is 
somewhat simpler to keep the point P fixed, and imagine the straight edge 
to be moved slightly up or down. Then the edge of the geometrical 
shadow moves by the same amount and the fixed point P may be caused 
to lie below or above the edge of the shadow, as we wish. 

First let the straight edge be moved up to the point a, so that P lies 
slightly below the edge of the shadow. The first zone above the center is 
now covered, in addition to all of the wave front below the center. The 
amplitude at P is 
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E = Ei — Ei -f- E\ — • • • 


and the amount 


of light is proportional to 



As will be seen from the 


diagram, the first zone is considerably wider than the others, so that E 2 
is considerably smaller than E x . It is not zero, however, and while the 
light reaching the screen falls off rapidly within the geometrical shadow, 
it does not become zero suddenly at the edge. 

Let the straight edge now be moved down so that P lies above the 
edge of the geometrical shadow. Suppose the first zone below the center 
is exposed. The upper half of the wave front still contributes an amount 
Ei /2 to the amplitude, and the element below the center contributes an 
amount E x . The resultant amplitude (since these are in phase with one 
another) is 32?i/2, and the intensity is proportional to 92?i 2 /4, or 2.25#i 2 . 
The light incident at a point just outside the geometrical shadow is there¬ 
fore 2.25 times as great as that which would be produced by the unob¬ 


structed wave. 


When the straight edge moves farther down (or P moves up) to expose 
the first two zones below the center, the amplitude is 



This is less than the previous value, so that the bright band just out¬ 
side the shadow is followed by a darker one. Proceeding in this way, we 
find outside the geometrical shadow a series of maxima and minima which 
become closer and closer together until eventually the screen is uniformly 
illuminated. A photograph of the shadow of a straight edge cast by the 
light from a distant pinhole is reproduced in Fig. 9-7. Notice that the 
first bright band just outside the shadow is considerably brighter than the 
region of uniform illumination. 

It should be borne in mind that in order to observe these diffraction 
fringes in a shadow, the light waves producing them must proceed from a 
point source. If the light source is broad, so that many sets of wave 
trains traveling in different directions strike the straight edge, then while 
each wave train by itself produces the effects described, the numerous 
sets of fringes so overlap one another that no distinct pattern is obtained. 

The diffraction effects produced by a fine wire in a beam of plane waves 
can be treated in the same way. The resultant intensity on a screen be¬ 
hind the wire is found by combining the amplitudes of those zones which 
the wire does not obstruct. Some photographs are reproduced in Fig. 9-9. 
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Problems—Chapter 9 

(1) Find the half-angular breadth of the central bright band in the Fraunhofer 
diffraction pattern of a slit 14 X 10 -6 cm wide, when the slit is illuminated by a 
parallel beam of monochromatic light of wave length (a) 400 m/x, (b) 700 m/x. 

(2) The Fraunhofer diffraction pattern of a single slit, reproduced twice size 
in Fig. 9-3, was formed on a photographic film in the focal plane of a lens of focal 
length 60 cm. The wave length of the light used was 546.1 m/i. Measure the 
distance between the second minimum on the right and the second minimum on 
the left, and compute the width of the slit. 

(3) A slit 0.25 mm wide is placed in front of a positive lens and illuminated by 
plane waves of wave length 500 m/x. In the Fraunhofer diffraction pattern formed 
in the focal plane of the lens, the distance from the third minimum on the left to 
the third minimum on the right is found to be 3 mm. Find the focal length of the 
lens. 

(4) (a) Find the three smallest values of z for which sin* z/z* is a maximum. 
Do the maxima in Fig. 9-16 lie halfway between the minima? (b) Find the rela¬ 
tive intensities of the central maximum and the next two adjacent maxima, in the 
Fraunhofer diffraction pattern of a single slit. 

(5) The interference pattern of two identical narrow slits separated by a distance 
d = 0.1 mm is observed on a screen at a distance of 1 m from the plane of the slits. 
The slits are illuminated by monochromatic light of wave length 590 mix traveling 
perpendicular to the plane of the slits. Five bright bands are observed on each 
side of the central maximum, but beyond these bands the intensity is very weak, 
(a) Calculate the approximate width, D, of each of the slits, (b) Calculate the 
distance between each of the 5 bright bands. 

(6) Plane monochromatic waves of wave length 600 m/x are incident normally 
on a plane transmission grating ruled with 5000 lines/cm. Find the angles of 
deviation in the first, second, and third orders. 

(7) A plane transmission grating is ruled with 4000 lines/cm. Compute the 
angular separation in degrees, in the second order spectrum, between the a and 6 
lines of atomic hydrogen, whose wave lengths are respectively 656 m/x and 410 m/x. 

(8) Light which is a mixture of the two wave lengths 500 m/x and 520 m/x is 
incident normally on a plane diffraction grating of the transmission type. The 
grating spacing is 10 -4 cm and a lens of focal length 200 cm is used to observe the 
spectrum on a screen. Find the separation (in cm) of the two lines in the first- 
order spectrum. 

(9) A parallel beam of light comprising the wave length range between 350 m/x 
and 750 m/x is incident normally on a plane transmission grating. Just beyond the 
grating is a lens of focal length 150 cm. The width of the first-order spectrum, in 
the focal plane of the lens, is 6 cm. What is the grating spacing? 

(10) Compute the radius of the central disk of the diffraction pattern of the 
image of a star formed by (a) a camera lens 1 inch in diameter and of focal length 
3 inches, (b) a telescope lens 6 inches in diameter and of focal length 5 ft. 

(11) The Fraunhofer diffraction pattern of a circular aperture, enlarged to four 
times actual size, is shown at the left in Fig. 9-4 (a). The pattern was formed 
in the focal plane of a lens having a focal length of 1 m, and the wave length of the 
light used was 546.1 m/x. Compute the diameter of the aperture. 
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(12) A lens, 10 cm in diameter and 100 cm in focal length, images a distant 
sphere 2 cm in diameter on a photographic plate. At what object distance would 
the geometrical image of the sphere be of the same size as the central disk of the 
diffraction pattern formed by light of wave length 410 m/x from a point source at 
that distance? 

(13) Monochromatic light of wave length 600 m^ originates at a distant point 
source and passes through a circular opening. The Fresnel diffraction pattern is 
observed on a screen 1 m beyond the opening. Find the diameter of the circular 
opening if it exposes (a) the central Fresnel zone only, (b) the first four Fresnel 
zones. 

(14) Monochromatic light of wave length 563.3 mu originates at a distant 
point source and passes through a circular opening 2.60 mm in diameter. The 
Fresnel diffraction pattern is observed on a screen 1 m beyond the opening, (a) 
Will the center of the diffraction pattern appear bright or dark? (b) Through 
what minimum distance from its first position must the screen be moved in order 
to reverse the condition found in part (a)? 

(15) Monochromatic light of wave length 400 m*i from a distant point source 
falls on an opaque plate in which there is a small circular opening. As a screen is 
moved toward the plate from a large distance away, the Fresnel diffraction pattern 
on the screen first has a dark center when the distance from plate to screen is 160 
cm. Find the diameter of the central disk in the Fraunhofer diffraction pattern, 
if a lens of focal length 160 cm is placed just to the right of the circular opening. 


CHAPTER 10 


LIMIT OF RESOLUTION 

10 _i The Rayleigh limit of resolution. It will be recalled that the ex¬ 
pressions for the magnification of a telescope or a microscope derived in 
Chap. 5 involved (except for certain numerical factors) only the focal 
lengths of the lenses making up the optical system of the instrument. It 
appears at first sight as though any desired magnification might be at¬ 
tained by a proper choice of these focal lengths. Unless the instrument 
is properly designed, however, while the image becomes larger (or sub¬ 
tends a larger angle) it does not gain in detail, even though all lens aber¬ 
rations have been corrected. This limit to the useful magnification is set 
by the fact that light is a wave motion and the laws of geometrical optics 
do not hold strictly for a wave front of limited extent. Physically, the 
image of a point source is not the intersection of rays from the source, but 
the diffraction pattern of those waves from the source that pass through 

the lens system. 

We have shown in Sec. 9-6 that the light from a point source, diffracted 
by a circular opening, is focused by a lens not as a geometrical point but 
as a disk of finite radius surrounded by dark and bright rings. An optical 
system is said to be able to resolve two point sources if the corresponding 
diffraction patterns are sufficiently small or sufficiently separated to be 
distinguished. 

From a study of the appearance of the diffraction patterns of closely 
spaced point sources, Lord Rayleigh concluded that two equally bright 
point sources could just be resolved by an optical system if the central 
maximum of the diffraction pattern of one source coincided with the first 
minimum of the other. This is equivalent to the condition that the dis¬ 
tance between the centers of the patterns shall equal the radius of the 
central disk. The Rayleigh limit of resolution is illustrated in Figs. 10-1 
and 9-4. Fig. 9-4 (a) is a photograph of four point sources, made with 
the camera lens “stopped down” to an extremely small aperture. Fig. 
10-1 is a graph of the intensity distribution in the diffraction patterns. 
(The curves have very nearly the same shape as those for a slit.) lhe 
diffraction patterns at the left are separated by a distance much greater 
than the radius of the central disk, and are clearly resolvable. 1 he dis¬ 
tance between the centers of the patterns at the right is very nearly equal 
to the radius of the central disk and evidently, if this distance were any 
less, the patterns would overlap to such an extent that they could not be 
distinguished as two. 
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Fig. 10-2 shows a positive lens forming images of the two point sources 
Pi and Pi. In front of the lens is a circular aperture of radius R. The 
images of Pi and P 2 are diffraction patterns like those in Fig. 9-4 (a) and 
(b), with centers at P\ and P 2 \ Since 85% of the light is concentrated 
in the central disk, we can disregard the outer rings and consider the cen¬ 
tral disks as the images of the geometrical points Pi and P 2 . If the images 
are just resolved, the distance z' between their centers is equal to the 
radius of either one. 

For generality, Fig. 10-2 has been drawn with a medium of index n 
at the left of the lens and a medium of a different index n' at the right. 
The angle a' is the half-angle subtended by the diffraction disk centered 
at Pi. In the expression for this half-angle given in Eq. (9-10), the 
quantity X referred to the wave length in the medium in which the image 
was formed. If X 0 is the wave length in vacuum, the wave length at the 

right of the lens is X' = —■ Hence Eq. (9-10) becomes 



Fig. 10-2. Diffraction patterns of two point sources. (Transverse dimensions are 

greatly exaggerated.) 
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Consider the ray from P 2 to P 2 ', passing through the center of the lens. 
Since the lens surfaces are parallel to one another at the center of the lens, 
it follows from Snell’s law that 

n sin a = ri sin a'. 


Hence from the two preceding equations, the angle a subtended at the 
lens by the just resolvable object points Pi and P 2 is given by 


sin a = 


0.6lXo 

nR 


( 10 - 2 ) 


The linear separation z' between the centers of the diffraction disks, 
which is equal to the radius of either disk, is 

z' — s' tan a', 


where s' is the image distance. In most cases of practical interest the 
half-angle ri subtended at Pi by the aperture is sufficiently small so that 

we can set 

sin ri = tan u' = — • 


The angle a’ is also small, and 

sin a' = tan a'. 


When the three preceding equations are combined with Eq. (10-1) we 



0.6lXo 

ri sin ri 


(10-3) 


Finally, we make use of Abbe’s sine condition (page 70) which states 
that the magnification m produced by the lens is 

z' n sin u 

m = — = ——:- ■ 

z ri sin u 

Combining this with Eq. (10-3) gives for the linear distance * between 
two just resolvable object points, 

2 = 06lX <> (10-4) 

n sin u 


To summarize, the linear distance z between two just resolvable equally 
bright point objects, according to the Rayleigh criterion, is 

0.61 X 0 

Z = -:- 


n sin u 


(10-4) 
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The angle a subtended by the objects is given by 

O.6IX0 


sin a = 


nR 


( 10 - 2 ) 


The linear separation z' of the centers of the images is 

O.6IX0 


z' = 


n' sin u' 


(10-3) 


and the angle a! subtended by the centers of the images is 

. , O.6IX0 

Sin a n'R 


( 10 - 1 ) 


The minimum distance between two resolvable points, from Eq. (10-4), 
is inversely proportional to n sin u, the product of the index of the medium 
in which the object is situated and the sine of the half-angle of the cone of 
rays admitted by the instrument. This product is called the numerical 
aperture of the instrument and is abbreviated NA. 

NA = n sin u. (10-5) 

The greater the numerical aperture, the smaller the distance between 
two just resolvable points. 


10-2 Limit of resolution of the eye. Fig. 10-3 is a schematic diagram 
of the eye, not drawn to a uniform scale, and with transverse dimensions 
and angles greatly exaggerated. Points Pi and P 2 , at the ends of an 
arrow of length 2 , represent two just resolvable object points at the mini¬ 
mum distance of distinct vision, 250 mm. The centers of the diffraction 
disks in the images of these points on the retina are at P\ and P*', and 
the distance 2 ' between their centers is equal to the radius of the central 
disk. Actually, as we shall show, the distance 2 is about ^ mm and z' is 
about mm. 

Although the diameter of the pupil of the eye varies with the level of 
illumination, as shown in Fig. 6-4, it is customary in calculations of its 
limit of resolution to assume a pupillary diameter of 2 mm, or a radius 
R of 1 mm. We assume also that all the refraction of light entering the 
eye takes place at the cornea. The diameter of the eyeball is about 1 inch 
or 25 mm, and the'index n' of the vitreous humor, in which the image is 
formed, is about 1.33. Let us assume a wave length X 0 of 550 m/i, to 
which the eye is most sensitive. Objects viewed with the unaided eye 
are in air, so n = 1.00. At the minimum reading distance of 25 cm or 
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Fio 10-3. Limit of resolution of the eye. (Transverse dimensions are greatly ex 

aggerated.) 


250 mm, the sine of the half-angle u of the cone of light admitted by the 
eye is very nearly 

sin u = 2I0 = 0 °° 4, 

and since n = 1 , the maximum numerical aperture of the eye, for a pupil¬ 
lary radius of 1 mm, is 

NA = 0.004. 

Hence according to the Rayleigh criterion, the linear separation of two 
just resolvable point objects at a distance of 25 cm is 

O. 6 IX 0 
2 " NA 

_ 0.61 X 550 X IQ ' 7 
0.004 

= 6.6 X 10"* cm 
« -rV mm. 

This separation, about three ten-thousandths of an inch, is in good 
agreement with the actual limit of resolution of a normal eye. 
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From Eq. (10-3), the distance z' between the centers of the diffraction 
disks on the retina, for two just resolvable point objects, is 

, = 0 .6lXo 

n' sin u' 

_ 0.61 X 550 X 10 ~ 7 
1.33 X 1/25 

= 6.3 X 10 -1 cm 

~ T07T m m. 

It is interesting to note that the distance between cones in the fovea is 
also just about mm. The structure of the retina is thus very nicely 
adapted to the limit of resolution of the eye. If the cones were farther 
apart full advantage could not be taken of the available detail in the retinal 
image, while nothing would be gained if the distance between cones was 
much smaller than the radius of the diffraction disk of a point object. 

The angle a between two point objects which can just be resolved by 
the eye is 

0.61X 0 

a = sin a = -— 

nn 

= 0.61 X 550 X 10~ 7 
1 X 10-‘ 

= 3.4 X 10 ~ 4 radian 
~ 1 minute. 

Thus two point objects, to be resolved, must subtend at the eye an 
angle of at least 1 minute of arc. This corresponds to two points 1 inch 
apart at a distance of 100 yards, and again is seen to be of the correct order 
of magnitude. 

The calculations above assumed a pupillary diameter of 2 mm. With 
smaller diameters, the numerical aperture of the eye decreases and the 
diffraction disks on the retina become larger. Hence the ability to resolve 
detail diminishes. It also diminishes somewhat with larger diameters be¬ 
cause of increasing aberrations. 

10-3 Limit of resolution of a microscope. The primary function of a 
microscope (or telescope) is not to “magnify” an object, but to make it 
possible to observe finer detail in the object than with the unaided eye. 
Two points which are so close together that their diffraction disks overlap 
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could be resolved if there were (a) some way of making their diffraction 
disks smaller, and (b) at the same time distinguishing these smaller disks. 
The optical and morphological structure of the eye make both (a) and (b) 
impossible. The radius z' of the retinal diffraction disk of a point object, 
from Eq. (10-3), is proportional to the wave length Xo of the light used, 
and inversely proportional to the index n' of the vitreous humor and to 
the half-angle u' of the cone of light converging toward the retinal image. 
There is no way to utilize waves shorter than those to which the eye is 
sensitive, and no way to increase the half-angle of the convergent light 
cone. (Dilation of the pupil does not help, because of increasing geo¬ 
metric aberrations.) Furthermore, even if it were possible to make the 
diffraction disks smaller, no more detail could be seen, since even in an 
unaided eye the disks are already as small as the distance between cones 
in the fovea. The only procedure available, then, is to make the image 
larger. But merely to enlarge the retinal image is not enough, since, if 
the diffraction disks are enlarged in the same proportion, the image does 
not gain in detail. Hence a microscope or telescope must be so designed 
that enlarging the retinal image does not at the same time enlarge the 

diffraction disks. 

It will be recalled that the exit pupil of a microscope or telescope is the 
image of the objective formed by the ocular. All of the light entering the 
objective, and refracted by the ocular, passes through the exit pupil. Un¬ 
less the pupil of the eye is placed at the exit pupil of the instrument, the 
field of view is restricted and unless the exit pupil is as large as the pupil 
of the eye, the brightness of the image is reduced. We can now see that 
the exit pupil also determines the size of the retinal diffraction disks, since 
if it is any smaller than the pupil of the eye the full aperture of the pupil 
is not utilized and the half-angle of the convergent light cone within the 
eye is reduced. Therefore if the retinal diffraction disks are not to be 
enlarged when an instrument is used, the exit pupil of the instrument 
must be at least as large as the pupil of the eye. Nothing is gamed by 
making it larger, except that proper positioning of the eye is not as critical. 

Fig. 10-4 is a series of diagrams of the optical system of a compound 
microscope, drawn greatly out of proportion to bring out the features of 
interest. Objective and ocular are both shown as simple lenses. When 
the radius of the objective lens and the focal length of the ocular are so 
related that the diameter of the exit pupil is just equal to that of the 
pupil of the eye, the overall magnification M is said to be normal. This 
case is illustrated in Fig. 10-4 (a). P, and P, are two point objects and 
Pi and Pt are the centers of their diffraction disks on the retina, bince 
the pupil of the eye is filled with light, the half-angle u' is the same as m 
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Fic; 10-4 Limit of resolution of a microscope, (a) Normal magnification; diam¬ 
eter of exit pupil same as pupil of eye. (b) Diameter of exit pupil smaller than pupil 
of eye. (c) Diameter of exit pupil greater than pupil of eye. 
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Fig. 10-3 and the radii of the diffraction disks are the same as in that 
figure, that is, about mm. Assuming that these disks are just re¬ 
solvable by the Rayleigh criterion, the distance between their centers is 
also mm and they appear as in part (a) at the bottom of the figure. 

We next consider the result of replacing the objective in part (a) with 
one of the same focal length, but having a smaller radius, as in Fig. 10-4 (b). 
The radius of the exit pupil (the image of the objective formed by the 
ocular) is now smaller than the radius of the pupil of the eye. The half¬ 
angle u' of the light cone converging toward the retina is reduced, and the 
radii of the diffraction disks are increased. The magnification of the in¬ 
strument, which depends only on focal lengths, is the same in parts (a) and 
(b), so the distance between the centers of the diffraction disks is the same 
in both figures. The appearance of the disks is shown at the bottom of 
the diagram in part (b), and evidently they are not resolvable by the 
Rayleigh criterion. For a given magnification, then, the ability of the 
microscope to resolve detail is impaired if the radius of the objective lens 
is so small that the exit pupil does not fill the pupil of the eye. The image 
brightness is also reduced, since obviously less light enters the eye in part 
(b) than in part (a), while the image size is the same. 

In part (c) of Fig. 10-4, the radius of the objective is greater than in 
part (a), its focal length and that of the ocular remaining the same. The 
radius of the exit pupil is now greater than that of the pupil of the eye, but 
this is of no advantage, since the eye cannot admit the wider beam. 1 he 
outer part of the cone of light admitted by the objective is therefore not 
utilized and no benefit is derived from using a larger objective lens. I he 
half-angle u f , the radii of the diffraction disks, and their center-to-center 
spacing, are the same as in (a) and the disks are shown at (c) in the lower 


part of the figure. 

Suppose, however, that with the larger objective of part (c) we had 
also used an ocular of shorter focal length, as indicated by the dotted 
lines in part (c) The overall magnification of the microscope would then 
be increased and the radius of the exit pupil would be decreased. If the 
focal length of the ocular is chosen so that the radius of the exit pupil is 
decreased to just equal that of the pupil of the eye, the diffraction disks 
still have the same radius as in part (a), but because of the greater magnifi¬ 
cation their centers are farther apart than in (a), as shown by the circles 
in part (d) at the bottom of the figure. The disks are now more than just 
barely resolvable, or, to put it another way, the object points P, and P 2 
could be closer together before it became impossible to resolve them. In 
other words, full advantage can not be taken of the radius of the objective 
unless the magnification is great enough to reduce the radius of the exit 
pupil to that of the pupil of the eye. 
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As a final example, suppose one were to use with the objective of part 
(a), the ocular of shorter focal length shown by dotted lines in part (c). 
(The reader can construct his own diagram.) The radius of the exit 
pupil would be less than in part (a), the radii of the diffraction disks would 
be greater, and because of the greater magnification the center-to-center 
distance of the diffraction disks would be increased in the same proportion, 
as in part (e) at the bottom of the diagram. Two object points that were 
just resolvable with the ocular in part (a) would still be just resolvable with 
the higher power ocular. The image would be larger, but no more detail 
could be observed. Also, since the same amount of light would be dis¬ 
tributed over a larger image, the brightness would be less. 

From the standpoint of its limit of resolution, it is instructive to express 
the overall magnification M of a compound microscope as follows. This 
quantity was shown in Chap. 6 to equal the product of the linear magnifi¬ 
cation m of the objective, and the angular magnification y of the ocular. 

M = my. (10-6) 

Let us represent by u" the slope angle, after refraction by the objec¬ 
tive, of a ray entering the objective with a slope angle u. (See Fig. 
10-4 (a).) Let n represent the index of the medium at the left of the 
objective. In any actual microscope, the medium at the right of the ob¬ 
jective is air, of index 1.00. Then Abbe’s sine condition, applied to the 
objective, gives 

n sin u 


The angle u" is always small (this is not necessarily true for the angle 
u), and it will be seen from a study of Fig. 10-4 (a) that to a good approx¬ 
imation 

• „ R 

sin u = — t 

where R is the radius of the exit pupil and/ is the focal length of the ocular. 
The angular magnification produced by the ocular is 


25 

y = -j (/in centimeters). 


\\ hen the three preceding equations are combined with Eq. (10-6) we 
get 



nsinu , n . 

^25 (R m centimeters). 


(10-7) 
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When used at normal magnification, the full apertures of both objec¬ 
tive and eye are utilized. Then n sin u is the (maximum) numerical aper¬ 
ture of the objective, and R /25 is the (maximum) numerical aperture of 

the eye. Hence 

Normal magnification of a compound microscope = 

Maximum NA of objective ( 10 - 8 ) 

Maximum NA of eye 

But the ratio of the numerical apertures represents the relative abilities 
of the objective and the unaided eye to resolve detail, and hence at normal 
magnification the size of the retinal image is increased in exactly this ratio. 
Essentially, the numerical aperture of the eye is increased to that of the 
objective of the microscope. We have shown that the maximum numer¬ 
ical aperture of the unaided eye, with a pupillary radius of 1 mm. is 
It follows from Eq. (10-8) that the normal magnification of a compound 
microscope equals 250 times the numerical aperture of the objective lens. 

The numerical aperture of the objective of a compound microscope can 
be made much larger than that of the eye. Reference to Fig. 6-13 shows 
that an object viewed by a microscope is placed just in front of the first 
focal point of the objective. By designing an objective whose focal pom 
is very close to the first lens, the half-angle u of the cone of light admitted 
by the objective can be made very nearly 90°, but obviously it cannot ex¬ 
ceed 90° and sin u cannot exceed unity. The practical limit is about 0.95 
The numerical aperture can be increased by filling the space between the 
object and the first lens with a fluid of index greater than 1.00 (the so- 
called “oil immersion” objective). In this way the numerical aperture 
may be increased to about 1.60. All high power microscope objectives 

are of this type, and one is illustrated in Fig. 6-15. 

A numerical aperture of 1.60 is 400 times as great as that of the un¬ 
aided eye (NA = 0.004, for a pupillary radius of 1 mm), and hence tie 
smallest distance between two point objects that can just be resolved by 
an objective of NA = 1.60 is ^th as great as for the unaided eye. From 

Eq. (10-4), this distance is. 

_ 0.61 X 550 X 10~ 7 
2 ” 1.60 

= 210 X 10" 7 cm = 210 mp. 

This is of the order of one-half a wave length of light! 

With an objective of NA = 1.60, the normal magnification is 
1.6 X 250 = 400. Higher magnifications do not increase detail and en- 
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tail a loss of light, but are frequently used if plenty of light is available be¬ 
cause a larger image can be studied more easily even if no more detail is 
evident. 

To summarize: 

(a) For a given magnification M, an objective should be used of NA at 
least 

ATA(obj) = M X NA (eye) = 0.004 M. 

When the NA of the objective has exactly this value, the magnification is 
normal. (Fig. 10-4 (a).) 

If the NA of the objective is less than that computed above, resolution 
is impaired and the image brightness is decreased. (Fig. 10-4 (b).) 

If the NA is greater, there is no gain in resolution. (Fig. 10-4 (c).) 

(b) With an objective of given NA, an ocular should be used which will 
give a magnification M of 

M - - 250 * 

The magnification is then normal. (Fig. 10-4 (a).) 

If the magnification is less than normal, full advantage is not taken of 
the NA of the objective. (Fig. 10-4 (c).) 

If the magnification is greater than normal, there is no gain in resolu¬ 
tion and a decrease in brightness. 

10~4 Limit of resolution of a telescope. A detailed discussion of the 
limit of resolution of a telescope will not be given, since exactly the same 
principles are involved as for a compound microscope. When the magnifi¬ 
cation is normal, the radius of the exit pupil equals the radius of the pupil 
of the eye, as in Fig. 10-5. If, with the same ocular as in Fig. 10-5, one 
uses an objective of smaller radius, the size of the exit pupil is decreased as 
in Fig. 10-4 (b) and the limit of resolution is impaired. If the radius of 



Fig. 10-5. Limit of resolution of a telescope. 
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the objective is larger than in Fig. 10-5, the size of the exit pupil increases 
as in Fig. 10-4 (c), but the eye can not admit the wider beam, lo 
full advantage of the potential limit of resolution of the larger objective 
the magnification of the telescope should be increased by the use• of an 
ocular of higher power, thus reducing the size of the exit pupil to that 

thC Because tuha' telescope it is the minimum angle rather-than the mini¬ 
mum distance between two just resolvable object points which. is of mte - 
est the normal magnification of a telescope is expressed in terms of t 
rldii of the objective lens and of the pupil of the eye, rather than the,r 
numerical apertures. The minimum angle between two points which can 
just be resolved by a lens, as shown by Eq. (10-2), is directly proportional 
io the radius of the lens. It was shown in Sec. 6-8 that magnification 

of a telescope equals the ratio of the radius of the ob l ect, ™ ’ en to he 
radius of the exit pupil. When the magnification is normal, the latter 

just equal to the radius of the pupil of the eye, so 

_ Radius of objective (10-9) 

Normal magnification of a telescope — G f pupil of eye 

Hence at normal magnification the size of the retinal image is increased 
in the same ratio that the ability of the objective 

tail exceeds that of the unaided eye. Essentially, the radius of the pup, 
of the eye is increased to that of the objective. For exunph. -f «>e radius 

of the objective lens of a telescope is 5 mm, or 5 tunes.^ 

the eye, the normal magnification is 5X and the smallest angle that 

be resolved is tfth as great as with the unaided eye. angular 

The notation 6 X 30 applied to a telescope means ^ttlieangua 

magnification is 6X and the diameter of the ° b J e ‘ tlve * 3 °™ mm 
nonLl magnification, for an objective 30 mm r ; " 

radius, is li X. When a magnification of only 6 X - u*d. a * 

low levels of illumination, when, from Fig. 6-4, the pup y 

nr more With a magnification of 6X and an oDjecuvc 
increase to 5 mm or more, w b wou , d not be fille d with light and 

the^brightness 1 of the^eld of view would be less than withi theMmakiedeye^ 
while the pupil is just filled if the objective diameter is 30 mm. 
instrument can fill a pupil 7 mm in diameter. 
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10-5 The electron microscope. Mathematically, the reason for the 
use of a medium of larger index n with an oil immersion objective is to in¬ 
crease the numerical aperture, n sin u. Physically, the function of the 
medium can be better appreciated by writing the expression for the linear 
limit of resolution in the form 

= 0.61 (Xp/n) 

sin u 

The quantity (Xo/n) in the numerator is simply the wave length in the 
medium in which the object is situated, and this equation states that the 
smaller this wave length, the smaller is the separation of two points which 
can just be resolved. It is as if the light waves were the “tools” with 
which our optical system is provided and the smaller the tools, the finer 
the work which the system can do. Immersing the object in an oil of 
high index, then, extends the limit of resolution by furnishing the objective 
with shorter waves. This limit may be extended to a value several hun¬ 
dred times smaller than that attainable with an optical instrument by 
using electrons, rather than light waves, to form an image of the object 
being examined. To understand the principles of the electron micro¬ 
scope, we must first see how the concept of a wave length is associated 
with an electron and, second, how a beam of electrons may be focused by 
an electron lens. 

A complete discussion of the wave nature of electrons lies in the field 
of wave mechanics and is beyond the scope of this book. The subject is 
discussed briefly in Sec. 11-6, which may be referred to at this point. The 
principles of wave mechanics lead to the conclusion, amply verified by the 
proper type of experiment, that in certain dircumstances an electron can 
be considered to have a wave length that is related to its momentum, mv, 
by the equation 

h 

mV= \ ’ 


X = — , (10-10) 

mv 

where X is the wave length of the electron (called the “De Broglie wave 
length”) and h is Planck’s constant. (See Sec. 11-6.) 

If the velocity v was acquired by acceleration of the electron through 
a potential difference V, 

£ mv 2 = eV, 



» 


V 
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mv 


■B-4 


2 meV 


Hence 


X = 


y/2 meV 


The numerical values of the constants on the right side of the equation 


are: 


h = 6.62 X 10-* 4 joule-sec, 
m = 9.11 X 10" S1 kgm, 
1.602 X 10“ 18 coul. 


e = 


Therefore 


X = 


^ X 10-0 „ - ^ X 10- 


cm 


For example, if V - 100 volts, X = 1.22 X 10“° cm = 0.122 m M , and if 
V = 10,000 volts, X = 0.122 X 10“ 8 cm = 0.0122 m/z. Hence, with even 
moderate accelerating voltages, the wave lengths of electrons are of the 
order of magnitude of those of x-rays, or about 1000 times smaller than 

the wave lengths of visible light. 

Consider next the design of an electron lens. A beam of electrons can 
be focused either by a magnetic or an electric field of the proper configu¬ 
ration, and both types are used in electron microscopes. Fig. 10-6 illus- 





Fio. 10-8. An electrostatic electron lens. The cylinder are 

V m and V b . A beam of electrons diverging from point A is focused p 



Fio. 10-7. Optical analogue of the electron lens in Fig 10-6. 
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Fig. 10-8. A modern electron microscope. 

(Courtesy of Radio Corporation of America) 
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trates an electrostatic lens. Two hollow cylinders are maintained at dif¬ 
ferent potentials. A few of the equipotentials are indicated, and the 
trajectories of a beam of electrons traveling from left to right are shown 
by the dotted lines. The optical analogue of this electrostatic lens is 
shown in Fig. 10-7. It will be evident without going into further detail 
that by the proper design of such lenses, the elements of an optical micro¬ 
scope, such as its condensing lens, objective, and ocular, can all be dupli¬ 
cated electronically. 

The source of electrons in an electron microscope is a heated filament. 
Electrons emitted by the filament are accelerated by an electron gun and 
strike the object to be examined. This must necessarily tie a thin section 
so that some of the electrons can pass through it. The thicker portions 
of the section absorb more of the electron stream than do the thinner 
portions, just as would a lantern slide in a projection lantern. Needless 
to say, the entire apparatus must be evacuated. Two types of electron 
microscope are illustrated in Figs. 10-8 and 10-9. 

The final image may be formed on a photographic plate or on a fluo¬ 
rescent screen which can be examined visually or photographed with a 
still further gain in magnification. Commercial electron microscopes give 
satisfactory definition at an overall magnification, electronic followed by 
photographic, as great as 50,000 X. Fig. 10-10 is an electron micrograph 
of aluminum oxide, magnified 53,500 times. 

It should be pointed out that the ability of the electron microscope to 
form an image does not depend on the wave properties of the electrons; 
their trajectories can be computed by treating them as charged particles, 
deflected by the electric or magnetic fields through which they move. It 
is only when considerations of the limit of resolution arise that the electron 
wave lengths come into the picture. The situation is analogous to that 
in the optical microscope. The paths of light rays through an optical 
microscope can be computed by the principles of geometrical optics, but 
the resolution of the microscope is determined by the wave length of the 
light used. 

10-6 Limit of resolution of a grating. The limit of resolution of an 
image-forming instrument such as a microscope or telescope is defined as 
the linear or angular separation of two point objects which can just be re¬ 
solved. The function of an analyzing instrument such as a spectrograph, 
on the other hand, is to resolve two images of the same slit, formed by 
waves of slightly different wave lengths, and its limit of resolution can be 
defined as the minimum difference in wave length for which the images 
can be resolved. The Rayleigh criterion is applied to both types of in¬ 
strument. 
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Screen 




Fio. 10-11. Limit of resolution of a grating. 

In Fig. 10 - 11 , a beam of light to be analyzed diverges from a slit and is 
rendered parallel by a collimating lens, beyond which are a grating and a 
telescope lens. The diagram shows the slit images formed in the first or¬ 
der spectrum by light of two slightly different wave lengths, X and X + AX. 

If the two images are to be resolved, the distance between their centers 
must be at least as great as the half-angular breadth of either. We tot 
compute their center-to-center spacing. The angular rdev-mticii 6 'of the 
center of the diffraction pattern formed in the m th order, by light of wa 

length X, is given by 

m A 

sin u = 

where d is the grating spacing. , , , ;f 

The angle Ad between the centers of the two patterns is found by d 

ferentiation. 

cos 0 Ad = -£■ AX. 

The graphs in Fig. 9-20 show how the half-angular breadth of the 
maxima in the diffraction pattern formed by a gratrng becomes smaller 
as the number of lines in the grating is increased. We shall omit the 
details of calculating this half-angle, but the result is 

. o tan d 

8,n 0 = ^TaT ’ 


where 0 is the half-angle, d is the angle of deviation, m is the order of the 
spectrum, and AT is the total number of lines in the grating. 

If the patterns are just resolved, we can set 

A0 = 0 = sin 0, 




274 


LIMIT OF RESOLUTION 


[Chap. 10 


trates an electrostatic lens. Two hollow cylinders are maintained at dif¬ 
ferent potentials. A few of the equipotentials are indicated, and the 
trajectories of a beam of electrons traveling from left to right are shown 
by the dotted lines. The optical analogue of this electrostatic lens is 
shown in Fig. 10-7. It will be evident without going into further detail 
that by the proper design of such lenses, the elements of an optical micro¬ 
scope, such as its condensing lens, objective, and ocular, can all be dupli¬ 
cated electronically. 

The source of electrons in an electron microscope is a heated filament. 
Electrons emitted by the filament are accelerated by an electron gun and 
strike the object to be examined. This must necessarily t>e a thin section 
so that some of the electrons can pass through it. The thicker portions 
of the section absorb more of the electron stream than do the thinner 
portions, just as would a lantern slide in a projection lantern. Needless 
to say, the entire apparatus must be evacuated. Two types of electron 
microscope are illustrated in Figs. 10-8 and 10-9. 

The final image may be formed on a photographic plate or on a fluo¬ 
rescent screen which can be examined visually or photographed with a 
still further gain in magnification. Commercial electron microscopes give 
satisfactory definition at an overall magnification, electronic followed by 
photographic, as great as 50,000 X. Fig. 10-10 is an electron micrograph 
of aluminum oxide, magnified 53,500 times. 

It should be pointed out that the ability of the electron microscope to 
form an image does not depend on the wave properties of the electrons; 
their trajectories can be computed by treating them as charged particles, 
deflected by the electric or magnetic fields through which they move. It 
is only when considerations of the limit of resolution arise that the electron 
wave lengths come into the picture. The situation is analogous to that 
in the optical microscope. The paths of light rays through an optical 
microscope can be computed by the principles of geometrical optics, but 
the resolution of the microscope is determined by the wave length of the 
light used. 

10-6 Limit of resolution of a grating. The limit of resolution of an 
image-forming instrument such as a microscope or telescope is defined as 
the linear or angular separation of two point objects which can just be re¬ 
solved. The function of an analyzing instrument such as a spectrograph, 
on the other hand, is to resolve two images of the same slit, formed by 
waves of slightly different wave lengths, and its limit of resolution can be 
defined as the minimum difference in wave length for which the images 
can be resolved. The Rayleigh criterion is applied to both types of in¬ 
strument. 
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Fig. 10-11. Limit of resolution of a grating. 

In Fig. 10-11, a beam of light to be analyzed diverges from a slit and is 
rendered parallel by a collimating lens, beyond which are a grating and a 
telescope lens. The diagram shows the slit images formed in the first or¬ 
der spectrum by light of two slightly different wave lengths, X and X + AX. 

If the two images are to be resolved, the distance between their centers 
must be at least as great as the half-angular breadth of either. We tat 
compute their center-to-center spacing. The angular deviation 6 of the 
center of the diffraction pattern formed in the m th order, by light of wave 

length X, is given by 

o 

sin u = -j-’ 

where d is the grating spacing. . . , . 

The angle A0 between the centers of the two patterns is found by dif¬ 
ferentiation. 

cos 0 A0 = AX. 

The graphs in Fig. 9-20 show how the half-angular breadth of the 
maxima in the diffraction pattern formed by a gratmg becomes smalle 
as the number of lines in the grating is increased. We shall omit the 
details of calculating this half-angle, but the result is 

. a tan 0 
P = — TT ’ 


where 0 is the half-angle, 6 is the angle of deviation, m is the order of the 
spectrum, and N is the total number of lines in the grating. 

If the patterns are just resolved, we can set 

A0 = 0 = sin 0, 
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and hence 



But cos Q tan 0 = sin 0 = m\/d, and the equation above reduces to 



( 10 - 11 ) 


That is, the smallest wave length difference AX that can be resolved 
by a grating spectrograph is proportional to the wave length X, and in¬ 
versely proportional to the order of the spectrum and to the total number 
of lines N in the grating. Notice that it is independent of the grating 
spacing d. Of course, the diameters of the collimating and telescope lenses 
must be great enough so that the entire ruled area of the grating is filled 
with light, otherwise not all of the lines in the grating are utilized. 


10-7 Limit of resolution of a prism. The elements of a prism spectro¬ 
graph are illustrated in Fig. 10-12. Light diverging from a slit passes 
through a collimating lens, a prism, and a second lens which images the 
slit in its second focal plane. The full lines in the emergent beam repre¬ 
sent light of wave length X, and the dotted lines light of wave length 
X + AX. If the wave length difference is small, both beams follow essen¬ 
tially the same path through the prism and let us assume that both pass 
through at minimum deviation. The angles of deviation of the two beams 
are 8 and 5 4- AS. If the slit images are just resolvable, the angle A 8 be¬ 
tween the centers of the images must be at least as great as the half- 
angular breadth a of the diffraction pattern of a slit formed by a lens. 
From Eq. (9-1), 

X 

a = d’ 



Fig. 10-12. Limit of a resolution of a prism. 
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where D is the diameter of the second lens, assuming its full aperture is 

Uti x“e' difference between the angles of deviation is found as follows. 
The angle of minimum deviation 5 by a pnsm is, from Eq. (2-11), 

• A + S -nsm^- ( 10 - 12 > 

n ih the index n of the prism and the angle of deviation are functions 
of wave length Differentiating Eq. (10-12, with respect to X g.ves 

1 ,4 + 8 d8 ; 4 d? 

2 cos g dX 2 dX 

„ ■ A 
* 2 dn .. 

db = - 7 - 7-5 dK - 


cos 


A + 5 d\ 


and approximately, for the small but finite quantities A8 and AX, 

A 


2si "t dn AV 

A8 = —j+1 dX 

COS-r— 


(10-13) 


The term $ refers to the slope of the index vs wave length curve (Fig. 
a A 

2-27) at the wave length X. 

From Fig. 10-13, it can be seen that 


sin 0 = ? * 


But 


20 + A + 6 = 7T, 

7T _ A ±J> 
0 - 2 2 


sin0 

Hence 


A +b 

cos—2 



“ • 


Fig. 10-13 


Also, from Fig. 10-13, 


cos—2 


A 

2 


D 

(10-14) 

l ' 


B 

(10-15) 

’ l ’ 



where B is the width of the prism base, 
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Combining Eqs. (10-14) and (10-15) with Eq. (10-13) gives 







(10-16) 


The smallest wave length difference AX that can be resolved is pro¬ 
portional to the wave length and inversely proportional to the prism base 
B and the slope of the index-wave length curve. The diameters of both 
lenses must, of course, be great enough to utilize the full height of the 
prism. The reason that the limit of resolution depends only on the width 
of the prism base and not on its apex angle A may be seen by constructing 
a diagram like Fig. 10-12, replacing the prism with another of the same 
base but with a greater height and hence a smaller apex angle. The devi¬ 
ation will be less but the diameters of the lenses will be greater, and the 
smaller angle A5 between the slit images is just compensated by the smaller 
half-angle a in the diffraction pattern. 


Example, (a) The wave lengths of the sodium D lines are 589.593 m/x and 
588.996 m*!- What is the minimum number of lines a grating must have in order 
to resolve these lines in the first order spectrum? 

From Eq. (10-11), 


mAX 


From the given data, 

AX = 589.593 - 588.996 = 0.597 m/i. 

Hence 

N = -777 = 980 lines. 

.097 

(b) How large a prism is needed to resolve these lines, if the rate of change of 
index with wave length, at a wave length of 589 m/i, is 5.30 X 10 5 per millimicron. 

From Eq. (10-16), 


d\ 


589 


0.597 X 5.30 X lO " 1 
= 185 X 10 5 mu 
= 1.85 cm. 


279 


Problems—Chapter 10 

(\\ The headlights of a distant automobile may be considered as point sources. 
The distance b^tweerf the headlights is 1.5 m and the automobile * 6000 m (about 

4 mi) away (a) What J of 

T4 “hat distance at which the headlights could 

be resolved? Assume a wave length of 550 m M and a pupillary radius of 1 mm. 

(2} A microscope is to be used to resolve two equally bright point objects 
separated by 555 nji. (a) What must be the numerical aperture of the objective, 
if E of wave length 546.1 m/i is used? (b) How great an overall magnification 
mist the microscop?have in order to take full advantage of the nomwual aperture 
of the objective? (c) If the ocular of the microscope has a focal length of 2.5 cm, 
what should be the lateral magnification of the objective. 

(3) The focal length of the objective of a certain microscope is 4 mm and its 

numerical aperture is 0^ The Z oX that 

ZSd £££& this objective^to^ake full advance dl its~ica 1 a = J 
(b) What is the smallest separation of two point objects that can just be resolved. 

(4) (a) What must be the numerical aperture of a microscope objective capable 

of resolvbie two points objects separated by 4.2 X lO" mm? Assume the wave 
01 resolving two p j If the lateral magnification produced 

length of the light used to be 55U mj. ^ ^ observer . s eyc is 2 mm j n diame ter, 

find h the b f l o'cal length of the lowest power ocular which, used with this objective, 
will allow him to resolve the two objects. 

(5) An object on the stageo<fa microscopy 

& find 

as the central disk in the diffraction pattern that a point object would produce. 

(6) A microscope is to be used to examine a cross ^v^gtS hght 
Lippmann color photograph, ae‘shown * if the index of refraction of the photo- 

^i^^^ - - 

microscope? The photograph is examined by light of wave length 550 mg 

cations »X. MX .and 20X ^^^mZhet" 

?h C e m tabKlo a l a “ a'pupillary radiufof 1 mm Ed a w’ave length of 600 mm 
Trdt alUeLes as thin, (b) What is the normal magnification of the telescope, 
(c) Can the two point sources be resolved in each case. 
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Magnification of ocular 

5X 

10X 

20 X 

Focal length of ocular 




Angular magnification of 
telescope 




Radius of exit pupil 




Radius of diffraction disks 




Distance between centers 
of diffraction disks on 
retina 




Relative brightness of ret¬ 
inal image 


1 



(8) A telescope having an angular magnification of 10 X has an objective lens 
20 mm in diameter. At what maximum distance can the headlamps of an ap¬ 
proaching automobile be separately distinguished with the aid of this telescope? 
Assume a wave length of 550 mjx and a separation of 1.5 m for the headlamps. 

(9) Two pinholes 1.5 mm apart are placed in front of a bright light source and 
viewed through a telescope with its objective stopped down to a diameter of 4 mm. 
What is the maximum distance from the telescope at which the pinholes can be 
resolved? 

(10) Two equally bright stars subtend an angle of 1 sec. Assuming an effec¬ 
tive wave length of 550 mu, (a) what is the smallest diameter of a telescope objec¬ 
tive lens that will permit these stars to be separately distinguished? (b) What 
is the normal magnification of the telescope? (c) If the objective lens has a focal 
length of 180 cm, what focal length ocular should be used? 

(11) The diameter of the objective lens of a telescope is 30 mm and the angular 
magnification of the instrument is 5X. If the diameter of the pupil of the ob¬ 
server’s eye is 5 mm, what fraction of the area of the objective is actually utilized? 

(12) The concave mirror of a reflecting telescope is 50 cm in diameter and has 
a focal length of 250 cm. (a) The moon, as seen from the earth, subtends an 
angle of 30 min. Find the diameter of the image of the moon formed by the 
mirror. Neglect aberrations, (b) Find the diameter of the image of a star 
formed by this mirror. 

(13) Two lenses, A and B, have equal focal lengths but A has twice the diameter 

of B. (a) What is the ratio of the energy collected by lens A to that collected by 
lens B ? (b) What is the corresponding ratio of the areas of the diffraction pat¬ 

terns? (c) What is the ratio of the energy per unit area in the two patterns? 

(14) A piece of spectroscopic equipment uses a diffraction grating 2 inches in 
width. Two gratings are available; one (A) has 20,000 lines per inch, and the 
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other (B) has 10,000 lines per inch, (a) Compare the deviation in the first-order 
spectrum of A with that in the second-order spectrum of B. (b) Compare the 
smallest wave length differences that can be resolved under the conditions above. 

(15) How many lines must a grating have in order to resolve in the second or¬ 
der two wave lengths which differ by 0.01 m/x, if the wave lengths are approximately 
(a) 400 mu, (b) 700 m/i? 

(16) A diffraction grating is ruled with a spacing d such that 2 orders (only) 
are possible for a certain wave length X. Suppose this grating to be examined 
under a microscope, using monochromatic light of this same wave length X. (a) 
What is the least numerical aperture necessary so as just to be able to resolve the 
rulings? (b) What is the normal magnification of such a microscope? 

(17) (a) What is the smallest wave length difference that can be resolved at a 

wave length of 500 m^ by a prism spectrometer using an equiangular prism 5 cm on 
a side, constructed of the silicate flint glass whose dispersion curve is given in Fig. 
2-27? (b) What is the width of a grating ruled with 2000 lines/cm, that has the 

same limit of resolution in the second order as does the prism? 



CHAPTER 11 


LINE SPECTRA 

11-1 Line spectra. The preceding chapters have been concerned 
chiefly with the propagation of light, that is, with the phenomena of re¬ 
flection, refraction, dispersion, interference, diffraction, and polarization. 
This chapter and the next will deal with the emission of light by light 
sources, a part of the subject that is closely correlated with the problem 
of atomic structure and which, because of the failure of “classical” electro¬ 
magnetic theory to account for the experimental facts, has led to the 
development of the quantum theory and wave mechanics. 

We have seen how a prism or grating spectrograph functions to disperse 
a beam of light into a spectrum. If the light source is an incandescent 
solid or liquid the spectrum is continuous, that is, light of all wave lengths 
is present. Spectra of this type will be discussed in the next chapter. If, 
however, the source is a gas through which an electrical discharge is 
passing, or a flame into which a volatile salt has been introduced, the 
spectrum is of an entirely different character. Instead of a continuous 
band of color only a few colors appear, in the form of isolated parallel 
lines. (Each “line” is an image of the spectrograph slit, deviated through 
an angle dependent on the frequency of the light forming the image.) A 
spectrum of this sort is termed a line spectrum. The wave lengths of the 
lines are characteristic of the element emitting the light. That is, hydrogen 
always gives a set of lines in the same position, sodium another set, iron 
still another, and so on. The line structure of the spectrum extends both 
into the ultraviolet and infrared regions, where naturally photographic or 
other means are required for its detection. 

The positions of some of the more prominent lines of a number of 
elements are illustrated in the photographs in Fig. 11-1. 

It might be expected that the frequencies of the light emitted by a 
particular element would be arranged in some regular way. For instance, 
a radiating atom might be analogous to a vibrating string, emitting a 
fundamental frequency and its overtones. At first sight there does not 
seem to be any semblance of order or regularity in the lines in Fig. 11-1, 
and for many years unsuccessful attempts were made to correlate the 
observed frequencies with those of a fundamental and its overtones. 
Finally, in 1885, Johann Jakob Balmer (1825-1898) found a simple formula 
which gave the frequencies of a group of lines emitted by atomic hydrogen. 
Since the spectrum of this element is relatively simple, and fairly typical 
of a number of others, we shall consider it in more detail in the next section. 
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ompared the standard meter. 
(Courtney of Dr. R. A. McNally) 
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11-2 Spectral series. Under the proper conditions of excitation, 
atomic hydrogen may be caused to emit the sequence of lines illustrated 
in Fig. 11-2. This sequence is called a series. There is evidently a cer¬ 
tain order in this spectrum, the lines becoming crowded more and more 
closely together as the limit of the series is approached. The line of long¬ 
est wave length or lowest frequency, in the red, is known as H a , the next, 
in the blue-green, as H, j, the third as H y and so on. Balmer found that 
the wave lengths of these lines were given very accurately by the simple 
formula, 

1/X = R (1/2 2 - 1/n 2 ), (11-1) 

where X is the wave length, R is a constant called the Rydberg constant 
and n may have the integral values 3, 4, 5, etc. If X is in meters, 

R = 1.097 X 10 7 m" 1 . 

Letting n = 3 in Eq. (11-1), one 
obtains the wave length of the H a 
line. 

1/X = 1.097 X 10 7 (1/4 - 1/9) 

= 1.522 X 10* m-\ 
whence 

X = 656.3 m/z. 

If n = 4, one obtains the wave 
length of the H 0 line, etc. For n = 
* , one obtains the limit of the series, at X = 364.6 m/*. This is the short¬ 
est wave length in the series. 

Still other series spectra for hydrogen have since been discovered. 
These are known, after their discoverers, as the Lyman, Paschen, and 
Brackett series. The formulas for these are 

Lyman series: 1/X = R (l/l 2 — 1/n 2 ) n = 2, 3, • • • • 

Paschen series: 1/X = R (1/3* — 1/n 2 ) n = 4, 5, 

Brackett series: 1/X = R (1/4 2 — 1/n 2 ) n = 5, 6, • • • • 

The Lyman series is in the ultraviolet, and the Paschen and Brackett 
series are in the infrared. The Balmer series evidently fits into the scheme 
between the Lyman and the Paschen series. 

The Balmer formula, Eq. (11-1) may also be written in terms of the 
frequency of the light, recalling that 

c = /X, 
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Fig. 11-2. The Balmer series of atomic 

hydrogen. 

(Reproduced by permission from Atomic Spectra 
and Atomic Structure by Gerhard Hertberg, 
Copyright 1937 by Prentice-Ha!!, Inc.) 
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Thus Eq. (11-1) becomes 

/= Rc (1/2* - 1/n*) (11-2) 

or 

/ = Rc/ 2 l - flc/n*. (11-3) 

Each of the fractions on the right side of Eq. (11-3) is called a term , 
and the frequency of every line in the series is given by the difference be¬ 
tween two terms. 

There are only a few elements (hydrogen, singly ionized helium, doubly 
ionized lithium) whose spectra can be represented by a simple formula of 
the Balmer type. Nevertheless, it is possible to separate the more com¬ 
plicated spectra of other elements into series, and express the frequency of 
each line in the series as the difference of two terms. The first term is 
constant for any one series, while the various values of the second term 
are found by assigning successive integral values to a quantity corre¬ 
sponding to n in Eq. (11-3), which appears in the (somewhat more com¬ 
plicated) expression for this term. 

11-3 The Zeeman effect. After it had been found possible to repre¬ 
sent the frequencies of line spectra by a mathematical formula, the next 
step was to correlate these frequencies with the structure of the atom and 
the mechanism by which the atom’s energy was transformed into the 
energy of the emitted light. We shall first describe an effect discovered 
in 1896 by Pieter Zeeman (1865-1943). The theory of the Zeeman effect 
was worked out by Hendrik Antoon Lorentz (1853-1928) on the hypothesis 
that the light emitted by an atom had its origin in vibrating electrons 
within the atom. We can describe here only the simpler aspects of the phe¬ 
nomenon, and their explanation by classical electromagnetic theory. A 
complete analysis calls for quantum mechanical treatment and is beyond 
the scope of this book. Briefly, the Zeeman effect has to do with the fact 
that the frequency of the light emitted by atoms in a gas discharge is 
altered when the gas is in a magnetic field. 

Let us assume that light of frequency / is emitted by electrons vibrating 
in linear harmonic motion with that frequency. The line OP in Fig. 
11-3 (a) represents such an oscillation of amplitude A in some arbitrary 
direction. This oscillation can be resolved into two components, one of 
amplitude A cos d along the X-axis and another of amplitude A sin d, 
lying in the Y-Z plane and making an angle <t> with the F-axis. The latter 
linear vibration can in turn be resolved into two circular motions, one 
clockwise and one counterclockwise, in a circle of radius \A sin 6 as indi¬ 
cated in Fig. 11-3 (b), where the Y-Z plane is in the plane of the diagram. 
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(a) (b) 


Fia. 11-3. (a) A linear vibration of amplitude A can be resolved into component 

linear vibrations of amplitudes A cos d and A sin 0. (b) The linear vibration of ampli¬ 

tude A sin 0 is resolvea into two circular vibrations. 


Now suppose a magnetic field of flux density B is set up, parallel to 
the X-axis and hence perpendicular to the Y-Z plane. The component 
vibration represented by A cos 0 is unaffected by the field since its direction 
is parallel to the field. The circular components, however, are in planes 
at right angles to the field. An electron rotating clockwise around the 
circle in Fig. 11-3 (b) experiences a force radially inward, equal to eBv. 
Let us represent the radius sin 6 by r. Then 

v — ojr = 2 tt fr, 

and the force may be written as 2ireBfr. An electron revolving in a 
counterclockwise direction experiences a radially outward force of the same 
magnitude. 

Before the introduction of the magnetic field, the electron was retained 
in its circular orbit by a centripetal force of magnitude 

F — rncoV = 47 r 2 fhnr. 

The change in the centripetal force brought about by the magnetic 
field is in all practical cases small in comparison with the original force. 
We may therefore approximate finite changes by differentials and compute 
the change in frequency arising from a change in the force F. This is 

dF = 87 r 2 /mr df, 


T 
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and when dF is replaced by 
±27reB/r we get 

±2ireBfr = Stt ! /mr df, 

J Airm 

What can now be predicted re¬ 
garding the light emitted by the vi¬ 
brating electron? Suppose first that 
the light source is viewed along the 
direction of the Z-axis, transverse to 
the magnetic field. The component 
A cos 0 should give rise to waves of 
the original frequency /, linearly po¬ 
larized with the 22-vector parallel to 
the direction of vibration, that is, in 
the X-Z plane. The two circular 

vibrations, viewed from this direc¬ 
tion, appear like linear vibrations and should emit waves of frequencies 
f + df and / — df, linearly polarized with the 22-vector in the Y-Z plane. 
In certain cases this is exactly what is observed when the light is dispersed 
by a spectroscope, as illustrated in Fig. 11-4 (b). The shift in frequency, 
and the type of polarization, are exactly as predicted by the theory. 

When the light source is viewed along the X-axis, parallel to the mag¬ 
netic field, the component A cos 0 is viewed “end-on.” Hence no lig it 
should be emitted in this direction by this component. The other two 
components should emit circularly polarized light of frequencies / + df 
and / - df. Again, in certain cases, this is what is observed as shown in 

Fig j (c). 

Instead of computing the shift in frequency from Eq. (11-4) and com¬ 
paring with observation, the frequency shift may be determined from 
spectroscopic measurements and Eq. (11-4) used to compute the electronic 
charge to mass ratio, e/m. Zeeman himself, on the basis of not very 
precise measurements, estimated this ratio to be of the order of magnitude 
of 10 u coul/kgm. The calculation was of the greatest importance at the 
time, since it was just at this period (1896) that the existence of electrons 
was first being suspected and their properties determined. With the ad¬ 
vance of spectroscopic techniques in recent years the precision o t e 
method has increased to a degree comparable with that of deflection ex¬ 
periments. The best value of e/m, from the Zeeman effect, is 1.7570 X 10 


t 


f 


(a) 


(b) 


(c) 



Fio. 11-4. Normal Zeeman triplet 
(a) No magnetic field, (b) Viewed per¬ 
pendicular to magnetic field. (c) Viewed 
parallel to magnetic field. Arrows under 
lines show state of polarization. 
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coul/kgm, while the best value including the results of all methods of 
measurement is 1.7592 X 10 11 coul/kgm. 

The normal Zeeman triplet, illustrated in Fig. 11-4, is observed only in 
a few cases. Ordinarily, the influence of a magnetic field is much more 
complex, and as mentioned earlier can only be interpreted by quantum 
mechanics. 

11-4 The photoelectric effect. All of the evidence afforded by inter¬ 
ference and diffraction effects points to the inescapable conclusion that 
light is some sort of wave motion. The agreement between the measured 
velocity of light and the computed velocity of electromagnetic waves indi¬ 
cates in turn that the waves are electromagnetic. The Zeeman effect, 
described in the preceding section, points to the origin of these waves in 
the vibrations of electrons. In the closing years of the last century the 
electromagnetic theory of light was generally accepted, and it was believed 
that after a few minor discrepancies had been cleared up our understand¬ 
ing of the nature of light would be complete. One phenomenon which did 
not fit satisfactorily into the picture was the photoelectric effect, but the 
eventual explanation of this effect by Einstein, instead of reconciling it 
with the classical electromagnetic theory, led to a radical revision in the 
accepted concepts of the nature of light and the processes of light emission 
and absorption. 

The photoelectric effect was first observed by Heinrich Hertz in 1887. 
He noticed that a spark would jump more readily between two spheres 
when their surfaces were illuminated by the light from another spark. 
Hallwachs investigated the effect more fully in the following year and it 
usually goes by his name. 

According to the modern theory of metals, a metallic conductor consists 
of a lattice of positive ions, permeated by a swarm of “free” electrons in 
random motion. An electron approaching the surface of the metal can 
not normally pass through the surface and escape because of a potential 
barrier, or potential difference, between the interior of the metal and the 
surrounding space. However, when light of sufficiently short wave length 
is incident on the surface of a metal, some of the free electrons acquire 
sufficient energy to penetrate the barrier and may be drawn to a positively 
charged collector nearby. 

It is found that with a given material as emitter, the wave length of 
the incident light must be shorter than a critical value, different for dif¬ 
ferent materials, in order that electrons may be emitted. The frequency 
corresponding to this critical wave length is called the threshold frequency 
of the material. The threshold frequency for most metals is in the ultra- 
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violet, but for potassium and caesium oxides, which are now commonly 
used as photoemissive surfaces, it lies in the visible spectrum. 

A remarkable feature of photoelectric emission is the relation between 
the number of escaping electrons and their maximum velocity, on one hand, 
and the intensity and wave length of the incident light on the other. It 
is found that electrons are emitted from an illuminated surface with a 
range of velocities from zero up to a certain maximum value. The maxi¬ 
mum velocity of emission is found to be independent of the intensity of the 
incident light, but it does depend on the wave length of the light, being 
greater, the shorter the wave length. It is true that the photoelectric 
current increases as the light intensity is increased, but only because more 
electrons are emitted. With light of a given wave length, no matter how 
feeble it may be, the maximum velocity of the electrons from a given 
material is always the same, provided, of course, that the frequency is 
above the threshold frequency. 

This behavior is quite unexplainable by classical theory. It is under¬ 
standable that an electromagnetic wave could, in virtue of the electric field 
associated with it, exert a force on an electron and eject the latter from a 
metal. But increasing the intensity of such a wave means increasing the 
electric intensity and hence increasing the force on an electron and the 
velocity of emission. There is no way of accounting for the fact that with 
light of a given wave length, whether its amplitude is large or small, the 
fastest electrons all have exactly the same velocity. Equally mysterious 
is the fact that a weak light beam of short wave length causes the emission 
of electrons with greater energy than those resulting from illumination bv 

an intense beam of longer wave length. 

Still another anomaly arises when one investigates the mechanism by 
which an electron acquires energy from the incident light. All experi¬ 
mental evidence indicates that photoelectric emission begins instantane¬ 
ously when light strikes the emitting surface. (The time lag, if it exists 
at all, has been shown to be less than 10" 9 sec.) One can measure the rate 
at which energy is incident per unit area, and it turns out that in order for 
an electron to acquire sufficient energy to escape with its observed velocity, 
in a time interval of less than 10 -9 sec, it must be capable of “collecting 
in some way the energy incident on an area that is millions of times as 

great as the cross section of an atom. 

The explanation of the photoelectric effect was given by Einstein in 
1902, although his theory was so radical that it was not generally accepted 
until 1906 when its essential features were confirmed by experiments 
performed by Millikan. Extending a suggestion made two years earlier 
by Planck, in connection with the radiant energy emitted by solids and 
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liquids and discussed in the next chapter, Einstein postulated that the 
energy in a beam of light, instead of being spread out over a wave surface 
as in the classical theory, was concentrated in small “packets” which are 
now called light quanta or photons. The concepts of wave length and 
frequency are still associated with photons, and the energy E of a photon 
is proportional to its frequency /. 


E = hf. 


(11-5) 


The proportionality constant h is called Planck’s constant. Its nu¬ 
merical value is 6.624 X 10 -27 erg-second, or 6.624 X 10 -M joule-second. 

When a photon collides with an electron at or just within the surface 
of a metal it may transfer its energy to the electron. This transfer is an 
“all-or-none” process, the electron acquiring either all of the photon’s 
energy or none. The photon then simply drops out of existence. The 
energy acquired by the electron may enable it to penetrate the potential 
barrier if it is moving in the right direction. In penetrating the potential 
barrier the electron loses an amount of energy cf> which is characteristic of 
the surface and is called the work function of the surface. Electrons that 
start at some distance below the surface may lose more than this amount, 
but the maximum energy with which an electron can emerge is the energy 
gained from a photon, minus the work function. Hence the maximum 
kinetic energy of photoelectrons ejected by light of frequency / is 


5 mV 2 max = hf - <j>. 


( 11 - 6 ) 


This is Einstein’s photoelectric equation, and (except for a small cor¬ 
rection dependent on the temperature of the metal, but which does not 
alter the essential features of the problem) it was in exact agreement with 
Millikan’s experimental results. 

All the difficulties encountered in explaining photoelectric emission by 
the classical theory are easily understandable on the basis of the newer pic¬ 
ture. The shorter the wave length of the incident light, or the higher its 
frequency, the greater the energy of the photons comprising it and the 
greater the kinetic energy of the electrons ejected. Increasing the intensity 
ot light of a given wave length merely means that more photons strike the 
metal per unit time. Hence more electrons are ejected, but with no in¬ 
crease in their maximum energies since the energies of the photons are 
the same. It is unnecessary to wait for energy to accumulate when a light 
beam strikes a surface because a single photon, colliding with an electron, 
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Fiq. 11-5. A modern phototube. 

(Courtesy of Radio Corp. of America) 


can immediately give the latter enough energy to escape. The threshold 
frequency of a given material is 
merely that frequency at which the 
energy of a photon is equal to the 
work function of the material, since 
an electron must acquire at least 
this much energy in order to pene¬ 
trate the potential barrier. 

But if the photon theory is cor¬ 
rect, what about the phenomena of 
interference and diffraction, which 
seem inconsistent with anything but 
a wave theory? In all likelihood 
the last chapter on the subject has 
not yet been written, but it has 
proven possible to reconcile the two 
viewpoints by divesting the electro¬ 
magnetic waves of some of their reality and considering that they serve 
merely as guides to direct the paths of the photons. That is, large num¬ 
bers of photons follow paths that take them to regions such as the maxima 
of interference patterns where electromagnetic theory predicts a large am¬ 
plitude of E or H, while smaller numbers travel toward regions where the 
field intensities are less. Whatever form the complete theory may even¬ 
tually take, we must accept the experimental facts that in problems where 

the propagation of light is concerned, 
it behaves as if it were an electro¬ 
magnetic wave, while in the interac¬ 
tion of light with matter it behaves 
as if it were an assemblage of cor¬ 
puscles or photons. 

Fig. 11-5 is a photograph of a 
modern type of phototube, and Fig. 
11-6 is a diagram of the tube and its 
associated electrical circuit. When 
light strikes the cathode K photo¬ 
electrons are emitted and are drawn 
to the anode A , normally maintained 
at a potential of the order of a hun- 

F ,Q . 11^. Diagram °f phototube c, r- ^red volts above the cathode. Cath- 
cuit. K is the photosensitive cathode, A , , , . i 

the anode, and E a source of emf. The ode and anode are enclosed in an 
photoelectric current results in an IR drop pontniner 

across the resistor R, proportional to the 
current. 
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11-5 The Bohr atom. The preceding section has described how 
Einstein invoked the concept of light quanta, or photons, to account for 
the experimental facts of photoelectric emission. We shall now see how 
the Danish physicist Niels Bohr, in 1913, first applied the same ideas to 
the emission of light by atoms. Although the Zeeman effect seemed to 
indicate that light waves had their origin in vibrating or revolving elec¬ 
trons, the classical theory failed to account both for the existence of stable 
atoms and the fact that line spectra could be arranged in series having 
frequencies given by Balmer’s formula or one of its modifications. 

Experiments on the scattering of alpha-particles by thin metallic foils 
were performed by Rutherford and his co-workers about 1906. These led 
to the hypothesis that atoms consisted of a relatively massive, positively 
charged nucleus, surrounded by a swarm of electrons. To account for the 
fact that the electrons in an atom remained at relatively large distances 
from the nucleus, in spite of the electrostatic force of attraction of the 
nucleus for them, Rutherford postulated that the electrons revolved about 
the nucleus, the force of attraction providing the requisite centripetal 
force to retain them in their orbits. This assumption, however, has an 
unfortunate consequence. A body moving in a circle is continuously ac¬ 
celerated toward the center of the circle, and according to classical electro¬ 
magnetic theory an accelerated electron radiates energy. The kinetic 
energy of the electrons would therefore gradually decrease, their orbits 
would become smaller and smaller and eventually they would spiral in to 
the nucleus and come to rest. Furthermore, according to classical theory, 
the electrons would emit a continuous spectrum (a mixture of all fre¬ 
quencies) in contradiction to the line spectrum which is observed. Such 
a continuous spectrum is actually emitted by the rapidly revolving elec¬ 
trons in a betatron. 

Faced with the dilemma that electromagnetic theory predicted an 
unstable atom emitting radiant energy of all frequencies, while observation 
showed stable atoms emitting only a few frequencies, Bohr concluded that 
in spite of the success of electromagnetic theory in explaining large scale 
phenomena, it could not be applied to processes on an atomic scale. Bohr’s 
first postulate, therefore, was that an electron in an atom can revolve in 
certain specified orbits without the emission of radiant energy, contrary to 
the predictions of the classical electromagnetic theory. The first postulate 
therefore “explained” the stability of the atom. 

A completely stable atom, however, is as unsatisfactory as an unstable 
one, since atoms do emit radiant energy. Bohr’s second postulate incorpo¬ 
rated into atomic theory the quantum concepts that had been developed 
by Planck in connection with blackbody radiation (see Chap. 12) and 
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applied by Einstein to the photoelectric effect. The second postulate was 
that an electron may suddenly “jump" from one of its specified nonradiating 
orbits to another of lower energy. When it does so, a single photon is emitted 
whose energy equals the energy difference between the initial and final states, 

and whose frequency f is given by the relation 


hf = Ei — Et, 


(11-7) 


where h is Planck’s constant and E x and are the initial and final energies. 

It remained to specify the radii of the nonradiating orbits. Bohr 
found that the frequencies of the spectral lines of atomic hydrogen, as 
computed from Eq. (11-7), were in agreement with observation provided 
the electron were permitted to rotate about the nucleus only in those orbits 
for which the angular momentum is some integral multiple of h/2ir. it will 
be recalled that the angular momentum of a particle of mass m moving 
with tangential velocity v in a circle of radius r, is mvr. Hence the quan¬ 
tum condition above may be stated 



( 11 - 8 ) 


where n = 1, 2, 3, etc. . _ 

The hydrogen atom consists of a single electron of charge -e, rotating 

about a single proton of charge +e. The electrostatic force of attraction 
between the charges, 


F = 


1 


47T€o r* 


provides the centripetal force, and from Newton’s second law, 


mv 


(11-9) 


47T€o r* 


(We are using rationalized mks units.) 

When Eqs. (11-8) and (11-9) are solved simultaneously for r and v, we 

obtain 

nVi 2 (11-10) 


r = eo 


7T me 


1 e 1 

V ~ (a 2 nh 


Let 


€o 


*L = r„. 


irme 


( 11 - 11 ) 
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Fig. 11-7. “Permitted” orbits of an electron in the Bohr model of a hydrogen atom. 
The transitions or “jumps” responsible for some of the lines of the Balmer senes are 
indicated by arrows. 

Then Eq. (11-10) becomes 

r = n 2 r 0 , 

and the permitted, nonradiating orbits, are of radii 

r 0 , 4r 0 , 9r 0 , etc. 

The appropriate value of n is called the quantum number of the orbit. 
(See Fig. 11-7.) 

The numerical values of the quantities on the left side of Eq. (11-11) 


are: 
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€o = 8.85 X 10-” r - 2 » m = 9.11 X 10"» kgm, 

0 newton-m 2 

. , e = 1.60 X 10“ 19 coul. 

h = 6.62 X 10"* 4 joule-sec, 

Hence r 0 , the radius of the first Bohr orbit, is 

8.85 X 10" 12 X (6.62 X 10" 84 ) 2 _ 

r ° " 3.14 X 9.11 X 10-* 1 X (1.60 X 10- ,9 )“ 2 

= 5.3 X 10" 11 m 

= 0.53 X lO" 8 cm. 

This is in good agreement with atomic diameters as estimated by other 

methods, namely, about 10 -8 cm. 

The kinetic energy of the electron in any orbit is 

, „ 1 me* 

KE = imv' = 

and the potential energy is 

1 e 2 _ 1 me 4 

PE = ~ 47 ^ r ~ e 0 2 4n 2 h 2 


The total energy, E, is therefore 

E = KE + PE 


1 me* 

^ 2 8 n'h 2 ' 


( 11 - 12 ) 


The total energy has a negative sign because the reference level of 
potential energy is taken with the electron at an infinite distance from the 
nucleus. Since we are interested only in energy differences this is not of 

importance. . 

The energy of the atom is least when its electron is revolving in the 

orbit for which n = 1, for then E has its largest negative value, tor 

n - 2, 3, ... the absolute value of E is smaller, hence the energy is 

progressively larger in the outer orbits. The normal slate of the atom is 

that of lowest energy, with the electron revolving in the orbit of smallest 

radius, r 0 . As a result of collisions with rapidly moving electrons in an 

electrical discharge, or for other causes, the atom may temporarily acquire 

sufficient energy to raise the electron to some outer orbit. The atom is 

then said to be in an excited state. This state is an unstable one, and the 

electron soon falls or “jumps” back to a state of lower energy, emitting a 

photon in the process. 



296 


LINE SPECTRA 


[Chap. 11 


Let n be the quantum number of some excited state, and l the quantum 
number of the lower state to which the electron returns after the emission 
process. Then Ei, the initial energy, is 

w _J_ me * 

El €o 2 8 n 2 h 2 

and E 2 , the final energy, is 

„ _ _ J_ JM*. 

eo 2 8 l 2 h 2 ‘ 


The decrease in energy, Ei — E 2 , which we place equal to the energy 
hf of the emitted photon, is 



1 me* 
€ 0 2 8n 2 h 2 


J_ me* 
+ eo 2 8l 2 h 2 ’ 


or 

(11-13) 

; €o 2 8 h* \l 2 n 2 ) 

This equation is of precisely the same form as the Balmer formula 
(Eq. (10-2) ) for the frequencies in the hydrogen spectrum if we place 


1 me* 

€o 2 8/i 3 



(11-14) 


and let l = 1 for the Lyman series, l = 2 for the Balmer series, etc. The 
Lyman series is therefore the group of lines emitted by electrons returning 
from some excited state to the normal state. The Balmer series is the 
group emitted by electrons returning from some higher state, but which 
decide to stop in the second orbit instead of falling at once to that of 
lowest energy. That is, an electron returning from the third orbit (n = 3) 
to the second orbit (i = 2) emits the H a line. One returning from the 
fourth orbit (n = 4) to the second (l = 2) emits the Hp line, etc. (See 
Fig. 11-7.) 

The question naturally arises as to whether or not Eq. (11-14) is true, 
since every quantity in it may be determined quite independently of the 
Bohr theory, and apart from this theory we have no reason to expect 
these quantities to be related in this particular way. The quantities m 
and e, for instance, are found from experiments on free electrons, h may 
be found from the photoelectric effect, R by measurements of wave lengths, 
while c is the velocity of light. However, if we substitute in Eq. (11-14) 
the values of these quantities, obtained by such diverse means, we find 
that it does hold exactly, within the limits of experimental error. 
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The discovery of deuterium constitutes another triumph of Bohr s 
theory of the hydrogen atom. According to Bohr, an electron revolving 
about a stationary nucleus in an orbit characterized by the quantum num¬ 
ber n has an energy given by Eq. (11-12), 


jp _L JO*. . 

* ' Co 2 Sn 2 h 2 

The nucleus of a hydrogen atom, a proton, has a mass 1840 times that of 
an electron, and therefore the assumption that the proton remains station¬ 
ary while the electron revolves around it is a fair one if great accuracy is 
not desired. In devising a theory to explain spectral lines, however, the 
utmost refinements must be introduced because measurements of the wave 
lengths of spectral lines are among the most precise in all experimental 
physics. It is natural, therefore, to take into account the fact that both 
the electron and proton revolve about their common center of mass. 
When this is done, the energy of an electron becomes 



m 





8n 2 /i 2 


where M is the mass of the nucleus. . 

It was suspected in 1931 that ordinary hydrogen was a mixture of two 

isotopes, one isotope consisting of an electron revolving about a proton 

the other consisting of an electron revolving about a nucleus consisting of 

a proton and a neutron, and having a mass almost exactly twice that of 

the proton. ^6 ^ excited in an electric discharge and the Balmer 

lines are measured carefully, the frequency of, say, t e seconc a mer 
(H,) would be slightly different for the two different hydrogens. hus 


and 




m 


( 1 1 \ /for a nucleus\ 

2* 4 2 / \of mass M » / 


1 + 


tn 8/i 3 
Mi 


m 


Co' 


1 + 


m 8/i* 
Mi 


(\ 1 \ /for a nucleus\ ^ 

I 2 2 ” 4 2 / \of mass Mj / 


where m/if, = 1/1840 and m/M, = 1/3680. The two different H „’s 
would be very close together because the wave length difference corre- 
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sponding to the frequency difference /i — fa is only 1.3 Angstroms. Fur¬ 
thermore, the Hp line corresponding to the heavy isotope would be very 
much fainter than the other because in any ordinary sample of hydrogen, 
there is presumably only a small percentage of heavy hydrogen. 

In spite of these difficulties, Urey, Murphy, and Brickwedde, in 1932, 
undertook the task of determining whether the heavy isotope of hydrogen 
existed. With the aid of a diffraction grating spectrograph they found 
the blue Hp line to consist of a very strong line and a faint companion. 
They then proceeded to prepare hydrogen with a higher percentage of the 
heavy isotope by allowing liquid hydrogen to evaporate and retaining the 
residue. With this residue in the discharge tube, the companion line was 
much stronger and its displacement from the other Hp line was in agree¬ 
ment with the value predicted by the Bohr theory. They called the 
heavier isotope deuterium. 


11-6 Wave mechanics. The Bohr model of the atom was successful 
in explaining the observed spectra of atomic hydrogen and of a few other 
elements, but for atoms having a large number of orbital electrons, and 
for molecules, the theory was not as satisfactory. Furthermore, there 
seemed to be no good justification, except that it led to the right answer, 
for the hypothesis that only those orbits are permitted for which the 
angular momentum is equal to some integral multiple of h/2ir. The next 
advance in atom-building, which followed the theory of Bohr by about ten 
years, was a suggestion by de Broglie that since light appeared to be 
dualistic in nature, behaving in some aspects like waves and in others like 
corpuscles, the same might be true of matter. That is, electrons and 
protons, which until that time had been thought to be purely corpuscular, 
might in some circumstances behave like waves. The rapid development 
of this idea in the hands of Heisenberg, Schrodinger, and many others, led 
to the so-called wave mechanics or quantum mechanics which has placed 
atomic theory on what we believe to be a secure foundation. 

A single section on “wave mechanics” can not, of course give the reader 
any adequate comprehension of this complex and highly mathematical 
subject, any more than the whole field of “Newtonian mechanics” could 
be covered in the same amount of space. We can only point out the main 
lines of thought in a nonmathematical way, describe some of the experi¬ 
mental evidence for the wave-nature of material particles, and show how 
the quantum numbers that were introduced in such an artificial way by 
Bohr, now enter naturally into the problem of atomic structure. 
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The essential feature of the new wave mechanics, as we have said, is 
that particles of matter are also endowed with wavelike properties. An 
electron, then, must be considered as some sort of wave, more or less 
spread out through space and not simply localized at a point. The idea 
that the electrons in an atom move in definite Bohr orbits such as those 
in Fig 11-7 has been abandoned. Instead, the new theory specifies merely 
that there are certain regions in which an electron is more or less likely to 
be found. The orbits themselves, however, were never an essential part 
of Bohr’s theory, since the only quantities that determined the frequencies 
of the emitted photons were the energies corresponding to the orbits. The 
new theory still assigns definite energy states to an atom. In the hydrogen 
atom the energies are the same as those given by Bohr’s theory; in more 
complicated atoms where the Bohr theory did not work, the wave me¬ 
chanical picture is in excellent agreement with observation. 

We shall illustrate how quantization arises in atomic structure by an 
analogy with the classical mechanical problem of a vibrating string fixed 
at its ends The reader will recall that the application of Newton’s second 
law to an element of a stretched string, slightly displaced from its equi¬ 
librium position, leads to a second order differential equation; the so-called 
wave equation. The differential equation is satisfied by a wave traveling 
along the string in either direction with a velocity determined by the 
tension in. the string and its mass per unit length. But if the string is 
fixed at both ends, it is not enough to satisfy the differential equation. 
We can only use those solutions for which the ends of the string remain 
permanently at rest, or for which the ends are nodes^ Nodes may occur 
at other points also, and the general requirement is that the length of the 
string shall equal some integral number of half-wave lengths. The point 
of interest is that the differential equation and the boundary conditions, 
both of which must be satisfied, lead to the appearance of integral numbers 

in the solution of the problem. ..... 

In a similar way, the principles of quantum mechanics lead to a wave 

equation (Schrodinger’s equation) that must be satisfied by an electron in 
an atom, subject also to certain boundary conditions. Let us think of an 
electron as a wave extending in a circle around the nucleus In order that 
the wave may “come out even,” the circumference of this circle must 
include some integral number of wave lengths. The wave length of a 
particle of mass m, moving with a velocity *, is given according to wave 

mechanics by the equation (see page 270) 


mv 


# 


(11-15) 
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where X is the wave length and h is Planck’s constant. Then if r is the 
radius and 27 rr the circumference of the circle occupied by the wave, we 
must have 

27rr = nX, 

where n = 1, 2, 3, etc. 

Since X = h/mv, this equation becomes 

h 

27rr = n — » 
mv 

or 

h 

mvr = n ~— 

27T 

But mvr is the angular momentum of the electron, and we see that the 
wave mechanical picture leads naturally to Bohr’s postulate that the 
angular momentum equals some integral multiple of h/2ir. 

There is even more direct experimental evidence of the wavelike nature 
of electrons. We have described in Chap. 9 how the layers of atoms in a 
crystal serve as a diffraction grating for x-rays. An x-ray beam is strongly 
reflected when it strikes a crystal at such an angle that the waves reflected 
from the atomic layers combine to reenforce one another. The point of 
importance here is that the existence of these strong reflections is evidence 
of the wave nature of x-rays. 

In 1927, Davisson and Germer, working in the Bell Telephone Labora¬ 
tories, were studying the nature of the surface of a crystal of nickel by 
directing a beam of electrons at the surface and observing the electrons 
reflected at various angles. It might be expected that even the smoothest 
surface attainable would still look rough to an electron, and that the 
electron beam would therefore be diffusely reflected. But Davisson and 
Germer found that the electrons were reflected in almost the same way 
that x-rays would be reflected from the same crystal. The wave lengths of 
the electrons in the beam were computed from their known velocity, with 
the help of Eq. (11-15), and the angles at which strong reflection took 
place were found to be the same as those at which x-rays of the same 
wave length would be reflected. 

11-7 Absorption spectra. Although the precise picture of electronic 
orbits about the nucleus of an atom has been abandoned in modern physics, 
the concept of energy levels still remains. The fundamental problem of 
the spectroscopist is to determine the energy levels of an atom from the 
measured values of the wave lengths of the spectral lines emitted when the 
atom proceeds from one set of energy levels to another. In the case of 
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complicated spectra emitted by the heavier atoms this is a task requiring 
tremendous ingenuity. Nevertheless, almost all spectra have been ana¬ 
lyzed and the resulting energy levels have been tabulated or plotted. 

The lowest energy level of the atom is called the normal state and all 
higher levels are called excited states. As we have seen, a spectral line is 
emitted when an atom proceeds from an excited state to a lower state. 
The only means discussed so far for raising the atom from the normal state 
to an excited state has been with the aid of an electric discharge. Let us 
consider now another method involving the absorption of radiant energy. 

A sodium atom emits the characteristic yellow light of wave lengths 
589.0 m/x and 589.6 mfx (the Di and D t lines) when it undergoes the tran¬ 
sitions from two levels called resonance levels to the normal state. Sup¬ 
pose a sodium atom in the normal state were to absorb a quantum o 
radiant energy of wave length 589.0 m M or 589.6 m M . It would then 
undergo a transition in the opposite direction and be raised to one of the 
resonance levels. After a short time, known as the lifetime of the excited 
state (which in the case of the resonance levels of the sodium atom has 
been found to be 1.6 X lO' 8 sec) the atom returns to the normal state 
and emits this quantum. The emission process is called resonance radia¬ 
tion and may be easily demonstrated as follows. A strong beam of the 
yellow light from a sodium arc is concentrated on a glass bulb which has 
been highly evacuated and into which a small amount of pure meta k 
sodium has been distilled. If the bulb is gently warmed with a bunsen 
burner to increase the sodium vapor pressure, resonance radiation will 
take place throughout the whole bulb, which glows with the yellow light 

characteristic of sodium. . 

A sodium atom in the normal state may absorb radiant energy of wave 

lengths other than the yellow resonance lines. All wave lengths corre- 



Fia. 11-8. Absorption spectrum of sodium. 

sponding to spectral lines emitted when the sodium atom returns to its 
normal state may be absorbed. If therefore the light from a carbon arc 
is sent through an absorption tube containing sodium v a P° r i an ^ en 
examined with a spectroscope, there will be a series of dar ines COTre 
sponding to the wave lengths absorbed, as shown in the reverse prin o 
Fig. 11-8. This is known as an absorption spectrum. 
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The sun’s spectrum is an absorption spectrum. The main body of the 
sun emits a continuous spectrum whereas the cooler vapors in the sun’s 
atmosphere emit line spectra corresponding to all the elements present. 
When the intense light from the main body of the sun passes through the 
cooler vapors, the lines of these elements are absorbed. The light emitted 
by the cooler vapors is so small compared with the unabsorbed continuous 
spectrum, that the continuous spectrum appears to be crossed by myriads 
of faint dark lines. These were first observed by Fraunhofer and are 
therefore called Fraunhofer lines. They may be observed with any stu¬ 
dent spectroscope pointed toward any part of the sky. 

11-8 Band spectra. Up to this point we have confined our attention 
to spectra emitted by individual atoms. Many gases, however, have 
molecules consisting of two or more atoms held more or less tightly to¬ 
gether. Thus hydrogen, oxygen, nitrogen, carbon monoxide, etc. are 
diatomic gases with molecules composed of two atoms each. To obtain 
the spectrum of atomic hydrogen or atomic oxygen, a heavy electric dis¬ 
charge is needed to dissociate some of the molecules into atoms. If no 
dissociation takes place, the molecules themselves emit light which when 
analyzed with a spectroscope shows an enormous number of lines spaced 
so close together that they form what appear roughly to be bands. Hence 
the term band spectrujn. Typical band spectra are shown in Fig. 11-9. 

Each line in a band spectrum is the result of a transition between two 
energy levels of the molecule. The energy levels of molecules are much 
more numerous and much more complicated than those of atoms. They 
arise not only from different electron “orbits” but also from different 
energies of rotation and vibration. A whole set of bands corresponds to 
an electronic transition, a single band to a vibrational transition, and a 
single line in a band to a rotational transition. 



Fig. 11-9. Typical band spectra. 


11-9 X-ray spectra. The elements of the periodic system may be 
arranged in sequence according to atomic number, that is, according to the 
number of electrons which surround the nucleus of the atom. While the 
notion of the explicit orbits of the Bohr theory has been abandoned, one 
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still speaks of these electrons as being located in various “shells” about the 
nucleus. Each shell seems able to hold a certain maximum number of 
electrons. As the atomic number of the atom increases, first the inner 
shell fills up to its maximum number, then the second shell, then the third, 
and so on. (This order is not exactly followed in all cases, but is nearly so.) 
The innermost shell, known as the K shell, can contain at the most two 
electrons. The next outer shell, the L shell, can contain eight. The third, 
the M shell, has a capacity for 18 electrons, while the N shell may hold 32. 
The element sodium, for example, which contains 11 electrons, has two 
in the K shell, eight in the L shell, and a single electron in the M shell. 
Molybdenum, with 42 electrons, has two in the K shell, eight in the L 
shell, 18 in the M shell, and 14 in the N shell. 

The outer electrons of an atom, as the M electron of sodium, are the 
ones responsible for the optical spectra of the elements. Relatively small 
amounts of energy suffice to remove these to excited states, and on their 
return to their normal states wave lengths in or near the visible region are 
emitted. The inner electrons, such as those in the K shell, require much 
more energy to displace them from their normal levels. As a result, we 
would expect a photon of much larger energy, and hence much higher 
frequency, to be emitted when the atom returns to its normal state after 
the displacement of an inner electron. This is in fact the case, and it is 
the displacement of the inner electrons which gives rise to the emission of 

x-rays. 

The usual method of producing x-rays is to bombard the atoms of an 
element with rapidly moving electrons (cathode rays). The substance 
to be bombarded is made the anode in an evacuated tube, the cathode being 
an incandescent tungsten filament. Electrons emitted thermionically by 
the filament are accelerated by a high potential difference between cathode 
and anode. On colliding with the atoms of the anode, or target, some of 
these electrons, provided they have acquired sufficient energy, will dislodge 
one of the inner electrons of a target atom, say one of the K electrons. 
This leaves a vacant space in the K shell, which is immediately filled by 
an electron from either the L, AT, or N shells. The readjustment of the 
electrons is accompanied by a decrease in the energy of the atom, and an 
x-ray photon is emitted with energy just equal to this decrease. Since the 
energy change is perfectly definite for atoms of a given element, we can 
predict definite frequencies for the emitted x-rays, or in other words the 
x-ray spectrum should be a line spectrum also. We can predict further 
that there should be just three lines in the series, corresponding to three 
possibilities that the vacant space may have been filled by an L, M, or N 
electron. 
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Fig. 11-10. Wave lengths of the K a , Kp, and K y lines of copper, molybdenum, and 

tungsten. 

This is precisely what is observed. Fig. 11-10 illustrates the so-called 
K -series of the elements tungsten, molybdenum, and copper. Each series 
consists of three lines, known as the K a , Kp, and K y lines. The K a line 
is produced by the transition of an L electron to the vacated space in the 
K shell, the Kp line by an M electron, and the K y line by an N electron. 

In addition to the K series, there are other series known as the L, AT, 
and N series, produced by the ejection of electrons from the L, M, and N 
shells rather than the K shell. As would be expected, the electrons in 
these outer shells, being farther away from the nucleus, are not held as 
firmly as those in the K shell. Consequently the other series may be 
excited by more slowly moving electrons, and the photons emitted are of 
lower energy and longer wave length. 

In addition to the x-ray line spectrum there is a background of con¬ 
tinuous x-radiation from the target of an x-ray tube. This is due to the 
sudden deceleration of those cathode rays which do not happen to eject an 
electron. The remarkable feature of the continuous spectrum is that while 
it extends indefinitely toward the long wave length end, it is cut off very 
sharply at the short wave length end. Again the quantum theory furnishes 
a satisfactory explanation of the short-wave limit of the continuous x-ray 
spectrum. 

A bombarding electron may be brought to rest in a single process, if 
the electron happens to collide head-on with an atom of the target, or it 
may make a number of collisions before coming to rest, giving up part of 
its energy each time. If we assume that the energy lost at each collision 
is radiated as an x-ray photon, these photons may be of any energy up to 
a certain maximum, namely, that of an electron which gives up all of its 
energy in a single collision. Hence there will be a short wave limit to the 
spectrum. The frequency of this limit is found as usual by setting the 
energy of the electron equal to the energy of the x-ray photon. 
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^ mv 1 = hf. (11-16) 

This is precisely the same equation as that for the photoelectric effect, 
except for the work function term which is negligible here since the energies 
of the x-ray photons are so large. In fact, the emission of x-rays may be 
described as an inverse photoelectric effect. In photoelectric emission the 
energy of a photon is transformed into kinetic energy of an electron; here, 
the kinetic energy of an electron is transformed into that of a photon. 


Example. Compute the potential difference through which an electron must 
be accelerated in order that the short wave limit of the continuous x-ray spectrum 

shall be exactly 1 Angstrom. . 

The frequency corresponding to 1 Angstrom (10 10 m) is given by 

c = 3 X 10 8 = 3 1Q18 K 

J X 10-“ 

The energy of the photon is 

hf = 6.62 X lO"* 4 X 3 X 10“ = 19.9 X 10' 1# joule. 

This must equal the kinetic energy of the electron, * mv\ which is also equal to 
the product of the electronic charge and the accelerating voltage, V. 

i mv* = eV = 19.9 X 10“ u joule. 


e 

V 


1.60 X 10 -1 * coulomb, 

19.9 X 10-^ = 12 4<x) volts. 
1.60 X 10- 1 * 


Since 
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Problems—Chapter 11 

(1) Compute the wave lengths of the longest and shortest waves in the Lyman, 
Paschen, and Brackett series of atomic hydrogen. 

(2) (a) Find the frequency and the wave length of the spectrum line which is 
emitted when the electron of a hydrogen atom returns from the fourth Bohr orbit 
to the third, (b) Of what series of spectrum lines is this line a member? 

(3) (a) Find the difference in wave length between the lines in a normal Zee- 
man triplet, if the wave length of the central line is 400 m/x and the magnetic flux 
density is 1 weber/m 2 = 10 4 gauss, (b) How many lines would a grating have to 
have to resolve the triplet in the second-order spectrum? 

(4) (a) Compute the energy in joules associated with a photon of wave length 
600 m/i. (b) Compute the work function of a photoemissive surface, in joules, if 
the threshold wave length of the surface is 600 m/i. (c) Through how many volts 
would an electron have to be accelerated to acquire this energy? (The answer 
gives the work function of the surface in electron-volts.) 

(5) The work function of the emitting surface of a photocell is 2 electron-volts. 
(An electron-volt is equal to the energy acquired by an electron accelerated through 
a potential difference of 1 volt.) (a) What is the longest wave length which can 
eject photoelectrons from this surface? (b) What is the maximum velocity with 
which photoelectrons are emitted when ultraviolet light of wave length 300 m/x is 
incident on the surface? 

(6) When ultraviolet light of wave length 254 m/i is incident on the emitting 
surface of a certain photocell, photoelectrons leave the surface with velocities up 
to 10 6 m/sec. (a) What is the work function of the emitting surface? (b) What 
is the longest wave which can eject photoelectrons from this surface? 

(7) An image of the sun is formed on the metal surface of a photoelectric cell 
and produces a current I. The lens forming this image is then replaced by an¬ 
other of the same diameter but only half the focal length, (a) How does the area 
of the second image compare with the first? (b) What is the photocell current in 
the second case? 

(8) What is the minimum potential difference required to operate an x-ray 
tube capable of producing x-rays of wave length 10~ 3 m/x? 

(9) (a) What is the short-wave limit of the continuous x-ray spectrum pro¬ 
duced by an x-ray tube operating at 30,000 volts? (b) What is the wave length 

f the shortest x-rays that could be produced by a Van de Graaff generator de¬ 
veloping 5,000,000 volts? 
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THERMAL RADIATION 

12-1 Thermal radiation. In the preceding chapter we have discussed 
the line spectra typical of materials in the gaseous state, as for example a 
neon sign or a sodium vapor lamp. The atoms in a gas through which 
an electrical discharge is passing are at relatively large distances from one 
another and so are capable of radiating independently. Thus the line 
spectrum emitted by a gas is characteristic of the atoms composing it. The 
present chapter will be devoted to spectra of the type emitted by an in¬ 
candescent solid or liquid. In a solid or liquid the atoms are practically 
in contact with one another and cannot act independently. Instead of 
a line spectrum, containing only a relatively few frequencies, the spectra 
of solids and liquids are continuous. That is, waves of all frequencies are* 
emitted, although with an intensity that becomes vanishingly small at 
both extremely long and extremely short wave lengths. The distribution 
of energy in the spectrum is determined chiefly by the temperature of the 
emitting surface and is not characteristic of the material of which it is 
composed. 

Any source of electromagnetic waves is called a radiator. The energy 
transported by the waves is radiant energy. The general term for the 
process by which radiant energy is generated is radiation. In the particular 
case under discussion the thermal energy of a solid or liquid is transformed 
into radiant energy and the process is called thermal radiation. 

It is a familiar fact that solids and liquids radiate visible light when 
their temperature is above 500-550°C. This light is, of course, radiant 
energy. The emission of radiant energy does not begin suddenly, however, 
at the temperature at which a body becomes self-luminous, but is going on 
at all temperatures down to absolute zero. A body is not self-luminous at 
low temperatures because the radiant energy emitted at low temperatures 
is chiefly of long wave length, outside the limits of the visible spectrum, 
and not until the temperature is increased sufficiently is there enough 
energy of wave lengths in the visible spectrum for the body to become 

self-luminous. 

12-2 Kirchhoff’s law. Fig. 12-1 represents an evacuated enclosure 
whose walls are maintained at a uniform temperature. Within the en¬ 
closure is a small body A. One finds by experiment that whatever the 
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nature of this body, and whatever 
its initial temperature, it eventually 
comes to and remains at the same 
temperature as the walls of the en¬ 
closure. The mechanism by which 
this equality of temperature is 
brought about is the emission and 
absorption of radiant energy at the 
surfaces of the body and the en¬ 
closure. 

It is necessary to distinguish 


carefully between several processes going on at the surface of the body. 
First, radiant energy emitted by or reflected from the inner walls of the 
enclosure, is incident on the surface of the body at a certain rate. Second, 
a part of this incident energy is reflected by the body and the remainder 
absorbed. (We shall assume the body to be opaque so that no energy is 
transmitted.) The energy absorbed is converted to thermal energy of 
the atoms of the body. Third, radiant energy is emitted at the surface 
of the body at a certain rate. This energy is supplied by the thermal 
energy of the atoms. After the equilibrium state has been reached, the 
temperature of the body remains constant and there must exist an energy 
balance between these processes. 

The radiant energy which strikes or crosses a surface per unit of time, 
or the radiant energy emitted by a 
source per unit time, is called the 
radiant flux striking the surface or 
emitted by the source, and is repre¬ 
sented by P. Radiant flux is ex¬ 
pressed in watts in the mks system. 

The radiant flux incident on a sur¬ 
face per unit area is called the irradi- 
ance and is represented by H. The 
mks unit of irradiance is 1 watt/m*. 

(The hybrid unit, 1 watt/cm 2 , is 
often of more convenient size.) 

Fig. 12-2 represents a portion of 
the surface of body A in Fig. 12-1. 
d'he magnitude of the irradiance, or 
the incident flux per unit area, is 
represented schematically by the 
width of the band lettered H. If 



Fig. 12-2. Schematic diagram to illus¬ 
trate the processes of irradiation absorp¬ 
tion, reflection, and emission of radiant 
energy at a surface. In equilibrium, 
aH = W. 
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the body is small compared with the size of the enclosure, the irradiance 
is the same at all points of the surface of the body. It will, however, 
depend on the temperature of the enclosure. 

A certain fraction of the incident flux, dependent on the nature of the 
surface, is absorbed and the remainder reflected. The fraction reflected is 
called the reflectance of the surface and is represented by r. The fraction 
absorbed is called the absorptance and is represented by a. Reflectance 
and absorptance are pure numbers whose magnitude must lie between 0 
and 1. Evidently, for an opaque surface, 

r + a = 1. 

The product rH, represented schematically by the width of the beam 
rH in Fig. 12-2, is the rate at which energy is reflected per unit area. The 
product aH, similarly represented, is the rate at which energy is absorbed 
and converted to thermal energy. 

The rate at which radiant energy is emitted per unit area of a surface 
is called the radiant emillance and is represented by W . Radiant emittance 
may also be described as the radiant flux emitted per unit area. The mks 
unit of radiant emittance is 1 watt/m*. The magnitude of the radiant 
emittance is represented in Fig. 12-2 by the width of the band lettered IF. 
Actually, of course, radiant energy is incident at all points of the body s 
surface and reflection, absorption, and radiation are going on simultane¬ 
ously at all points. The separation of the bands in Fig. 12-2 is schematic 
only. 

We can now set up the conditions for a balance between the rate of 
absorption and the rate of emission of energy. I he rate at which energy 
is absorbed per unit area is aH. The rate at which it is emitted per unit 
area is W. Hence in the equilibrium state, 

aH = W, 
or 

E = h . (12-D 

a 

The irradiance H depends only on the temperature of the enclosure 
and not on the nature of the surface of the body. Hence we conclude 
that the ratio of radiant emittance to absorptance is the saine for all surfaces 
at the same temperature. This fact is known as Kirchhoff's law. 

An immediate consequence of Kirchhoff’s law is that if the absorp¬ 
tance a of a given surface is large, the radiant emittance W of the surface 
is large also; if the absorptance is small the radiant emittance is small. 
This explains why the inner surfaces of the double walls of a Dewar flask 
(“thermos bottle”) are silvered. A silvered surface has a large reflectance, 
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hence a small absorptance and a small radiant emittance. If a hot liquid 
is placed in the flask, the loss of heat by radiation will be small. Or, if a 
cold liquid is placed in the flask, the gain of heat from outside by radiation 
will be small since most of the radiant energy incident on the surface is re¬ 
flected. 


12-3 The complete radiator or blackbody. Since from Kirchhoff’s law 
the ratio of absorptance to radiant emittance, a/W, is the same for all 
surfaces at the same temperature, it follows that the surface having the 
maximum radiant emittance is one having the maximum absorptance. 
But the maximum possible value of the absorptance is a = 1, that is, all 
incident energy is absorbed and none is reflected. A surface which absorbs 
all of the radiant energy incident on it would appear black (provided its 
temperature is not so high that it is self-luminous), and it is called an 
ideally black surface, or a blackbody. At a given temperature, no surface 
can have a larger radiant emittance than a blackbody. The term “black¬ 
body” is unfortunate, because although such an object does not reflect any 
energy, it does radiate, and in most cases of interest in photometry and 
colorimetry it radiates copiously. The alternate term, complete radiator, 
has been proposed. 

No material surface absorbs all of the radiant energy incident on it. 
Lampblack reflects about 1%. A blackbody may be very closely approxi¬ 
mated, however, by an enclosure with a small opening through which 
radiant energy may enter or leave. (Fig. 12-3.) Of the radiant energy 

entering the opening, a part will be 
absorbed by the walls and the re¬ 
mainder reflected. Only a small 
fraction of the reflected energy 
passes out through the opening, the 
remainder being again absorbed or 
re-reflected. After repeated reflec¬ 
tions practically all of the incoming 
energy is absorbed. The opening, 
then, behaves like a blackbody in 
that all of the energy incident on it 
is absorbed. 

The interior walls of the enclo¬ 
sure in Fig. 12-3 are emitting radi¬ 



Fig. 12-3. A small opening in the walls 
of an enclosure is very nearly a complete 
absorber of radiant energy. 


ant energy as well as absorbing it, 
and a part of this energy escapes 
through the opening. If the walls 
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are not ideally black surfaces their radiant emittance is less than that of 
a blackbody, but in any case their smaller emittance is just compensated 
for by their larger reflectance. Hence the energy escaping from the open¬ 
ing is identical with that which would be emitted by a blackbody at the 
same temperature as the walls of the enclosure. 

Let Wbb represent the radiant emittance of a blackbody. Then from 
Kirchhoff’s law, since a = 1 for a blackbody, 

w-k 01 r-*- (12 - 2) 

where a and W refer to any surface whatever. That is, the ratio of the 
radiant emittance to the absorptance is the same for all surfaces at the 
same temperature, and is equal to the radiant emittance of a blackbody at 
the same temperature. 

12-4 Planck’s law. If a beam of radiant energy from a blackbody is 
dispersed into a spectrum, the reading of a sensitive thermometer or 
thermopile placed in the spectrum is an indication of the radiant emittance 
of the blackbody within the particular range of wave lengths (or fre¬ 
quencies) which the indicating instrument intercepts. As the thermometer 
is moved along the spectrum one finds that its reading passes through a 
maximum at some one wave length (the particular wave length depends 
on the temperature of the blackbody) and that on either side of the maxi¬ 
mum there is a considerable range of wave lengths throughout which the 
energy is distributed. 

Max Planck, in 1900, developed an empirical equation that satisfac¬ 
torily represented the energy distribution in the spectrum of a blackbody. 
After unsuccessful attempts to justify his equation by theoretical reason¬ 
ing based on the laws of classical physics, Planck concluded that these 
laws did not apply to energy transformations on an atomic scale. Instead, 
he postulated that a radiating body consisted of an enormous number of 
elementary oscillators, vibrating at all possible frequencies. These oscil¬ 
lators were the source of the radiant energy emitted by the body. The 
energy E of any one oscillator was not permitted to take on any arbitrary 
value, but was proportional to some integral multiple of the frequency of 
the oscillator, /. That is, 

E = nhf, (12-3) 

where n is an integer and the proportionality constant h is Planck a constant 
to which reference has been made previously. Out of this postulate, which 
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was one of the most spectacular and important accomplishments in the 
history of theoretical physics, there has developed most of the modern 
theory of atomic processes. 

Although Einstein developed his theory of the photoelectric effect from 
the quantum concepts first proposed by Planck, it should be noted that he 
made one important modification or extension of Planck’s original theory. 
The latter’s viewpoint was that while the energies of the elementary oscil¬ 
lators could take on only discrete values, the energy radiated by them was 
propagated through space according to classical electromagnetic theory. 
It was Einstein who first realized that quantum conditions applied to the 
radiant energy also, and that the latter could exist only in discrete packets 
or photons of energy hf. That is, while Planck quantized the oscillators 
of a radiating body, Einstein went one step further and quantized the 
radiant energy emitted by them. 

The derivation of Planck’s formula from his hypothesis regarding the 
energies of the elementary oscillators is too long and involved to be given 
here. We shall merely give the formula without deriving it. 

Consider an infinitesimal range of frequencies between / and / 4- df, 
and let dW bb be the radiant emittance of a blackbody within this frequency 
range. The radiant emittance will be proportional to the frequency range 
df if the latter is sufficiently small, and we may write 

dW bb = W/df. 


Planck’s formula for the coefficient W / is 

2irh f 3 


W f = 


2 e hf!kT — 1 


(12-4) 


where h is Planck’s constant, c is the velocity of light, T is the Kelvin 
temperature of the blackbody, k is the Boltzmann constant or the gas 
constant per molecule, and e is the base of natural logarithms. 

It is interesting to note that the factor kT occurs also in connection with the 
energy of the molecules of a gas, where, it will be recalled, the principle of equi- 
partition of energy assigns an energy | kT to each degree of freedom. Further¬ 
more, the Maxwell-Boltzmann equation for the velocity distribution of the mole¬ 
cules of a gas contains the factor 

1 

IkT 

where ^ mv 2 is the kinetic energy of a molecule. Since the product hf is the energy 
of a photon, both Planck’s equation and the Maxwell-Boltzmann equation involve 
the ratio energy/kT. More general reasoning based on the principles of statistical 
mechanics shows that all of these problems are in reality special cases of a general 
distribution principle. 
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From the experimental point of view it is convenient to express Planck’s 
equation in terms of wave lengths rather than frequencies. Since c = /X, 
where c is the velocity of light, the ratio hf/kT becomes 

hf _ he _ ct_ 

kT ~ \kT ~ \T ’ 

where c* is an abbreviation for hc/k. 

Also, 

P = c’A» 

and 

df= -£d\. 



where c x = 2irc*h. The minus sign can be disregarded since we are in¬ 
terested only in the magnitude of the wave length or frequency interval. 
Let us define a quantity W\ (corresponding to W ’/) by the equation 

dW b 6 = Wxd\, (12-6) 

Then 


If inks units are used consistently in Eq. (12-5), X and d\ are expressed 
in meters and dWbb is in watts/m 2 . The numerical values of ci and cj are 
then 

a = 3.740 X 10-' 8 , cj = 1.4385 X lO” 2 . 

It is often more convenient to express X and d\ in millimicrons, retain¬ 
ing the watt/m* as the unit of dW bb- The values of ci and cj are then 

ci = 3.740 X 10 20 , c, = 1.4385 X 10 7 . 

The quantity W\, equal to dWbb/d\, can be described as the radiant 
emittance of a blackbody per unit range of wave length. It is called the 
spectral emittance. A graph of the spectral emittance of a blackbody at a 
temperature of 773°K (500°C) is given in Fig. 12-4 as a function of wave 





Spectral emittance W 
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Wave length (mu) 


Fig. 12-4. Spec oral emittance of a blackbody or complete radiator at a temperature 
of 500°C. The area of a small vertical strip at any wave length X represents the radi¬ 
ant energy emitted per unit area and per unit time, in the wave length range between 
X and X -+■ d\. 

length. The radiant emittance dW bb at any wave length is represented 
by the area of a narrow vertical strip under the curve at that wave length 
since the height of the strip is W x , its width is d\, and by definition 

dW bb = W\d\. 

The wave length X m at which the spectral emittance is a maximum at 
any temperature can be found by differentiating W\ with respect to X and 
setting the derivative equal to zero. One obtains by straightforward 
methods 

= 5(1 — c~ CilXmT ). (12-8) 

This is a transcendental equation and cannot be solved explicitly for 
X m in terms of T. A solution is readily obtained by trial, however, and 
is found to be 

= 4.965114, 
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as may be verified by subst i- 
tution in Eq. (12-8). Since 
ci = 1.4385 X 10 7 when X 
is in millimicrons and T in 
degrees Kelvin, then in 
these units 

(12-9) 

The wave length of maxi¬ 
mum spectral emittance is 
therefore inversely propor¬ 
tional to the Kelvin tem¬ 
perature, and as the temper¬ 
ature is increased the 
maximum shifts toward 
shorter wave lengths. This 
fact is known as Wien's dis¬ 
placement law. 

A number of graphs of 
the spectral emittance of a 
blackbody are given in Fig. 
12-5 for various Kelvin tem¬ 
peratures. The curves are 
plotted on a logarithmic 
scale because of the wide 
range of wave lengths and 
emittances to be covered. 
The limits of the visible 
spectrum are indicated. 
The progressive shift of the 
maximum toward the blue 
accounts for the change in 




Waco length imfi) 


Fig. 12-5. Spectral emittance of a blackbody at 
various temperatures. T he vertical dotted lines in¬ 
dicate the boundaries of the visible spectrum. 


color of a body from red 

through white to blue as its temperature is increased. 


12-5 The Stefan-Boltzmann law. It is evident, either from the graphi¬ 
cal interpretation of the area of a vertical strip in Fig. 12-4, or from the 
definition of dW bb , that the radiant emittance W bb of a blackbody can be 
found by integrating Eq. (12-5) from X = 0 to X = «. The details of 
the integration will not be given but the result is 

w tb = f dw bb = f hvx = T '■ 
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or 


where 


a 


— £l 

15 c 2 4 ' 


Inserting the numerical values of c x and a, we obtain 


<r = 5.672 X 10" 8 , 



( 12 - 10 ) 


when T is in degrees Kelvin and W bb in watts/m 2 . 

Eq. (12-10) states that the radiant emittance of a blackbody, or the 
radiant energy emitted per unit time and unit area, is proportional to the 
4th power of the Kelvin temperature. As a matter of fact, this equation 
was proposed as an empirical equation by Josef Stefan in 1879, before 
Planck’s law was known. It was later derived on theoretical grounds by 
Boltzmann and is often called the Stefan-Boltzmann equation. The con¬ 
stant a is called the Stefan-Boltzmann constant. 

We have shown in Eq. (12-2) that the radiant emittance of a surface 
that is not ideally black is given by 


W = aW bb . 

Hence for such a surface 

W = aaT*. (12-11) 

Considered from this point of view the absorptance a is equal to the ratio 
of the radiant emittance of a surface to the radiant emittance of a black- 
body at the same temperature. As such, it is called the emissiinty of the 
surface and represented by the letter e. 


e = a = 1 — r. 
Hence one often finds Eq. (12-11) written 

W = eal \ I 


(12-12) 


(12-13) 


The fact that the radiant emittance increases with the 4th power of the 
absolute temperature makes it very difficult to thermally insulate a body 
at high temperatures. Even if a polished surface is used, for which the 
absorptance and therefore the emissivity is small, the T 4 term becomes 
very large at elevated temperatures. 
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12-6 Heat transfer by radiation. The rate at which radiant energy is 
emitted from the surface of a body, per unit area, is given by Eq. (12-13). 
In general, radiant energy is also incident on the body’s surface. A part 
of this energy is absorbed and the net rate of gain or loss of energy equals 
the difference between the rates of emission and of absorption. We shall 
discuss two special cases, first, that of a small body within an enclosure 
whose walls are at uniform temperature, and second, two surfaces at a 
separation small compared with their linear dimensions. 

Consider first a small body such as that in Fig. 12-1, suspended within 
a large evacuated enclosure whose walls are at a temperature TV Let the 
area of the body be A, let a represent its absorptance, H the irradiance on 
its surface, and W the radiant emittance from its surface. If it is in 
thermal equilibrium, 

AaH = AW. 

We have shown that the emissivity e is equal to the absorptance a. 
Also, if the body is in thermal equilibrium its temperature is T 0 and the 
preceding equation may therefore be written 

AeH = AeaT a*. 

Hence 

H = <r7V, 

and we see that the irradiance H is independent both of the nature of the 
surface of the body and of the walls of the enclosure, depending only on 
the temperature TV 

Now suppose the body is at a temperature T, different from that of 
the walls. Since we have assumed the body to be small, a change in its 
temperature will have only a negligible influence on the radiant energy 
within the enclosure and the irradiance H remains the same. However, 
the body is no longer in equilibrium. Its radiant emittance is now 

W = eaT* 

and the rate of emission of radiant energy is 

AW = AeaT*. 

The rate of absorption remains unchanged, so the net rate of emission is 

AeaT* - AeH 
= AeaT* - AeaT 0 * 

= Aea (T* - TV). (12-14) 
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If the body is not small compared with the enclosure the irradiance on 
its surface depends on its own temperature as well as on that of the walls, 
since, unless the walls are complete radiators (i.e., perfect absorbers) 
some of the radiant energy emitted by the body will be reflected from the 
walls and returned to the body. No general equation can be given that 
will cover all cases, but in the special case where the “body” is practically 
the same size as the enclosure so that the separation of their surfaces is 
small, the solution is relatively simple. 

Fig. 12-6 represents two closely spaced surfaces 1 and 2, at temperatures 
T\ and T 2 , and having emissivities ei and e 2 . The “pipelines” represent 
schematically the processes taking place at the surfaces and in the inter¬ 
space. Let Hi represent the irradiance on the surface at temperature T 2 . 
A fraction a 2 H , is absorbed, and a fraction r 2 H\ is reflected and returned 
to the surface at temperature 7Y The radiant emittance from surface 2 
is e 2 W 2 , so the irradiance H 2 on surface 1 is 

H 2 = t 2 H i + e 2 W 2 . 


Similar reasoning shows that the irradiance Hi is 

Hi = riH 2 -f- eiW x . 

When these equations are solved simultaneously for Hi and H 2 , we get 

Hi = (rie 2 \V 2 + eiWi)/(l - r.r,), 

H 2 = (r*eiJF|+ e 2 W 2 )/{\ — r,r 2 ). 


e 2 1^2 r 2 Hi a 2 H 2 



Fig. 12-6. Schematic diagram showing interchange of energy bv radiation between two 
closely spaced surfaces. 
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The net rate of transfer of energy between the surfaces, per unit of area, 
is — Hi. From the equations above, and making use of the fact that 

n = 1 — ei, r 2 = 1 e 2 , 

Wi = oTt, W t = <r7V, 

we get for the net rate of transfer per unit area, 

H,-Hy = ( 12 - 15 ) 

—H-1 

e t ei 


Summary 

The table below may help in correlating the large number of probably 
unfamiliar terms that have been introduced in this chapter. 


Quantity 

Symbol 

Unit 

Definition 

Radiant flux 

P 

watt 

Radiant energy crossing or strik¬ 
ing a surface per unit time. 

Irradiance 

H 

watt/m* 

Radiant flux incident per unit 
area. 

Reflectance 

r 


Fraction of incident flux re¬ 
flected. 

Absorptance 

a 


Fraction of incident flux ab¬ 
sorbed. 

Radiant emittance 

w 

watt/m* 

Radiant flux emitted per unit 
area. 

Spectral emittance 

w x 

(watt/m*)/m/i 

Radiant emittance per unit 
range of wave length. 

Emissivity 

e 


Ratio of radiant emittance of a 
body to that of a blackbody. 
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Problems—Chapter 12 

(1) The irradiance on the surface of a certain opaque body is 50 watts/m*. 
The surface absorbs 20 watts/m*, (a) What is the reflectance of the surface? 
(b) What is the absorptance of the surface? (c) If the surface area of the body 
is 100 cm 2 , what is the total radiant flux incident on it? (d) If the body is in 
thermal equilibrium and can interchange energy with other bodies only through 
emission and absorption of radiant energy, what is the radiant emittance from its 
surface? (e) What is the temperature of the’body? (f) What would be the 
radiant emittance of a blackbody at the same temperature? 

(2) The temperature of a blackbody is 3000°K. Compute the ratio of its 
spectral emittance at a wave length of 1000 mjx (in the infrared) to its spectral 
emittance at 500 m/x (in the visible). 

(3) At what wave length is the spectral emittance of a blackbody a maximum, 

if its temperature is (a) 500°K, (b) 5000°K? (c) At what temperature does the 

maximum spectral emittance lie at a wave length of 555 m/x, where the eye is most 
sensitive? 

(4) What is the radiant emittance of a blackbody at a temperature of (a) 300°K, 
(b) 600°K, (c) 1200°K? 

(5) A small body is suspended within an evacuated enclosure whose walls are 
maintained at 300°K. Find the ratio of the power required to maintain the body 
at 500°K to the power required to maintain it at 400°K. Neglect heat conduction. 

(6) The maximum spectral emittance of a blackbody is found to occur at a 
wave length of 800 m/x. If the surface area of the body is 100 cm 2 , what power 
input is required to maintain it at constant temperature within a large evacuated 
enclosure at a temperature of 300°K? Neglect heat conduction. 

(7) The emissivity of tungsten is approximately 0.35. A tungsten sphere 1 cm 
in radius is suspended within a large evacuated enclosure whose walls are at 300°K. 
What power input is required to maintain the sphere at a temperature of 3000°K, 
if heat conduction along the supports is neglected? 

(8) (a) Compute the net rate of heat transfer by radiation, per square centi¬ 

meter of area, between the silvered walls of a “thermos bottle," if the reflectance 
of the walls is 0.9 and the temperatures are 87°C and 27°C. (b) Compare this rate 

with the rate of heat flow by conduction, if the bottle were insulated with 0.5 cm 
of cork of thermal conductivity 0.0001 cal/sec-cm-C°. 

(9) In what ratio would the heat transfer by radiation between the walls of a 
“thermos bottle" be increased if the reflectance of each wall were reduced from 
0.9 to 0.3? 

(10) The outer wall of a Dewar flask is at a temperature of 50°C. The flask 
is filled, first with water at 100°C and then with water at 0°C. Find the ratio of 
the initial rate of temperature decrease, in the first case, to the initial rate of tem¬ 
perature increase in the second. 

(11) A steam pipe 1* 2 inches outside diameter and 12 ft long contains steam 
at 212°F. The pipe is found to lose 1100 Btu per hour in a room at 75°F. What 
fraction of the heat loss is due to radiation? Assume an emissivity of 0.5. 
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(12) A constant temperature bath is constructed in the form of a Dewar flask, 
with closely spaced silvered inner surfaces which may be taken as parallel plates. 
The reflectance of the walls is 0.9 and the area of each is 300 cm . If the tem¬ 
peratures of the inner and outer walls of the flask are 150 C and 2< C respec¬ 
tively, how much power must be supplied to the contents if all heat loss is due 
to radiation? 

(13) Two large closely spaced surfaces, both of which are ideal radiators, are 
maintained at temperatures of 200°K and 300°K respectively. The space between 
them is evacuated, (a) What is the net rate of loss of heat from the warmer sur¬ 
face, in watts per square meter? 

A thin sheet of aluminum foil of emissivity 0.1 on both surfaces is placed be¬ 
tween the two surfaces in part (a). Assume both faces of the foil to be at the same 
temperature. When the steady state has been established, compute (b) the tem¬ 
perature of the aluminum foil, (c) the new net rate of loss of heat from the wanner 
surface. 



CHAPTER 13 


PHOTOMETRY 

13-1 The luminosity of radiant flux. In the preceding chapter we have 
dealt with radiant flux from the purely objective or physical standpoint, 
apart from any visual sensation produced by the flux. The visual sen¬ 
sation that results when radiant flux is incident on the retina has three 
attributes: hue, saturation, and brightness. Taken together, these three 
make up the sensation of color. The term “hue” refers to the attribute 
that enables one to classify a color as red, green, blue, etc. A neutral 
gray has no hue, or better, its hue is indeterminate. “Saturation” de¬ 
scribes the extent to which a color departs from a neutral gray and ap¬ 
proaches a pure spectrum color. A neutral gray is completely unsaturated 
and a pure spectrum color is completely saturated. The attributes of hue 
and saturation, taken together, constitute the chromaticness of the sen¬ 
sation. A neutral gray has neither hue nor saturation and is called 
achromatic. 

The term “brightness” may be defined as follows. Fig. 13-1 shows a 
series of rectangles printed in neutral gray, ranging from white at one end 
of the scale to black at the other. The white rectangle evokes the greatest 
sensation of brightness, the black rectangle the least, while intermediate 
sensations of brightness are evoked by intermediate rectangles. A chro¬ 
matic sample may be compared with the achromatic gray scale and (dis¬ 
regarding the hue and saturation of the sample) it can be said to evoke the 
same brightness sensation as some member of this scale. (Try the experi¬ 
ment with a sample of blue or green blotting paper.) Then we may say: 
Brightness is that attribute of any color sensation which permits it to be classi¬ 
fied as equivalent to the sensation produced by some member of a series of neu¬ 
tral grays. 

Equal amounts of radiant flux of different wave lengths do not produce 
visual sensations of equal brightness. This is evident from visual exami- 



Fk; 13-1. A scale of grays to illustrate the sensation of brightness. The greatest 
brightness sensation is evoked by the rectangle at the left, the least by that at the right. 
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Fio. 13-2. Relative luminosity curve for Fig. 13-3. The Purkinje effect, 
the standard observer. Scale at left, relative Relative luminosity curves under con- 
luminosity ; scale at right, luminous efficiency. ditions of (a) subdued lighting, (b) 

good lighting. 

nation of the spectrum of any source which emits approximately equal 
amounts of radiant flux per unit wave length interval throughout the 
visible spectrum. The solar spectrum, for example, appears brightest in 
the central yellow-green region, and the brightness decreases toward either 
end. Careful experiments have been made with a large number of ob¬ 
servers to determine the relative effectiveness of monochromatic radiant 
flux in evoking the brightness sensation. The results obtained under good 
lighting conditions are shown in Fig. 13-2. The ordinate of the curve, on 
the scale at the left, indicates the relative capacities of radiant flux of the 
various wave lengths to evoke visual sensations of equal brightness. The 
scale is arbitrarily set equal to unity at the maximum of the curve. 

When the lighting is very subdued, as in a photographic darkroom or 
under starlight, the sensitivity of the eye is greatly increased and the maxi¬ 
mum shifts toward the left This phenomenon, known as the Purkinje 
effect, is illustrated in Fig. 13-3, where curve (a) represents the sensitivity 
at low levels of illumination and curve (b) is the same as that in t ig. 13-2, 
on a reduced vertical scale. It is believed that only the rods in the retina 
are stimulated when the illumination is very low. 

The curves in Figs. 13-2 and 13-3 are called relative luminosity curves. 
They fall off asymptotically to zero at either side of the maximum and 
hence no definite limits can be set to the “visible spectrum.” 
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For purposes of standardization and inter-laboratory comparison of 
photometric data, the curve in Fig. 13-2 has been adopted by the Inter¬ 
national Commission on Illumination as the standard luminosity curve. It 
is important to remember, however, that the luminosity curve is not unique 
and the standard curve should not be used to predict the retinal response 
under conditions of extremely subdued lighting. 

13-2 Luminous flux. The lumen. The effectiveness of a sample of 
radiant flux in evoking the sensation of brightness depends not only on 
the quantity of radiant flux in the sample but also on how the flux is 
distributed among the various wave lengths the sample may contain. 
Fig. 13-2 shows that the brightness sensation evoked by a given quantity 
of radiant flux of wave length 555 m/x, for example, is greater than that 
evoked by the same quantity of radiant flux of wave length 500 m/x or 

600 m fj.. 

With the aid of the standard relative luminosity curve, any sample of 
radiant flux can be evaluated with respect to its brightness-producing 
capacity. Radiant flux, evaluated with respect to its capacity to evoke the 
sensation of brightness, is called luminous flux. In illuminating engineering, 
the same definition is given of the term light, so that “luminous flux” and 
“light” may be considered synonyms for the purposes of illuminating 
engineering. The unit of luminous flux is the lumen, and the number of 
lumens in a sample of flux is a measure of the brightness-producing capacity 
of the sample. 

Consider a sample of flux of wave length 555 m/i, corresponding to the 
peak of the standard luminosity curve. If the radiant flux in the sample 
is 1 watt, the luminous flux is 685 lumens. 1 (The figure of 685 may for 
the present be considered an arbitrary one. We shall explain in Sec. 13-11 
how it is obtained.) Another way of stating the relation above is that if 
the luminous flux in a sample of wave length 555 m/i is 1 lumen, the radiant 
flux is 1/685 watt or 0.00146 watt. 

Evidently, the lumen does not correspond to any fixed number of watts. 
Suppose the wave length of a sample of flux is 600 mp. At this wave 
length the relative luminosity is only 0.6, or in other words the effectiveness 
of radiant flux of this wave length in evoking the brightness sensation is 
only six-tenths as great as the effectiveness of flux of wave length 555 m/z. 
It follows that if the radiant flux in a sample of wave length 600 m/x is 
1 watt, the luminous flux is only 0.6 X 685 lumens, or 411 lumens. Con¬ 
versely, if the luminous flux in a sample of this wave length is 1 lumen, 
the radiant flux is 1/411 watt or 0.00243 watt. 


1 This figure refers to the so-called “new” lumen. 
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The luminous efficiency of any sample of flux is defined as the ratio of 
the luminous flux in the sample to the radiant flux. The luminous flux, 
or the number of lumens, is represented by F. The radiant flux, expressed 
in watts in the mks system, is represented by P. Then 


Luminous efficiency = 


Luminous flux 
Radiant flux 


F 

~~ • 

P 


. Evidently, the luminous efficiency of monochromatic flux of wave 
length 555 mjx is 685 lumens/watt. The luminous efficiency of mono¬ 
chromatic flux of any other wave length is 685 lumens/watt multiplied by 
the relative luminosity at that wave length. The scale at the right of 
Fig. 13-2 gives the luminous efficiency of monochromatic flux of any wave 
length. 

Luminous efficiency, as defined above, expresses a property of a sample 
of radiant flux. The same term is also applied to a light source such as 
an incandescent or fluorescent lamp, but with a somewhat different mean¬ 
ing which is better described as an “overall” luminous efficiency. The 
latter is defined as the ratio of the luminous flux output of the source to the 
total power input. Since most light sources do not, in the first place, con¬ 
vert all the power supplied to them into radiant flux, and since in the 
second place much of the radiant flux they emit is at wave lengths where 
the relative luminosity is small or even zero, the overall luminous efficiency 
of light sources rarely exceeds 50 lumens/watt and is often much less. 

If a sample of radiant flux is not monochromatic its luminous efficiency 
must be found by integration methods. Let dP be the radiant flux of the 
sample in the wave length range between X and X -f- d\. Let V be the 
relative luminosity at the wave length X. The luminous efficiency at this 
wave length is then 685 V lumens/watt and the number of lumens dF in 
the sample is dF = 685 VdP lumens, if dP is in watts. The radiant flux 
dP will be some function of the wave length and will be proportional to 
the wave length range dX. Hence one can say in general 

dP = /(X)dX, 

dF = 685 V/(X)dX. 

The total number of lumens in the sample, or the luminous flux F, is 






V/(X)dX. 


(13-1) 
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Temperature °K 


Fig. 13-4. Luminous efficiency of the radiant flux from a blackbody as a function of 

temperature. 

The radiant flux in the sample is 



f(K)d\ 


and the luminous efficiency is therefore 


Luminous efficiency = — = 685 


i 


ao 


Vf(\)d\ 


j »00 

/(X)rfX 

o 


(13-2) 


(13-3) 


Since the luminosity curve cannot be expressed analytically the inte¬ 
gration must be carried out by graphical, numerical, or mechanical 
methods. 

1 he luminous efficiency of the radiant flux from a blackbody may be 
found from Eq. (13-3). /(X) is then given by Planck’s equation. Fig. 13-4 
shows how the luminous efficiency varies with temperature. The maxi¬ 
mum efficiency of about 93 lumens per watt occurs at a temperature of 
approximately 6500°K. 


13-3 Luminous intensity. Consider the point source of light S in Fig. 
13-5. Let dF represent the luminous flux crossing any section of a cone 
of solid angle du steradians whose apex is at the source. The luminous 
intensity of the source, in the direction of the cone, is defined as the ratio 
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of the flux dF to the solid angle du, 
or as the flux emitted per unit solid 
angle. Luminous intensity is rep¬ 
resented by I. 


(13-4) 


(For brevity, we shall usually omit 
the prefix “luminous” and speak 
merely of “intensity.”) 

The unit of intensity is one lumen 
\per steradian. This unit is also called 
one candle. The common expression “candlepower” should be avoided, 
since luminous intensity is not power. 

One steradian is the solid angle subtended at the center of a sphere by an area 
of arbitrary shape on the surface of the sphere, equal to the square of the radius of 
the sphere. (See Fig. 13-6 (a).) Since the total area of a spherical surface is 
4 irK 1 , the total solid angle about a point is 4ir steradians. 

In general (Fig. 13-6 (b)), if o> represents the solid angle subtended at a point 
by an area A on the surface of a sphere of radius R, then w (in steradians) is equal 
to the area A divided by the square of the radius R. 




Most sources do not emit equal quantities of flux per unit solid angle 
in all directions, so in general the intensity of a source is different in dif- 



Fio. 13-6. 
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ferent directions. A common incandescent lamp, for example, cannot 
emit any flux in the direction of its base and its intensity in that direction 
is zero. The intensity of most incandescent lamps is a maximum in the 
horizontal plane through the lamp filament (assuming the lamp mounted 
vertically). An idealized point source that emits uniformly in all direc¬ 
tions is called a uniform point source. Since the total solid angle subtended 
at a point is Air steradians, a source whose intensity in all directions is I 
candles, or I lumens/steradian, emits a total of 47r/ lumens. 

Fig. 13-7 illustrates the optical system of the searchlight. A source S 
is located in the first focal plane of a positive lens L. Aberrations have 
been neglected, and the height of the source has been exaggerated in com¬ 
parison with the radius of the lens. To find the number of lumens of light 
flux intercepted by the lens, we treat the source as a point source of in¬ 
tensity 1 1 lumens per steradian. The solid angle subtended by the lens 
at the center of the source is a;, and the number of lumens F intercepted 
by the lens is therefore 

F = Ixui. 

The light rays from each point of the source emerge from the lens as a 
parallel beam, but because of the finite size of the source, these beams 
are not all parallel to the axis of the lens. Let co 2 represent the solid angle 
of the beam diverging from the lens. Neglecting any loss of light by re¬ 
flection and absorption in the lens, the number of lumens in the emergent 
beam is the same as the number intercepted by the lens, so the intensity 
/ 2 in the beam, in lumens per steradian or candles, is 



F , coi 

- — / 1 - • 

CO 2 CO 2 


It will be seen from the diagram that the solid angle o> 2 of the emergent 
beam is equal to the solid angle subtended by the source, at the center of 
the lens. The solid angle o> 2 of the emergent beam is smaller than the 
solid angle o>i of the beam intercepted by the lens and the intensity is 
proportionally greater. What the searchlight does, in effect, is to increase 
the intensity of the source, or the number of lumens per steradian, by 
“compressing” a given number of lumens into a smaller number of ste¬ 
radians. 

The intensity of the beam, / 2 , is often referred to as its “beam candle- 
power.” 

For many years, the photometric standard has been a standard of 
intensity. (A standard, it will be recalled, is a material object such as the 
standard kilogram or the standard meter, which embodies a unit such as 
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the unit of mass or length.) The first photometric standard, was the 
standard candle, an actual candle of sperm wax constructed in a specified 
way. The standard, of necessity, could not be permanent and the obvious 
difficulty of reproducing it exactly has led to its abandonment. The term 
“candle” as the name of the unit of intensity has been retained, however. 
For many years, the primary photometric standards of the United States 
were a number of carbon filament lamps kept in the vaults of the National 
Bureau of Standards. The intensities of these lamps were carefully deter¬ 
mined in terms of the old standard candle. To prolong their life they were 
operated only at relatively long intervals, when another group of second¬ 
ary standards was checked against them. The actual tests of the Bureau 
were made with still a third group of lamps whose intensity had been found 
by comparison with the secondary standards. 

The present international photometric standard, adopted in January 
1948, is the surface of a blackbody at the temperature of freezing platinum. 
The new standard is a standard of luminance rather than of intensity and 
will be discussed further in Sec. 13-9. The unit of intensity defined in 
terms of the new blackbody standard is slightly smaller than the old, or in¬ 
ternational candle, and is called a “new” candle. The new candle, in 
turn, determines the “new” lumen through the relation 1 “new” candle = 1 
“new” lumen/steradian. We have used the “new” candle and the “new” 
lumen in this chapter, and the figure of 685 lumens/watt for the luminous 
efficiency of monochromatic radiant flux of wave length 555 m/i is based 
on the “new” lumen. 
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13-4 ill umin ance. When luminous flux strikes a surface, we say that 
the surface is illuminated. This familiar concept is defined quantitatively 
as follows. At any point of the surface we construct a small area dA and 
let dF represent the luminous flux incident on this area. The illuminance 
E at the point is defined as the ratio of dF to dA. 



(13-5) 


That is, illuminance is luminous flux incident per unit area, and is ex¬ 
pressed in lumens/cm 2 , lumens/m 2 , or lumens/ft 2 . One lumen/m 2 is called 
a lux, and one lumen/ft 2 is called a footcandle, although the latter term is 
becoming obsolete. Note that the term illuminance is exactly analogous 
to irradiance. The former refers to the luminous flux incident per unit 
area, the latter to the radiant flux incident per unit area. 

If the illuminance is the same at all points of a surface of finite area A, 
and if F is the total luminous flux incident on the surface, Eq. (13-5) 
becomes 

E-Z. t 13 - 6 ) 

A 


A - 1 m* 

E = 1 lumen m- 



steradia 


lumen 


Fig. 13-8. Diagram (not to a uniform scale) illustrating the three units of illuminance. 
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Fig. 13-8 (not to scale) illustrates the three units of illuminance men¬ 
tioned above. S is a uniform point source of intensity 1 candle or 1 
lumen/steradian. The luminous flux emanating from the source within a 
solid angle of 1 steradian is therefore 1 lumen. If a spherical surface of 
radius 1 cm is constructed concentric with the source, the area cut out of 
this surface by the unit solid angle is 1 cm 2 . Hence the illuminance on 
this surface is 1 lumen/cm 2 . The area out out of a spherical surface 1 ft 
in radius is 1 ft 2 . This area also intercepts 1 lumen and the illuminance 
on it is 1 lumen/ft 2 or 1 footcandle. Similarly, the illuminance on a 
surface of 1 m 2 , at a distance of 1 m from the source, is 1 lumen/m or 1 lux. 

A table of some typical values of illuminance is given below. 


TABLE 13-1. 


Typical Values of Illuminance 


Mode of Illumination 

Illuminance 

(Representative values) 

Lumens/m* 
(lux) 

Lumens/ft 1 

(footcandles) 


100,000 

10,000 

Sunlight plus skylignt (maximum;. 

1,000 

100 

Sunlight plus skylignt iauii aay;. 

200 

20 


100 

10 


0.2 

0.02 


13-5 Illuminance produced by a point source. Let dA in Fig. 13-9 be 
an element of surface whose normal makes an angle 0 with the distance r 
to a point source S. Let / be the intensity of the source in the direction 
of the element dA. The solid angle subtended by dA ^^he source is 
dUa = dA cos 0/r 2 , and since by definition the intensity I - dF/du), the 

flux dF in the solid angle do) is 


Id A cos0 

dF = I do) = - ^5 


(13-7) 


All of this flux is incident on the area dA , and hence the illuminance of dA 
is 



(13-8) 
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Fig. 13-9. Illuminance of an element of surface by a point source. 


That is, the illuminance of an element of surface by a point source is 
inversely proportional to the square of the distance of the element from 
the source and directly proportional to the intensity of the source and the 
cosine of the angle between the normal to the element and the line joining 
the element and the source. 

When a surface element is illuminated by more than one source the 
total illuminance is the arithmetic sum of the illuminances produced by 
the individual sources. 

13-6 The photometer. A rough comparison of the intensities of two 
point sources may be made by looking at them, but when quantitative 
measurements must be made the sources are compared indirectly by means 
of the illuminance they produce on a screen. The apparatus for doing this 
is called a -photometer and it is illustrated, in principle, in Fig. 13-10. One 
side of the screen S is illuminated only by the source Pi, the other only by 
the source P 2 . The position of the screen may be adjusted along the line 
joining Pi and P 2 until an observer judges both faces of the screen to be 
equally illuminated. The distances di and d 2 are then measured, and 
from Eq. (13-8), 

/. _ h /, d, J 

d?~ d?’ or T t ~ d?’ 

where I\ and / 2 are the intensities of the sources in the direction of the 
screen. If the intensity of either source is known, that of the other can be 
computed. 
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S 



h- -di- H h- - ^2- •" 


Fig. 13-10. Principle of the photometer. 

The intensity of the unknown source in other directions may be found 
by rotating it and making measurements at various azimuths. Remem¬ 
bering that the intensity in any direction is the number of lumens per 
steradian in that direction, it will be seen that from a knowledge of the 
intensity in a number of directions about the source the total flux emitted 
by the source may be found. 

In practice, the simple screen S of Fig. 13-10 is replaced by a more com¬ 
plicated device called a Lummer-Brodhun photometer head, which permits 
both sides of the screen to be viewed simultaneously. The construction of 
this instrument is illustrated in Fig. 13-11. The screen 8 is a sheet of 
plaster of Paris or magnesium oxide. Diffusely reflected light from either 
side of the screen is reflected by the right-angle prisms A and B to the pho¬ 
tometer “cube” C, which consists of 
two right-angle prisms, the hypote¬ 
nuse of one being ground away over 
a portion of its area. Light incident 
on the area in contact is transmitted, 
so that the center of the field of view 
receives only light reflected from the 
right side of the screen S. The outer 
portion of the field receives light 
from the left side of S, totally re¬ 
flected by the left prism at regions 
where the two prisms are not in con¬ 
tact. When the photometer is ad¬ 
justed for a balance the entire field 
appears uniformly bright. 

To compensate for any differ¬ 
ences in the reflecting characteristics 
of the faces of the screen S the pho¬ 
tometer head is rotated through 180°, 


S 

T7A 



Fig. 13-11. The Lummer-Brodhun 
photometer. 
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thus interchanging the faces of the screen, and another setting made. 
Averaging the two very nearly eliminates any error due to dissimilarity of 
the faces. 

13-7 Heterochromatic photometry. If both parts of a photometric 
field are not of the same color it is very difficult to decide when the two 
appear equally bright. The process of comparing two light beams of 
different color is called heterochromatic ■photometry. One method makes 
use of the flicker photometer, in which the field is illuminated alternately by 
light from the two sources. As the frequency of the alternations is in¬ 
creased from a small value, it is found that at a particular frequency the 
color difference disappears because of persistence of vision, while a bright¬ 
ness flicker remains unless both sides of the photometer screen are equally 
illuminated. The setting of the photometer head is then made by noting 
the position at which the brightness flicker disappears. 

13-8 Spectrophotometry. Spectrophotometry is one method of hetero¬ 
chromatic photometry in which the two beams to be compared are first 
dispersed into spectra and then compared step-by-step throughout the 
spectrum. Both parts of the field are then illuminated by monochromatic 
light at each setting. Spectrophotometric methods find their chief appli¬ 
cation in the determination of the transmittance and reflectance of colored 
materials. If the material is transparent its spectral transmittance, i.e., the 
percentage of incident light transmitted at each wave length, is obtained 
by dividing the light beam from a single source into two parts, sending 
one part through and the other around the sample, and then comparing 
the two beams wave length by wave length. The spectral reflectance of an 
opaque material is found by comparing at each wave length the quantity 
of light reflected from a sample with that reflected from a diffusely reflect¬ 
ing white surface. The subject of spectrophotometry will be discussed 
further in the next chapter. 

13-9 Luminance. The light sources that have been considered up to 
this point have been sufficiently small, or sufficiently distant, so that they 
could be treated as point sources'. In most cases of practical interest, 
however, one has to do with extended sources of light rather than points. 
These sources may be self-luminous, as is the surface of a metal heated to 
incandescence or the screen of a television tube, or may be diffusely re¬ 
flecting or transmitting iike the frosted bulb of an incandescent lamp or 
the ceiling of an indirectly illuminated room. 
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In discussing the flux emitted by 
an extended source it is necessary to 
introduce two orders of infinitesi¬ 
mals. Any infinitesimal element of 
a surface emits an infinitesimal 
quantity of flux, distributed over a 
hemisphere or within a solid angle 
of 27T steradians. The flux within 
an infinitesimal solid angle is an 
infinitesimal fraction of the flux 
emitted and therefore is an infini¬ 
tesimal of second order. We shall 
represent an infinitesimal surface 
element by A A, the total flux it 
emits by A F, and the flux within an 
infinitesimal solid angle by d(AF). 

Consider the pencil of rays in 
Fig. 13-12 (a), having its apex at a 
small element of area A A and mak¬ 
ing an angle 8 with the normal to 
the area. Let do) be the solid angle 
included by the pencil and let 
d(AF)« be the flux within it. The 
intensity of the element in the di¬ 
rection 8 is, by definition, 1 

_ rf(AF), (13-9) 
dm 

If the element emitted like a uni¬ 
form point source, the intensity (i.e., 
the flux per unit solid angle) would 
be the same in all directions. Actu¬ 
ally, however, the intensity is found 
and for many surfaces it varies with 



Fig. 13-12. (a) The intensity of the 

small surface element in the direction 
0 is d(AF)«/dw. (b) Polar graph of in- 
tensity of a surface element obeying Lam¬ 
bert’s law. 

to be different in different directions, 
the angle 8 according to the relation 


A/ = A/„ cos0, 


(13-10) 


where A/, is the intensity in a direction making an angle 8 with the nor 
mal to the surface, and A/„ is the intensity along the normal. This van 


‘ In the most general case, the intensity may be a function of both 6 and 0 where 
<t> is the angle between the plane defined by the pencil and the normal, and some 
reference plane such as that of the diagram. 
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ation of intensity with angle is shown graphically in Fig. 13-12 (b), where 
the length of the vector A I in any direction represents the intensity in 
that direction. The complete graph is, of course, three-dimensional and 
may be obtained by imagining the diagram rotated about the normal to 
the surface. The intensity is a maximum along the normal, and falls to 
zero in the direction tangent to the surface. 

Eq. (13-10) is called Lambert's law. A surface element (self-luminous, 
transmitting, or reflecting) which emits (or transmits or reflects) in this 
way is said to be perfectly diffuse. A sheet of blotting paper is a good 
approximation to a diffuse reflector. 

The luminance of the surface element in any direction is defined as the 
ratio of the intensity of the element in that direction, A I g , to the area of 
the element projected on a plane perpendicular to the direction. This 
projected area is A A cos 6, as will be seen from Fig. 13-12 (c), which is an 
enlarged view of a portion of Fig. 13-12 (a). The luminance in the direc¬ 
tion 6 is represented by Bg. 



Mg 

A A cos 6 


(13-11) 


Luminance is intensity per unit of projected area of source. If the 
intensity is in candles the luminance of the source is in candles/cm 2 , 
candles/m 2 , or candles/ft 2 . 

Eq. (13-11) is a general definition of luminance, whether or not the 
element obeys Lambert’s law. If Lambert’s law is obeyed, then 


and 


A I 9 = A I n cos Q 



A/ n cos0 A/„ 

I , = T~a = constant. 

AA cos v A A 


Hence in this special case the luminance is independent of the angle 6, 
or is a constant. For such surfaces, then, the subscript 6 can be dropped 
from Bg and we can speak of the luminance of the surface element and 
represent it by B. Representative values of the luminance of a number 
of extended sources are given in Table 13-2. 

The brightness sensation when one looks at a surface depends upon the 
luminance of the surface. If the surface obeys Lambert’s law and its 
luminance is the same in all directions, it appears equally bright from 
whatever angle it may be viewed. Thus an incandescent sphere appears 
like a uniformly bright disk although the central portion is viewed normally 
and the edges tangentially. 
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TABLE 13-2. 

Typical Values of Luminance 


Source 

Luminance (candles/m 1 ) 

Surface of sun. 

2 X 10 9 

Tungsten filament at 2700° K. 

10 7 

White paper in sunlight. 

25,000 

Fluorescent lamp. 

6,000 

Candle flame.. 

5,000 

Clear sky. 

3,200 

Surface of moon. 

2,900 

White paper in moonlight. 

0.03 


The concept that is now known as “luminance” was for many years designated 
by the term “brightness.” This led to much confusion between the objective con¬ 
cept of “brightness” as intensity per unit of projected area, and the subjective con¬ 
cept of “brightness” which referred to a sensation in the consciousness of a human 
observer. The newer term “luminance” was adopted to avoid this confusion. 

As we have stated earlier, the original photometric standard was the 
standard candle, an actual candle constructed according to definite specifi¬ 
cations. This standard was later replaced by a number of carbon filament 
lamps as described in Sec. 13-3. The need for a more permanent standard 
which can be reproduced at will has led to the introduction of the new 
candle, which is defined as a unit of such luminous intensity that the luminance 
of a blackbody at the temperature of freezing platinum shall be exactly 600,000 
new candles/m 2 . On the basis of the former standard based on groups 
of lamps, the luminance of a blackbody at this temperature is 589,000 
candles/m J , so the new candle is a slightly smaller unit than the old. 

13-10 Illuminance produced by an extended source. We have shown 
in the preceding section that each surface element of a light source (using 
the term “source” in a general sense to include diffusely transmitting or 
reflecting surfaces) emits with an intensity that is different in different 
directions. We now wish to compute the illuminance produced by an 
extended, diffusely emitting source. In general, each surface element of 
the source lies at a different distance from any given point on the illumi¬ 
nated surface, and the direction to a given point on the illuminated surface 
varies from point to point of the emitting surface. 

Let the emitting surface, or source, be a flat circular disk of radius a 
and luminance B, and let the illuminance be computed at a point P (tig. 
13-13) on the axis of the disk and on a surface at right angles to the axis. 
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Fig. 13-13. Illuminance at an axial point P by a circular disk. 

Construct an annular element of the disk of radius r, width Ar, and area 
A A = 27rrAr. All portions of this element are at the same distance l 
from the point P, and l makes the same angle 9 with the normal at every 
portion of the element. The intensity of the element in the direction of P , 
from Eq. (13-11), is 

AI e = BAA cos 9 

= B X 27rrAr X cos 9. 

We have written B instead of B e since the luminance is independent of 
9 if the source obeys Lambert’s law. The illuminance at P, due to the 
annular element, is from Eq. (13-8), 

But from Fig. 13-13, 

l = 6 sec 9, 

r = b tan 9, 

Ar = b sec 2 6 Ad. 

Hence 

A E = 27 rB sin 6 cos 6 A6. 

The illuminance at P due to the entire disk is found by integrating this 
expression between the limits of 6 = 0 and 9 = a, where a is the half-angle 
subtended at P by the disk. This leads to the result 


E = 7 rB sin 2 a. 


(13-12) 
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If B is in candles/m 2 , E is in lumens/m 2 ; if B is in candles/ft 2 , E is in 
lumens/ft 2 , etc. 


Since sin 2 a 


a 2 + 6 2 


Eq. (13-12) can be written, 



Bira 2 
a 2 + 6 2 ’ 


and since 7ra 2 equals the area of the disk, say A, 



BA 

a 2 -f- b 2 


(13-13) 


The product of B (intensity per unit area) and A (the area of the disk) 
is the intensity of the disk. Hence the illuminance produced by the disk 
at an axial point is given by an equation similar to Eq. (13-8) for a point 
source. At distances sufficiently large for a 2 to be negligible compared 
with 6 2 , Eq. (13-13) reduces to the familiar inverse square law for a point 
source. For example, if a is one-tenth of b, then a 2 is only one percent 
of 6 2 and an error of but one percent is introduced if a 2 is neglected in the 
denominator of Eq. (13-13). In other words, a circular disk can be con¬ 
sidered a “point” source at any distance greater than ten times its radius, 
within an accuracy of 1%. 

Although Eq. (13-13) was deduced for a circular disk, it may be used 
for an area of any shape approximating a circle. 


13-11 Flux emitted by an extended source. The total luminous flux 
emitted (or transmitted or reflected) by a diffuse surface must be found 
by integration methods, since the intensity of the surface is not the same 
in all directions. Let A A in Fig. 13-14 represent a small element of an 
emitting surface. Construct a hemisphere of radius r with center at AA. 
The radius must be taken large enough so that A A can be considered a 
point source. The intensity of the element in the direction of the shaded 
zone is 

AI e = BeAA cos 0. 

The area of the zone is 

27Tr 2 sin 0 dd, 

and the solid angle it subtends at AA is 

do) = 2irr 2 sin 0 dd/r 2 = 2ir s'md dd. 

Hence from Eq. (13-9), the flux d(AF)e crossing the shaded zone is 

d(AF)$ = (B e AA cos0) (27rsin0d0), 
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and the total flux crossing the hemi¬ 
sphere, which includes all of the flux 
emitted by the element is, 

J »w/2 

Be sin 9 cos 9 dd. 
o 

In order to perform the indicated 
integration, the luminance Bg must 
be known as a function of 9. In the 
special case of a perfectly diffuse 
surface, the luminance is a constant 
independent of 9. Let us represent 
the constant luminance by B. The 
preceding equation then integrates 
to 

A F = ir BAA. (13-14) 

The flux emitted by the source 
per unit area is 

4Z = t rB. 

A A 

The ratio AF/AA, or the total 


Fig. 13-14. Total flux emitted by an ele- luminous flux emitted in all direc- 
ment of surface. tions, per unit area of the emitting 

surface, is called the luminous emit- 
lance of the surface and is represented by L. Notice that luminous emit- 
tance is exactly analogous to radiant emittance W, which is the radiant flux 
emitted per unit area of emitting surface. 



(13-15) 


That is, a perfectly diffuse surface whose luminance B is 1 candle/cm 2 
has a luminous emittance L of ir lumens/cm 2 ; a surface whose luminance is 
1 candle/m 2 has a luminous emittance of ir lumens/m 2 ; and a surface whose 
luminance is 1 candle/ft 2 has a luminous emittance of ir lumens/ft 2 . 

It was stated in Sec. 13-2 that the maximum luminous efficiency of mono¬ 
chromatic radiant flux is 685 lumens/watt. We can now see how this figure is 
obtained. Let us for the moment consider it as unknown and represent it by K m . 
The luminous efficiency at any wave length is then K m V, where V is the relative 
luminosity at that wave length. 
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The fundamental photometric standard is the surface of a blackbody at the 
temperature of freezing platinum, 2042°K. From Planck’s law, the radiant emit- 
tance of a blackbody (radiant flux emitted per unit area) at the wave length X is 


dW bb 


ci\-» 

^xr _ ! 



The luminous flux emitted per unit area, at this wave length, is the product of 
the radiant flux and its luminous efficiency, or 

dL = K m V dW bb . 

The total flux emitted per unit area, or the luminous emittance L, is 



S dL - /*- 


V dW bb 



c,A-» 

U i/KT - 1 



The numerical value of the integral, for a temperature of 2042°K, is 2750 in inks 
units. (Numerical or graphical methods of integration must be used since the rela¬ 
tive luminosity V cannot be expressed analytically as a function of wave length.) 
Then 

L = 2750 lumens/m*. 

By definition, the luminosity of the blackbody standard is 

B = 60 X 10 4 (new) candles/m*. 

From Eq. (13-15), the luminous emittance of the standard is 

L = ttB = GOtt X 10 4 lumens/m 1 . 

The two expressions for L may now be equated, giving 

2750 K m = GOtt X 10*. 


Hence 



GOtt X 10* 
2750 


= 685 (new) lumens/watt. 

In terms of the older international candle the luminosity of the blackbody stand¬ 
ard is 58.9 X 10 4 candles/m* and the corresponding maximum luminous etti- 
ciency is 

K m = 673 (international) lumens/watt. 

Experimental uncertainties in the values of the constants ci and ct lead to an 
uncertainty in K m of about 5 units in the last digit. 


Luminance is often expressed in terms of another set of units each of 
which is 1 / 7 rth as great as the units mentioned above. I hese units are 
the lambert, the meterlarnbert, and th e footlambert. (1 o be perfectly con¬ 
sistent, the first should be called a centimeterlamberl.) 



342 


PHOTOMETRY 


[Chap. 13 


1 lambert = l/ir candle/cm 2 , 

1 meterlambert = 1/7r candle/m 2 , 

1 footlambert = 1/7T candle/ft 2 . 

It follows that a perfectly diffuse surface whose luminance is 1 lambert 
has a luminous emittance of 1 lumen/cm 2 , that is, the luminous emittance, 
in lumens/cm 2 , is numerically equal to the luminance in lamberts. Simi¬ 
larly, the luminous emittance in lumens/m 2 is numerically equal to the 
luminance in meterlamberts and the luminous emittance in lumens/ft 2 is 
numerically equal to the luminance in footlamberts. 

The “lambert” units are convenient when dealing with nonself-luminous 
surfaces, such as the diffusing shades around incandescent lamps or the 
walls or ceiling of an indirectly illuminated room. If such a surface does 
not absorb any of the light incident on it, the number of lumens incident 
per unit area equals the number of lumens emitted per unit area. (The 
term “emitted” is used here in a general sense to include the flux diffusely 
transmitted or reflected from a surface.) But the number of lumens inci¬ 
dent per unit area is the illuminance on the surface and the number of 
lumens emitted per unit area is the luminous emittance of the surface. 
Since the latter is equal to the luminance of the surface in the appropriate 
“lambert” unit, it follows that for a surface which is perfectly diffuse, and 
which transmits or reflects 100% of the light incident on it, the illuminance 
(in lumens/cm 2 ), the luminance (in lamberts), and the luminous emittance 
(in lumens/cm 2 ), are all numerically equal. Similarly, the illuminance, 
luminance, and luminous emittance are numerically equal when expressed 
respectively in lumens/m 2 or lumens/ft 2 , meterlamberts or footlamberts, 
and lumens/m 2 or lumens/ft 2 . 

If some light is absorbed by the surface, the luminance (in lamberts, 
meterlamberts, or footlamberts) is equal to the illuminance (in lumens/cm 2 , 
lumens/m 2 , or lumens/ft 2 ) multiplied by the fraction of the incident light 
transmitted or reflected. The luminous emittance (in lumens/cm 2 , 
lumens/m 2 , or lumens/ft 2 ) equals the luminance (in lamberts, meter- 
lamberts, or footlamberts). 


Examples. (1) A lamp whose intensity is known to be 20 candles is set up at 
one end of a photometer bar 3 meters long, with an unknown lamp at the other end. 
A photometer head indicates a balance when at a distance of 2 meters from the 
standard lamp. What is the intensity of the unknown lamp, in the direction of 
the photometer? 


13-11] 


FLUX EMITTED BY AN EXTENDED SOURCE 


343 


The illuminance of the photometer by the standard lamp is 

^ lumens/m*. 

The illuminance by the unknown lamp is 


— lumens/m*. 


Since these are equal, 

7 = 5 candles. 

(2) An incandescent lamp is placed in a box, in one side of which is a circular 
hole 10 cm in diameter covered with diffusely transmitting opal glass. The box is 
set up at one end of the photometer bench with the opal glass in the position oc¬ 
cupied by the unknown lamp in Example 1. The photometer now balances when 
distant 180 cm from the glass. What is the luminance of the glass? 

Since the distance of the photometer from the glass disk is 36 times the radius 
of the disk the inverse square law may be applied. The illuminance of the photom¬ 
eter by the disk, from Eq. (13-8), is 

E = BA/b* = BA/ 180* lumens/cm 1 . 


The illuminance by the standard is 


20 

120 2 


lumens/cm 1 . 


Since these are equal, BA = 45 lumens/steradian or 45 candles. Finally, since the 
area of the disk is 25ir cm 1 , its luminance is 


B = - = 0.57 candle/cm* = 0.57 tt lamberts = 1.79 lamberts. 

25it 

(3) What is the intensity of the disk, considering it a point source, in a direction 
at 45° with the normal to its surface? 

From Eq. (13-11), 

A Ig = B AA cos 0 

= 0.57 X 25tt X .707 


= 32 candles. 

(4) If the disk transmits 60% of the light incident on it, what is the illuminance 
on its inner surface? 

The luminance of the outer surface, in lamberts, equals the illuminance on the 
inner surface, in lumens/cm 1 , multiplied by the fraction of light transmitted. 
Hence 

1.79 = E X 6, 

F = 3 lumens/cm 1 . 
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13-12 Light sources. The sun radiates very approximately like an 
ideal blackbody, the value of X m in the solar spectrum (about 500 mp) 
corresponding to a surface temperature of about 5750 K. Every square 
centimeter of the earth’s surface receives about 2 gram-calories of radiant 
energy per minute from the sun. This value is called the solar constant. 

The solar spectrum is crossed by a large number of very fine dark lines 
which were first noted by Fraunhofer, who measured the wave lengths of 
many of them very carefully. They are called, after him, Fraunhofer lines. 
These dark Fraunhofer lines are found to occupy the same positions in the 
spectrum (i.e., to have the same wave lengths) as the bright lines observed 
in the laboratory in the emission spectra of various substances. It is found 
that the relatively cool vapors of a substance will absorb, from light passing 
through them, many of the same wave lengths they emit if excited by an 
electrical discharge. The conclusion is that the Fraunhofer lines are the 
absorption lines of relatively cool gases either in the sun’s outer atmosphere 
or in the earth’s atmosphere, and from their positions in the spectrum the 
elements responsible for their appearance may be determined. In this 
way, more than 60 of the elements known to us on the earth have been 
shown to be present in the atmosphere of the sun. In fact, one element, 
the now familiar helium, was “discovered” in the sun by the presence of 
its absorption lines in the solar spectrum, before it had been isolated in the 
laboratory. (The name helium is from “helios,” the sun.) 

The more prominent of the Fraunhofer lines serve as useful landmarks 
in the spectrum, and are designated by letters. The wave lengths of some, 
together with the elements responsible for them, are given below: 


Fraunhofer Line 

\(mu) 

Element 

A 

759.38 

0 (Atmospheric) 

B 

686.72 

O (Atmospheric) 

C 

656.28 

H 

Dy 

589.59 

Na 

d 2 

589.00 

Na 

F 

486.13 

H 

G' 

434.05 

H 

h 

410.19 

H 

H 

396.85 

Ca 

K 

393.37 

Ca 


The first practical incandescent lamp was developed by Edison in 1879. 
It consisted of a filament of a carbonized strip of bamboo in an evacuated 
glass bulb. This was followed by lamps with metal filaments, first of 
tantalum and then of tungsten. The latter, when properly purified, can 
be drawn into wires as fine as 0.0005 inch in diameter. The rate of 
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evaporation of the filament is reduced by introducing into the bulb some 
inert gas such as argon or nitrogen. The chief advantage of the gas-filled 
tungsten lamp over the earlier types is that it may be operated at a much 
higher temperature without unduly shortening its life, some gas-filled 
tungsten lamps being operated today at temperatures as high as 3400°K. 
As will be recalled from Fig. 13-4, the luminous efficiency of a thermal 
radiator is a maximum at about 6500°K. Since the melting point of 
tungsten is 3665°K and no suitable material having a higher melting point 
has been discovered, it seems unlikely that the luminous efficiency of 
incandescent sources will be greatly increased over the values attainable 
at present. The luminous efficiency of tungsten light at 3665°K is about 
59 lumens/watt, but most incandescent lamps operate at considerably 
lower temperatures and their efficiencies are of the order of 15 lumens/watt. 

The familiar “neon sign,” the mercury vapor lamp, and the sodium 
vapor lamp, are electrical discharges in gases at low pressure. 1 he light 
is emitted by atoms which have temporarily acquired energy from collisions 
with rapidly moving electrons. When the atoms return to their normal 
state the energy is released as radiant energy. The wave lengths emitted 
are characteristic of the gas in the tube and the energy distribution in the 
spectrum is not given by Planck’s equation which is characteristic oi 
thermal radiators only. Much of the radiant energy emitted by a gas 
discharge may lie in the ultraviolet portion of the spectrum where it 
contributes nothing to the luminous output. The luminous efficiency of 
gas discharges may be increased by coating the tube walls with a fluorescent 
material, that is, one that has the property of absorbing radiant energy in 
the ultraviolet and re-emitting the energy at wave lengths in the visible 
spectrum. The overall luminous efficiency of fluorescent lamps runs as 
high as 60 lumens/watt. 

One occasionally sees reference to “cold light,” implying a beam of 
visible light which would produce no heating of a body by which the light 
is absorbed. Such a beam is obviously an impossibility. Of course most 
light sources, and thermal radiators particularly, emit radiant energy which 
includes wave lengths both longer and shorter than the limits of the visible 
spectrum. These waves contribute nothing to the luminosity of the light 
beam, but the energy which they carry raises the temperature of any body 
by which the beam is absorbed. If a light source could be found which 
would convert all of the energy supplied to it into radiant energy in the 
visible spectrum, its luminous efficiency would be much greater than that 
of an incandescent source, and the energy associated with a given amount 
of visible light would be correspondingly smaller. I*rom this point of 
view, the ideal source would be one emitting only monochromatic light of 
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that frequency to which the eye is most sensitive, namely, about 555 m/i- 
It should be noted, however, that even with such a source, a power input 
of 0.00146 watt would be required for every lumen, corresponding to a 

luminous efficiency of 685 lumens per watt. 

A monochromatic or nearly monochromatic light source is frequently 
found necessary in the laboratory. A Bunsen flame into which common 
salt (NaCl) may be introduced is a simple and fairly satisfactory source 
for some purposes. The D-lines of sodium vapor, which are responsible 
for the yellow color, are very pronounced in the emitted light. A sodium 
vapor lamp is a more intense source of these lines. The mercury arc and 
the hydrogen discharge tube contain a number of prominent and fairly 
well separated lines, so that all except the one desired may be eliminated 
by use of the proper filters. If a monochromatic source of any arbitrary 
wave length is desired, recourse is usually had to a monochromator, which 
is essentially a spectrometer (see Fig. 6-31) in which a narrow slit is placed 
in the plane of the image formed by the telescope objective. By moving 
the slit across the spectrum of some continuous source o by rotating the 
prism, a narrow spectral band in any portion of the spectrum may be 
isolated by the slit. 
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Summary 


The photometric concepts defined in this chapter are summarized be¬ 
low: 


Quantity 

Symbol 

Unit 

Definition 

Luminous flux 

F 

Lumen 

1 lumen = 0.00146 watt of 
radiant flux of wave length 
555 m m, or its equivalent 
in evoking the sensation of 
brightness. 

Luminous efficiency 

F/P 

Lumen/watt 

Ratio of luminous flux to 
radiant flux. 

Luminous intensity 

I 

Lumen/ste radian 
or 

candle 

Luminous flux emitted per 
ste radian. 

Luminous emittance 

L 

Lumen/cm 1 

Lumen/m 1 

Lumen/ft 1 

Luminous flux emitted per 
unit area. 

Illuminance 

E 

Lumen/cm* 

Lumen/m 1 

Lumen/ft* 

Luminous flux incident per 
unit area. 

Luminance 

B 

Candle/cm* 

Candle/m 1 

Candle/ft* 

Luminous intensity per unit 
of projected area. 
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Problems—Chapter 13 

(1) A sample of radiant flux consists of 20 watts of monochromatic light of 
wave length 500 m/x and 10 watts of monochromatic light of wave length 600 mja. 
(a) What is the radiant flux in the sample? (b) What is the luminous flux in the 
sample? (c) What is the luminous efficiency of the sample? 

(2) A point source of light is 2 m from a screen in which there is a circular 
hole 10 cm in diameter. The screen is at right angles to the line joining the center 
of the hole and the source. It is found that 0.05 lumen of luminous flux from the 
source passes through the hole, (a) What is the solid angle, in steradians, sub¬ 
tended by the hole at the source? (b) What is the intensity of the source in the 
direction of the hole? (c) If the source emits uniformly in all directions, find the 
total number of lumens it emits, (d) The overall luminous efficiency of the source 
is 20 lumens/watt. What is the power input to the source? 

(3) A relay is to be controlled by a vacuum photocell, actuated by the light 
passing through an aperture measuring 15 mm by 40 mm. At least 0.2 lumen 
must strike the photocell to operate the relay. What is the maximum permissible 
distance from the aperture to a uniform point source of intensity 50 candles, if the 
light from the source is to operate the relay? 

(4) A uniform point source is suspended 4 ft above a desk. 4 he illuminance 
on the desk at a point directly below the source is 10 footcandles. (a).What is 
the illuminance on the desk at a point 3 ft from the first point? (b) At what dis¬ 
tance from the first point is the illuminance 2 footcandles? 

(5) A room is 16 ft high, 30 ft long, and 20 ft wide. Four sources of intensity 
200 candles each are suspended from the ceiling on cords 4 ft long. Each cord is 
5 ft from both side walls in its respective corner. Compute the direct illuminance 
on a table top in the center of the room, 30 inches above the floor. 

(6) The standard photometer bar is 3 m long. A lamp whose intensity in the 
direction of the photometer is known to be 30 candles is set up at one end of the 
bar, and a lamp of unknown intensity at the other end. The field of view of a 
Lummer-Brodhun photometer appears of uniform brightness when it is 80 cm 
from the 30-candlc lamp. What is the intensity of the other lamp, in the direction 
of the photometer? 

(7) At what height above the center of a circular table of radius R should a 
point light source be suspended, to produce the maximum illumination at the edges 
of the table? 

(8) A searchlight beam has an intensity of 90,000,000 lumens/steradian. 
(a) Neglecting atmospheric losses, what illumination would it produce on a ship 
3(XM) m distant, assuming the ship to be broadside to the searchlight beam? (b) If 
the side of the ship reflects diffusely (according to Lambert’s law) half of the light 
incident upon it, what is its luminance? 

(9) A circular disk of white blotting paper, 10 cm in diameter, is 50 cm from a 
lamp whose intensity in the direction of the disk is 2000 candles. The plane of the 
disk is at right angles to the line joining the lamp and the center of the disk, (a) 
What is the illuminance on the disk? (b) If the disk reflected diffusely all the 
light falling on it, what would its luminance be, in candles/cm* and in lamberts? 
(c) What would be the intensity of the disk in a direction making an angle of 60° 
with the normal, at a distance sufficiently great for the disk to be treated as a small 
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element of area? (d) The intensity in this direction is measured and found to be 
8 candles. What fraction of the light incident on the disk is reflected^ 

(10) A circular disk of diffusely transmitting opal glass 10 cm m diameter is 
set in the wall of an opaque box. There is a light source within the box of such 

the axis, outside the box) at the following distances from the disk. 20 cm, 10 cm, 

5 cm, 2 cm, 0 cm. Show the results m a graph. , 

(11) Compute the illuminance, on a screen paraHel to the surface, due to 

• , p; n< i the total number of lumens from the source that fall o 

below the first, (a) Fine 1 the total nu screen is illuminated by re- 

fins 

screen to be a perfectly diffuse reflector having a reflectance of 80 /0 . 

(13) The full moon is capable of producing an illuminance of 0.2 lumen per 

ine iuu mouu y , Assuming the full moon to be optically 

smi&rp meter on the surface ot tne c^rtn. r> aaa 

square uietci uh my 99 m miles in diameter and distant JoU,UUU 

um^th^^ulr,urn,nance of the moon. Neglect 

of 1,000 lumens/m. on a norma. 

5 a diofnnf (n) What is the luminous intensity of the arc. (b) If th 

HghtTs emitted exclusively by the po^ive ca^bon 

what is its luminance in candles/cmV (c) wnat is us m... 

"^incandescent sphere of tungsten 2 mmin .Swto 

lensTuchthatTt collect, aUd lumens lalhng 

A and rwhich’pass through the lens. Assume the lens 

“h,^ W M ■ - 

face normal to the searchlight beam at a distance of 100 ft from the lens. 



Fia. 13-15. 




CHAPTER 14 


COLOR 

14-1 Colorimetry. A modern magazine with its wealth of illustrations 
in color, color photography for the amateur as well as the professional, 
colored plastics, goods in colored packages, all testify to the increasing 
importance of color in our daily lives. Color has become the concern not 
only of the artist, but of the physicist and chemist and of the engineer and 
industrialist as well. 

% 

The following statement of Lord Kelvin was quoted in Chap. 1 of the 
first book of this series and it is appropriate to repeat it here. “I often 
say that when you can measure what you are speaking about, and express 
it in numbers, you know something about it; but when you cannot express 
it in numbers, your knowledge is of a meagre and unsatisfactory kind; it 
may be the beginning of knowledge, but you have scarcely, in your 
thoughts, advanced to the stage of science, whatever the matter may be.” 
We have today a science of color; color is something that can be measured 
and expressed in numbers. The science of color measurement is called 
colorimetry. 

The word color is commonly used in several different senses. The 
psychologist uses the word with reference to the sensation in the con¬ 
sciousness of a human observer when the retina of his eye is stimulated by 
radiant energy. In an entirely different sense, the term is used to specify 
a property of an object, as, for example, when we say that the color of a 
book is red. The Committee on Colorimetry of the Optical Society of 
America has recommended the following definition: “Color consists of the 
characteristics of light other than spatial and temporal inhomogeneities; 
light being that aspect ot radiant energy of which a human observer is 

aware through the visual sensations which arise from the stimulation of 
the retina of the eye.” 

The “characteristics of light” referred to in this definition are threefold. 

The first is luminous flux, which is a measure of the effectiveness of the 

light in evoking the sensation of brightness. The other two characteristics, 

which are referred to jointly as the chromaticity of the light, are dominant 

ware length and purity. Methods for determining dominant wave length 

and purity will be described in this chapter. The former corresponds to 

the attribute ol color sensation called hue, the latter to the attribute called 
saturation. 
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14-2 Additive color mixture. 

Suppose that three projection lan¬ 
terns, A, B, and C, are set up so as 
to project onto a white screen three 
overlapping circular patches of light, 
each of a different color, as in Fig. 

14-1. The light from each lantern 
is referred to as a component. The 
regions lettered A, B,C, in Fig. 14-1, 
are illuminated by a single compo¬ 
nent. The regions lettered A + B, 

B + C, and A + C, are illuminated 
by two components, while all three Fig. 14-1. Additive color mixture, 
components illuminate the central 

region lettered A + B + C. The light reflected from a region illuminated 
by more than one component is called a color mixture. The mixture is 
additive, because the reflected light is made up of the fra< t-ion of compo 
nent A reflected by the screen, plus the fraction of component B reflected. 

plus the fraction of component C reflected. 

It is well known that each of the mixtures differs from the others in 
color, as well as differing from each of the three components further¬ 
more, it is not possible to detect in any mixture the colors of the com- 
ponents of which it is composed. In this respect the eye \ ers roin le 
ear. If two notes of different pitch are struck simultaneously on a piano, 
the resulting sensation is not that of a single pitch intermit late e ween 
the two, but both notes can be distinguished. Our sense of hearing is 

analytical, while our color sense is not. 

Let us now adjust the projection lanterns A, B, and , so t m a lr 
circles coincide as in Fig. 14-2, and with a fourth lantern A project on o 
the screen a second circle illuminated by light of an> ar it ran to or. 




Fio. 14-2. An additive mixture of three component* A, B, C, matches the color X. 
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lanterns A, B, and C are each provided with a device for controlling the 
quantity of luminous flux emitted (for example, a rheostat in series with 
the projection lamp) it is found that a wide gamut of colors at X can be 
matched by additive mixtures of the components A, B, and C in the proper 
proportions. 

When used in this way, the apparatus constitutes one form of color¬ 
imeter. We can say that the color at X has been measured, in the sense 
that it can be specified by three numbers representing the quantities of the 
three components that are required for a color match. 

Although a wide gamut of colors at X can be matched by the additive 
mixture of any three arbitrary components, it is not possible to match all 
colors. This is not because of a faulty choice of components. A second 
set of components, different from the first, could be combined to match 
some colors which the first set could not, but it would then be found that 
other colors, which could be matched by mixing the first set, could not be 
matched by the second. To extend the number of components to four or 
more would widen the gamut to some extent, but unless the number of 
components were infinite there would still be some colors for which a match 
could not be secured. 

It is found that when a eolor at X can not be matched by an additive 
mixture of three components, a color match can be secured between a mix¬ 
ture of the unknown and one of the components, on one hand, and a mixture 
of the other two components on the other. For example, a mixture of X 
and A might be matched by a mixture of B and C. In some cases, it may 
be necessary to add two of the components to the color at X, and match 
this mixture with the third component. Thus even if it is not possible to 
match the original color with but three components, it is nevertheless pos¬ 
sible to specify it by stating the quantity of the component (or components) 
which, when added to it, will result in a match with stated amounts of the 
remaining components. 1 Inis all colors can be measured in terms of any 
three components, and the results of the measurement expressed by three 
numbers. Quantities ot any component that must be added to a given 
color to secure a match are considered negative. 

W e see, therefore, that the common belief that all colors can be matched 
by a mixture of three properly chosen “primary colors” is incorrect, unless 
the concept of “matching” is extended in the sense described above. 
Furthermore, there are no three unique components that must be used for 
color matching. \\ e shall show later that red, green, and blue components 
permit matching the widest gamut of colors without using negative quanti¬ 
ties of a component, and in this sense red, green, and blue can be con¬ 
sidered as the “primary colors.” 
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Notice that the preceding statements are experimental facts, and are 
independent of any theories of color vision. 


14-3 Three-color mixture data for matching spectrum colors. It is 
not necessary actually to set up a colorimeter and match a given color, in 
order to know the amounts of three arbitrary components that would be 
required for a match. A preliminary experiment is first performed in 
which one measures the amounts of the components needed to match all 
of the spectrum colors. (By a spec¬ 
trum color is meant the color of a 
light beam comprising only a narrow 


range of wave lengths.) Then the 
amounts of the components that 
would be required to match any 
given color can be computed if the 
radiant flux at each wave length, in 
the given color, is known. The 
method of computation is explained 
in Sec. 14-4. 

Fig. 14-3 shows, for one particu¬ 
lar set of components, the amount 
of each required to match a spec¬ 
trum color at any wave length. 
These components are themselves 
spectrum colors; a red of wave length 
650 mp, a green of wave length 530 
m fi, and a blue of wave length 425 
m/u. The ordinates of the curves 
give the number of lumens of each 
component such that an additive 
mixture matches 1 watt of radiant 
flux at the indicated wave length. 

If other components had been 
used, a different set of curves would, 
of course, have been obtained. It 
is possible, however, by an algebraic 
transformation, to compute what 
the form of the curves would be for 
any other set of components, so ex¬ 
periments need be performed with 
one set of components only. 





Fia. 14-3. Number of lumens of each 
of three monochromatic components re¬ 
quired to match l watt of monochromatic 
radiant flux. 
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Fio. 14-4. Standard I.C.I. color mixture 

curves. 


The International Commission 
on Illumination, in 1931, agreed to 
express all color mixture data in 
terms of three components so chosen 
that the curves corresponding to 
those in Fig. 14-3 were everywhere 
above the X-axis. This avoids the 
use of negative numbers in compu¬ 
tations. The standard I. C. I. com¬ 
ponents lie outside the realm of real 
colors, 1 but this is not of importance 
since, as stated above, the amounts 
of the components required for a 
match can be obtained by mathe¬ 
matical methods without the neces¬ 
sity of setting up an actual colorim¬ 
eter. As long as everyone agrees to 
specify colors in terms of the same 
set of components, one set is as good 
as another. 


The standard I. C. I. color mixture curves are given in Fig. 14-4. For 
convenience in computation, the ordinates are expressed in arbitrary units 
so that the areas under all three curves are equal. The symbols x, y, and z 
are used for the ordinates of the respective curves, and the values of 
x, y, and z, at any wave length, are called the tristimulus values of a spec¬ 
trum color of that wave length. Thus the tristimulus values of green 
light of wave length 500 m/z are 


x = 0.0049, y = 0.3230, z = 0.2720. 


Since three numbers (the three tristimulus values) are required to 
specify a color, a three-dimensional diagram would be needed to represent 
colors graphically. This difficulty is avoided by introducing three other 
quantities x, y, and 0 , defined (for spectrum colors) by the equations 


x = —— . , _ » n = ---, z = --- 

x + y + z x + y-fz x + y + z 

The quantities x, y, and z, are called trichromatic coefficients. Since from 
their definition x y z = 1, any two of these quantities are sufficient 


1 See Sec. 14-6. 
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to define a color. The quantities x and y are those usually chosen. Taking 
spectrum light of wave length 500 m M as an example, we find: 


_ ,0049 
x .5999 


QOQfl 

0.0082. y = 5999 


0.5384, 


_ .2720 
2 ” .5999 


0.4534. 


Hence this spectrum color may be represented in a two-dimensional 
rectangular coordinate system by a point whose coordinates are x - 0.0082 
y = 0.5384. If the same computation is made for all spectrum colors, and 
the results plotted, the curve shown in Fig. 14-5 is obtained^ This curve 
is called the sveclrum locus, and the diagram a chromaticity diagram. 



Fio. 14-5. Chromaticity diagram showing the spectrum locus and illuminants C and E. 

The color names commonly associated with certain portions of the 
spectrum are listed below. 


Designation 

Wave length (mp) 

Violet 

Shorter than 450 

Blue 

450-500 

Green 

500-570 

Yellow 

570-590 

Orange 

590-610 

Red 

Longer than 610 


14-4 Trichromatic coefficients of light of any color. The three tristim¬ 
ulus values of any sample of light are defined as the amounts of the three 
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I. C. I. standard components which when added would match the sample. 
These values are denoted by X, Y, and Z, and may be computed by an 
integration process. The ordinates of the curves in Fig. 14-4 represent the 
amounts of the I. C. I. components required to match unit quantity of 
radiant flux at each wave length. Let/(X)dX be the radiant flux at wave 
length X in the given sample of light. The amount of the first primary 
required, for this wave length range, is then 

x/(X)dX, 

and hence the total amount for a match is 

X = f xf(\)d\. (14-1) 

Jo 

In the same way, 

Y = yf(\)d\, Z = z/(X)dX. (14-2) 

Jo Jo 

Since the curves in Fig. 14-4 cannot be expressed analytically, the 
integration must be performed by graphical, numerical, or mechanical 
methods. Instruments are available which perform the integration auto¬ 
matically and with sufficient precision. 

Having found the X, Y, and Z tristimulus values, the trichromatic 
coefficients x, y, and z can be computed from the equations 


X 


x = 


X+F + Z 


y = 


X + K + Z 


2 = 


X + Y + Z 




When the procedure above is carried out for a sample of light in which 
the radiant flux is the same in each wave length interval (a so-called 
equal-energy spectrum) one obtains x = .333, y = .333. The chromaticity 
of such a sample is represented by point E in Fig. 14-5. A standard 
illuminant known as illuminant C (see Sec. 14-6), which is a satisfactory 
substitute for average daylight, is plotted at point C. 

Notice that the integration indicated by Eqs. (14-1) and (14-2) is of 
precisely the same form as that used to evaluate the luminous flux in a 
sample of light. (See Eq. (13-1).) A great deal of foresight was displayed 
by the I. C. I. in its selection of the standard I. C. I. components, when 
they chose the {/-component so that the curve of y vs X, in Fig. 14-4, has 
exactly the same form as the standard relative luminosity curve in Fig. 
13-2. The tristimulus value Y is therefore directly proportional to the 
luminous flux in the sample. 
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14-5 Spectrophotometry. We see objects by means of the light they 
reflect. (For simplicity, the discussion will be limited for the present to 
opaque, nonself-luminous objects.) According to the Colorimetry Com¬ 
mittee’s definition of color, it is not strictly correct to attribute color to an 
object, but only to the light reflected from it. The color of the reflected 
light depends on the color of the incident light, and on the particular way 
the color is modified in the reflection process, since most objects do not 
reflect uniformly throughout the spectrum. Their reflectance (i e-, * e 
fraction of incident light reflected) is a function of wave length and they 

are said to exhibit selective reflection. 

The methods of measuring the reflectance of an object at each wave 

length constitute one branch of the science of spectrophotometry. 1 he 
principle of one type of spectrophotometer is shown in Fig. 14-6. Ught 
from a source A is dispersed by prism B, and a narrow range o wave 
lengths is isolated by slit C. The beam passing through the slit is divided 
at D into two beams of equal intensity by a half-silvered mirror or it> 
equivalent. The transmitted beam strikes a standard white surface o 
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* u ‘ A utomaiic recording photoelectric spectrophotometer. The sample and 

ic standard white can be seen at the right, and a portion of the reflectance curve on 
ic cylinder at the left. 


(Courtesy of General Klectric Co.) 
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this instrument the standard and sample are viewed by a photoelectric 
cell, the amplified current from which is used to adjust the light beams 
until equal quantities of light are reflected from standard and sample. 
The reflectance curve is drawn by the instrument on a sheet of coordinate 

paper. 

The color version of Fig. 14-8, in the frontispiece, shows six colored 
rectangles. Beside each is its reflectance curve, replotted on a smaller 
scale from the curve drawn by the recording spectrophotometer. Notice 
carefully that each sample reflects to some extent throughout the spec¬ 
trum. That is, it is not true that the yellow sample reflects only yellow, 

the green sample only green, and so on. 

Let r x represent the reflectance of a sample at a wave length A, and 

F(X)dX the radiant flux incident on the sample in this wave length range. 

The reflected flux in the same wave length range, say /(X)rfX, is evidently 

/(X)dX = r x F(\)d\. 

The tristimulus values of the reflected light are therefore 


X = TxrxFfXjdX, F = f yr\F(\)d\, Z = f zr>F(\)d\. (14-4) 

J 0 Jo 

The trichromatic coefficients x, y , z. are computed by Eq. (14-3). 
Evidently the trichromatic coefficients of the 
given object depend on the spectral composition F(\)d\ of the light by 
which it is illuminated. In other words, the color of the reflected ig i 
depends on the color of the illuminant and is not a unique proper > 

the object. For purposes of standardization, the I. C. . as recommen e 

that the “colors of objects” be stated in terms of the color of the «gh 
reflected by them from one of three standard light sources pro uce > 
specified arrangement of incandescent lamps and scecti\ey a sor 
solutions. The spectral distributions of these sources, which are desig¬ 
nated as illuminants A , B, and C respectively, approxima e < 

those of a blackbody at temperatures of 2848 K, . an ‘ 

Illuminant C is a good approximation to average day ig * an i 
A to the light from an incandescent tungsten lamp. 

The points representing the chromaticities of t le samp cs in ig- » 
when illuminated by illuminant C, have been plotted in a chromaticity 
diagram beside each sample. If another illuminant had been used the 
coefficients, and the position of the plotted point, would of course a 
been different. 






y 
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14-6 Dominant wave length and purity. When two colors are mixed 
additively, the point representing the chromaticity of the mixture lies on 
a straight line connecting the points that represent the chromaticities of 
the components. Thus all additive mixtures of the colors represented by 
points D and E in Fig. 14-9 lie somewhere on the line DE. If each com¬ 
ponent is assigned a weight proportional to the sum of its tristimulus 
values, the point representing the chromaticity of the mixture lies at the 
center of gravity of these weights. In other words, the greater the pro¬ 
portion of, say, component D, the closer to point D lies the point repre¬ 
senting the mixture. This property of the chromaticity diagram makes 
possible another means of specifying a color. 

A word should first be said about “white” light. There is no unique 
definition of white light or, more technically, of achromatic light. Average 
daylight, sunlight, and skylight, although their spectral distributions differ 
widely, may all be considered “white.” It has also been suggested that 
an equal-energy 'spectrum (point E, Fig. 14-5) should be considered 
“white.” In the absence of an accepted definition, let us speak of illumi- 
nant C (average daylight) as white or achromatic light, and call point C 
in Fig. 14-9 the while point. 

All colors that could be obtained or matched by a mixture of white 
light and the spectrum color G, in Fig. 14-9, are represented by points on 
the line CG. If the proportion of white light is large, the representative 
point of the mixture lies close to the white point. As the proportion of 
the spectrum color G in the mixture is increased, the representative point 

moves closer to the spectrum locus 
and the color approaches a pure 
spectrum color. Quantitatively, the 
purity of any color is defined as the 
distance of its representative point 
from the white point, expressed as a 
percentage of the distance from the 
white point to the spectrum locus 
along a straight line from the white 
point passing through the given 
point. For example, the distance 
CF in Fig. 14-9 is about 75% of the 
distance CG, and the purity of the 
color represented by point F is about 
75%. The purity of any spectrum 
color is of course 100%, and the 
purity of white is zero. 



Fig. 14-9. 
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The dominant wave length of a given color is the wave length at which 
a line from the white point, passing through the point representing the 
color, intersects the spectrum locus. The dominant wave length of color 
F in Fig 14-9 is 600 rap. As stated in Sec. 14-1, the characteristics of 
dominant wave length and purity, taken together, constitute the chro- 
maticity of a given color. The specification of a color in terms of dominant 
wave length and purity enables the appearance of the color to be visualized 
more readily than does its description in terms of tristimulus values or 

trichromatic coefficients. , 

The dominant wave lengths and purities of the samples in Fig. 1 

are indicated on their respective chromaticity diagrams. 

In the preceding discussion we assumed that the spectral distribution 
F(X) of the light incident on an object, was expressed in absolute units such 
as watts per millimicron. In practice, the values of F(X) for illuminants 
A, B, and C are tabulated in arbitrary units of such magnitude that if the 
reflectance of a sample, r x , is 100% at all wave lengths, (rx = constant - >, 

the integral 

Y = f y X 1 X F(X)dX = 1. 

Jo 

Then if the reflectance of any sample is less than unity, the value of Y 
is decreased in proportion. That is, the value of Y gives, not t le umint i 
flux in the reflected light, but the average reflectance of the sample for i 
particular illuminant to which F(X) applies. The average reflectance is 

usually expressed as a percentage. . . 

The “color of an object" is understood to include a statement of its 

average reflectance, together with the dominant wave length and purity of 

the light it reflects, all with reference to a stated illuminant. For examp , 

the green sample in Fig. 14-8 has an average reflectance of 

dominant wave length of 523.5 m/i, and a purity of 29 / 0 , all referred 

illuminant C. ...... tV ■ „ 

The dominant wave length of a color, although it is not the same g 
as the sensation of hue evoked by the color, does correspon o n 
same way that the wave length of a sound wave correspon s o u " 
nation of pitch evoked by the wave. Similarly, t le puri y o 11 
corresponds to the sensation of saturation and average re ec ance 
sponds to the sensation of brightness. Chromaticity, w nc i me u es 
characteristics of dominant wave length and purity, correspon s o c i 

maticness which includes both hue and saturation. 

Mixtures having chromaticities within the triangle HCJ in Fig. 14-10 
are described as purples or magentas. Since lines from t le w n e poi 
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through points in this triangle do not intersect the spectrum locus, purples 
cannot be matched by a mixture of white and a spectrum color. They are 
called nonspectral colors. The dominant wave length of a purple is ob¬ 
tained by extending a line from its representative point through the white 
point until it intersects the spectrum locus. The dominant wave length 
of the color at K, in Fig. 14-10, is that of the spectrum color at point M. 
Purple samples reflect more strongly in the red and blue, and less so in the 
green, and may be described as “minus greens.” From the properties of 
the chromaticity diagram it can be seen that the purple at K in Fig. 14-10, 
and the spectrum color at A/, could be combined in proper proportions to 
match illuminant C, or white light. When two colors can be added to 
obtain white they are called complementary. The spectrum color at M is 
a green, and is complementary to the purple or minus green at K. This 
is indicated by the suffix c following a statement of the wave length of the 
spectrum color at A/. (See Fig. 14-8.) 

The purity of a color in the region IICJ in Fig. 14-10 is defined as the 
distance of its representative point from the white point, expressed as a 
percentage of the distance from the white point to the line HJ joining the 
extremities of the spectrum locus. The purity of the color at K in Fig 
14-10 is about 45%. 



Fig. 14-10. The color at K is a purple, 
complementary to the spectrum color at 



Fig. 14-11. All additive mixtures of 
components R, G, B, are represented by 
points within the triangle RGB. 
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Any real color can be considered an additive mixture of spectrum colors. 
It follows that the representative point of any real color must he somewhere 
within the region bounded by the spectrum locus and the straight line 
joining its extremities. This region is called the locus of real colors. 

It can now be understood why a wide gamut of colors, but not all colors 
can be matched by an additive mixture of three properly chosen (real) 
components. Suppose the three components are represented by points 
R G and B in Fig. 14-11. AH additive mixtures of B and G lie on the 
line BG. By adding component R to one of these mixtures any color 
such as X within the triangle RGB can be matched A color such as A 
could not be matched by mixtures of R, G, and B, but if B were added to 
X' in such proportions that the mixture were represented by a point on 
the line RG, this color could then be matched by a m.xture of R and 

It will also be seen that there is no set of real primaries such that the 
triangle of which they form the comers will include all real colors, 1 
that the widest gamut of colors can be matched if the components are a 
highly saturated (or a spectrum) red, green, and blue. 

The x- and y-coefficients of the 
standard I. C. I. primaries are, x = 0, ] 

y = 0; x = 1, y = 0; x = 0,y = 1- 
As stated earlier, these points lie 
outside the realm of real colors, but 
since the triangle of which they form 
the corners includes all of the spec- ^ 
trum locus, all real colors can be 
matched by mixtures of them. 


14-7 The subtractive method of 
color mixing. Curves A and B, 1‘ ig- 
14-12, are the transmittance curves 
of a blue and yellow filter respec¬ 
tively. Suppose the two filters are 
placed in contact, and inserted in a 
beam of white light from a projec¬ 
tion lantern. We wish to find the 
color of the transmitted light. 

Let the light pass first through 
the blue and then through the yel¬ 
low filter. At each wave length, 
curve A gives the fraction of the in¬ 
cident light transmitted by the blue 
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Fia. 14-12. Subtractive color mixing. 
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filter, and curve B gives the fraction of this fraction transmitted by the 
yellow filter. Thus at 500 m/x 69% of the incident light is transmitted 
by the blue filter, and 58% of 69%, or 40%, is transmitted by the yellow 
filter. Hence the transmittance of the combination is found by multi¬ 
plying the transmittance curves of the filters together, wave length by 
wave length. The resulting curve is C, Fig. 14-12. Evidently the final 
result is the same if the light passes first through the yellow and then 
through the blue filter. The transmittance curve has a maximum in the 
central portion of the spectrum, and the color of the transmitted light will 
be green. Since each filter subtracts some energy from the light incident 
upon it, this method of mixing colors is called a subtractive process. 

14-8 The color of paints and inks. The colors obtained by mixing 
paints and inks are due to a subtractive process. In the first place, let 
us consider an opaque white paint or ink. Its base is a liquid “vehicle,” 
usually linseed oil. The vehicle is quite colorless and transparent. Sus¬ 
pended in it are tiny particles of 
equally colorless and transparent 
material, such as an oxide of lead, 
zinc, or titanium. The index of re¬ 
fraction of the suspended material 
must be as different as possible from 
that of the vehicle. We have seen 
that whenever light is incident on a 
surface bounding two media of dif¬ 
ferent indices of refraction, some of the light is reflected at the surface. 
Consider a ray striking the surface of the white paint, Fig. 14-13. Some 
light will be reflected at the air-vehicle surface, since there is a change 
in index at this surface. The remainder penetrates into the paint and 
strikes a boundary between vehicle and suspended particle, where again 
a portion is reflected. The reflected part returns through the surface, 
and the part remaining penetrates further, a portion being reflected at 
each boundary surface which it crosses. Since reflection occurs whatever 
the wave length of the incident light, the paint reflects uniformly through¬ 
out the spectrum, or in other words, it is “white.” Note that its white 
“color'' is not produced by suspending white particles in the vehicle, but 
is due simply to a difference in index between particle and vehicle, both 
of which are transparent. 

If a colored paint or ink is desired, the suspended particles are dyed 
the desired color, or other dyed particles are added to the white paint. 
The dyed particles then behave like tiny filters in the path of the light 





Fio. 14-13. 
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terns. When colors are reproduced by printing inks, or by the dyes in a 
color photograph, the mixture is subtractive and control is obtained by 
varying the density with which each ink is printed, or the concentration of 
each dye. 

The particular portion of the spectrum that each ink or dye controls is 
that portion in which it absorbs. The greater the density or concentration, 
the more light is absorbed; the smaller its concentration, the less light is 
absorbed. 

The widest gamut of colors can be secured in a three-color subtractive 
process, i.e., one using three inks or dyes, if the same colors are controlled 
that give the widest gamut in an additive process, namely, a red, a green, 
and a blue. Note carefully that this does not imply that the colors of the 



Fig. 14-16. Transmittance curves of the three dyes used in the Eastman “wash-off 

relief” process. 

inks or dyes are red, green, and blue. The ideal dyes would have trans¬ 
mit tances as shown in Fig. 14-15, which apply to one particular concen¬ 
tration. The dye in Fig. 14-15 (a) absorbs only in the red, that in (b) ab¬ 
sorbs only in the green, that in (c) absorbs only in the blue. If the 
concentrations were greater, less light would be transmitted (or more 
absorbed) in the red, green, and blue respectively. If the concentrations 
were less, less light would be absorbed and more transmitted. Dyes or 
inks having the ideally sharp cut-offs of Fig. 14-15 are not available. 
Transmittance curves of the dyes used in the Eastman “wash-off relief" 
process for making color prints are shown in Fig. 14-16. It will be seen 
that they approximate the idealized curves. The three dyes in Fig. 14-16 
can be described as a “minus-red," a “minus-green," and a “minus-blue." 
The color of the “minus-red" dye, when printed on a white surface and 
viewed by white light, is blue. The color of the “minus-green" is a reddish 
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purple or magenta. That of the "minus-bluei is yellow. The minus- 
green” or magenta is usually (but erroneously) described as red. 

There is a common belief that “the primary colors are red, yel ow and 
blue ” This mistaken impression comes about in part as a result °ft e 
incorrect description of the magenta dye or ink used in color reproduction 
as “red ” and in part because of the failure to appreciate the nature of the 
subtractive process, i.e„ each dye or ink controls the particular region o 
the spectrum in which it absorbs. The three colors controlled by the three 
dyes in Fig. 14-16 are the same as those that would give a " ‘ e J™ u ° 

colors in an additive process, namely red, green, and fc 
“minus-red” dye, controls the red; the magenta, or minus-green dye, 

controls the green; the yellow, or “minus-blue” dye, controls in 
Because the actual inks used in color printing, even when pr.ntolm 
maximum concentration, do not absorb to a sufficient extent to gn e good 
blacks, a fourth plate is usually used to accentuate the blacks. Hence 
process is referred to as a “four-color process. , . , , 

Three of the colored rectangles in Fi* 14-8 are printed «.th he 
“primary” inks of a four-color process. These are the magenta at the 
upf^ left (minus green), the yellow at the lower left bhje). and 

the blue or cyan at the center right (minus re ). e “ th , cn 

left is obtained by printing the magenta ink over the yellou ink the gm 
at the upper right by printing the yellow over tte bto, ■*,* 
the lower right by printing the magenta over ,, j ),[ ue 

find it instructive to trace the reflectance curves for the yeJ ^ 
inks on tracing paper and to place this composite curve over the reflectanc 

curve of the green sample. 
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COLOR 


[Chap. 14 


Problems—Chapter 14 

(1) Suppose the three components A, B, and C, in Fig. 14-2 have the following 
trichromatic coefficients: 


Component 

A 

B 

C 


X 

y 

0.20 

0.20 

0.10 

0.70 

0.50 

0.30 


Draw a careful diagram of the spectrum locus, show the positions of these com¬ 
ponents, and indicate the loci of colors that can be matched by mixtures of A and 
B, B and C, and of A and C. Where are colors which, if mixed additively with 
component A, can be matched by a mixture of B and C? Where are colors which, 
if mixed with both A and B, can be matched by component C? 

(2) The tristimulus values of two painted surfaces when illuminated by illumi- 
nant C are, respectively 

X, = 12.0, Fi = 24.0, Z x = 18.0. 

X 2 = 18.0, Fo = 36.0, = 27.0. 

How do the surfaces differ with respect to (a) dominant wave length? (b) purity? 
(c) average reflectance? 

(3) Light falls nearly normally on a table top from two sources whose tristimulus 
values are respectively X = 20, F = 60. Z = 20, and X' = 20, F' = 10, Z' = 20. 
(a) What are the trichromatic coefficients of the two sources? (b) If the dis¬ 
tances of the two sources above the table are adjusted until the light incident on 
the top is white (assume illuminant E), what must be the ratio of their distances? 

(4) A spectrum color whose wave length is 400 ihm is mixed additively with a 

spectrum color whose wave length is 580 mg. (a) What is the hue of each before 
they are mixed ? (b) What changes in hue will take place as the proportions of the 

mixture are changed progressively from 100% of the first to 100% of the second? 

(•')) Two pieces of colored glass, A and B, have spectral transmission curves as 
shown in Fig. 14-17. Sketch the transmission curve for this pair when bound to¬ 
gether so that the light must traverse both. 



Ware length (mg.) 



400 500 600 700 

Wave length (mg) 


Fio. 14-17. 
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(6) Let the reflectance curves of the blue and yellow samples in Fig- 14 ^ 
represent the transmittance curves of a blue and a yellow filter, (a) Find_ the 

transmittance curve of the composite filter obtained by ^ ac ‘ n ^ t n h f e . t h 7 t “ 

(b) If white light is incident on this filter, what will be the hue of the transmitted 

g (7) What is the wave length of monochromatic light complementary to (a) the 
red cadmium line at 644 m M ? (b) the sodium D-line at o89 Consider 


illuminant C as white light. 




ANSWERS TO PROBLEMS 


CHAPTER 1 


1. 232,000 miles; approximately 
equal 

3. 187,000 miles/sec 

5. (a) 2 X 10® m/sec 

(b) 333 m/i* 


7. 2 cm 

9. 5 X 10~* sec 

11. 1.57 X 10~‘ to 2.76 X 10~‘inch 


CHAPTER 2 


1. 3.48 rev/sec 

17. 

1.88 

5. (a) The one containing water 

19. 

A plane angle of 97 

(b) 1.22 

21 . 

3.39 inches 

7. 4.67 inches below top face of plate 

23. 

120 ° 

9. 6 ft from vertical line through 
cork 

25. 

(a) 54° 

(b) 48° 

11. (a) 13.5°, 27°, 42°, 59° 


(c) 9 minutes 

(b) y' =1.4 inches 

27. 

1° 

x" = 0.16 inch 

A 

y" = 1.36 inches 

29. 

(b) 2° 

13. 1.03 cm 


(c) 8° 

15. 32° 

31. 

5.5° 


CHAPTER 3 


1 . (a) s' = — 1 in; m = +2 
(b) s' = —0.2 in; m = +1.2 

3. (a) s' = -0.5 ft 
(b) m = +1.33 

5. (a) a' = +30 cm 
(b) m = —1 

7. (a) —20 cm 

(b) Virtual 

(c) 8 cm to right of second vertex 

(d) Real, inverted 

(e) -0.6 mm 


9. (a) / = +4 cm;/' = +6 cm 
(c) a' = +12 cm; m = —1 

11. (a) 4.67 inches below top of plate 
(b) m = +1 

13. s' = —6 inches; m = —2 
15. y' = -0.108 ft 

17. (a) a = 18.75 cm, s = 31.25 cm 

(b) s' = 75 cm, s' = —125 cm 

(c) Virtual, real 
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CHAPTER 3 (continued) 


19. (a) 50 cm beneath surface 23. At vertex of silvered surface 

(b) 250 m 25 . 21 inches to the right of his eye 

21. (a) 0.247 inch beneath surface of 
bearing 

(b) 0.0247 inch 

CHAPTER 4 


ff. 

R2 

f 

10 cm 

20 cm 

40 cm 

10 

-20 

13.3 

-10 

20 

-13.3 

-10 

-20 

-40 

(b) s' = 2 

inches, «, 

0, 0.5 inch 


(relative to second lens) 
m = +1, oo, -1, 

(relative to original object) 

7 - (a) ? - &; - o a - q 

(b) 35.2 inches 

9. (a) 90 cm to right of lens 

(b) Virtual 

(c) Inverted 

11. 0.01 inch away from lens 
J3. 120 mm farther from film 


17. / = - R, principal points coincide 
& 

at center of sphere. 

19. F” = 0.67 in to right of second lens 
F = 0.67 in to left of first lens 
H' = 0.67 in to left of second lens 
H = 0.67 in to right of first lens 

21. (a) oo 

(b) At infinity 

23. (a) x' — +180 mm 

(b) x' = -180 mm 

(c) x' = —40 mm 

25. s' = 10.67 cm 
27. 2.4 X; 0.41 X 

29. (a) 0.167 inch to right of previous 
focus 

(b) 23.3 ft 


15. 


Lens 

Focal length 
(mm) 

Distance from first vertex (mm) 

F 

F' 

H 

H' 

(a) 

+ 101.7 

- 98.3 

+ 108.3 

+ 3.4 

+ 6.6 

(b) 

+387.1 

-393.5 

+384.2 

- 6.4 

- 2.9 

(c) 

-413.8 

+427.6 

-396.9 

+ 13.8 

+ 16.9 

(d) 

- 98.4 

+ 101.6 

- 91.6 

+ 3.2 

+ 6.8 


CHAPTER 6 


1. (a) R = 6.3 mm 
(b) y' = —0.94 mm 


3. (a) 50 cm 
(b) 200 cm 
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5. (a) —1 diopter 
(b) 20 cm 

7. 2.5 cm 

9. (a) 1.74 cm 

(b) -11.3 

(c) -113X 

11. (a) —5X 

(b) y' = 1.49 inches 

13. (b) 1000X 

(c) 500 X 

15. (a) m = H 
(b) 7 = 3X 

17. (a) / = 26.7 mm 

(b) 40 mm to left of first lens 


19. Negative lens,/= —20 cm; crude 
telescope length 120 cm compared 
to Galilean telescope length of 80 
cm 


21. (a) / = 6 inches 

(b) 50 inches X 50 inches 

(c) Complete image would be 
formed, one-half as bright 


23. (a) d<f> = 


L dx 


x* + L* 

(b) 43.6 ft; 4360 ft 

(c) 4.36 ft; 436 ft 


CHAPTER 7 


1. (a) 37° 9. (a) Linearly polarized 

(b) 25-vector horizontal (b) Elliptically polarized 

3. (a) 53° 11* (a) Quarter-wave plate 

(b) 11.4° (b) Long wave length end of spec¬ 

trum transmitted to greater 
5. (a) 17.8% extent 

(b) —0.356 

13. tt = 1.981 mm 

7. (a) 45° 

(b) 60° 

(c) 69° 


1. 113 m/ij 451 m/i 
3. 480 my. 

5. 2.95 X 10-< radian 
7. 4.5 X 10 -# radian 


1. (a) 16.6° 
(b) 30° 


CHAPTER 8 

9. (a) 500 mu 
(b) 0.87 mm 

11. 2.5 mm 

13. 1.47 X 10 -4 radian 
15. 2 mm; 3.5 mm 

CHAPTER 9 

5. (a) 0.02 mm 
(b) 6 mm 


3. 25 cm 


7. 12.5° 
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CHAPTER 9 (continued) 


9. d = 0.01 mm 
11. 0.022 cm 


13. (a) 1.55 mm 
(b) 3.10 mm 

15. 0.069 cm 


CHAPTER 10 


1. (a) 4.7 X 10 -4 cm 

(b) 6.3 X 10- 4 cm 

(c) 4500 m 


3. (a) 5X 
(b) 0.76X 

5. 5 X 10"* cm 


7. (a) 


Magnification of ocular 

5X 

10X 

20 X 

Focal length of ocular 

5 cm 

2.5 cm 

1.25 cm 

Angular magnification of 
telescope 

5X 

10X 

20 X 

Radius of exit pupil 

2 mm 

1 mm 

0.5 mm 

Radius of diffraction disks 

5.72 X 10 -4 cm 

5.72 X 10- 4 cm 

11.4 X lO" 4 cm 

Distance between centers 
of diffraction disks on 
retina 

2.81 X 10 -4 cm 

5.63 X 10- 4 cm 

11.3 X 10 -4 cm 

Relative brightness of ret¬ 
inal image 

1 

1 

Vi 


7. (b) 10X , (c) Objects can be resolved with 10X and 20X oculars 


9. About 900 cm for green light 
11. 70% 

13. (a) 4 times 

(b) \i times 

(c) 16 times 


15. (a) 20,000 lines 
(b) 35,000 lines 


17. (a) About 0.06 m \i 
(b) About 2 cm 


CHAPTER 11 


1. Lyman: 121.5 m n, 91.2 m/i 
Paschen: 1870 m/i, 820 mu 
Brackett: 4050 m^i, 1460 m/i 

3. (a) 0.0075 m^t 
(b) 27,000 lines 


5. (a) 620 m/i 

(b) 8.67 X 10 7 cm/sec 

7. (a) }yi that of the first 
(b) The same 

9. (a) 0.0413 m/x 
(b) 0.000248 mu 
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1. (a) r = 0.6 

(b) a = 0.4 

(c) P = 0.5 watt 

(d) W = 20 watts/m* 

(e) 173°K 

(f) Wu = 50 watts/m* 

3. (a) 5794 m/i 

(b) 579.4 m/i 

(c) 5220°K 


5. 3.1 

7. 2020 watts 
9. 10.2 times 
11. 45% 

13. (a) 368 watts/m* 

(b) 264°K 

(c) 18.5 watts/m* 


CHAPTER 13 


1 . (a) 30 watts 

(b) 9100 lumens 

(c) 303 lumens/watt 

3. 38.7 cm 
5. 2.41 lumens/ft* 

7. R/V 2 


9. (a) 0.8 lumen/cm* 

(b) 0.8 lambert 

(c) 10 candles 

(d) 0.8 

11. irB lumens/m* 

13. 3.3 X 10 s candles/m* 

15. (a) 20 lumens 

(c) 2000 candles 

(d) 0.2 lumen/ft* 


CHAPTER 14 

1. AB, BC, AC; colors in area 7. (a) 492 m/i 

B-C-600-520; colors in area (b) 485 m/i 

0600-700-512c 

3. (a) 0.2, 0.6, 0.2 

(b) 0.4, 0.2, 0.4 

(c) 2:1 
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ANSWERS TO EVEN-NUMBERED PROBLEMS 


Note: Answers are given to only two significant figures. 

CHAPTER 1 


2. 

16.6 minutes 

4. 

228 rad/sec 

6. 

52,500 

8. 

1.11 

10. 

(a) 100 cm 

12. 

(a) 6 X 10 14 cycles/sec 


(b) 0.02 cm 


(b) 3 X 10 18 cycles/sec 



CHAPTER 2 

2. 

(a) 35° 

4. 

half observer’s height 


(b) 5° 

8. 

(a) 2 h above bottom of beaker 

6. 

3 cm 


(b) down 




n — 1 




(c) 2 h - d - 

n 

10. 

(a) 75 mm 

12. 

(a) 11.0 


(b) 64.5 mm 


(b) 21.8 ft 


(c) 35.4 mm 


(c) 35.0 ft 




(d) 37.5 ft 

14. 

No 

16. 

Yes 

18. 

1.30 

20. 

18.2 inches 

22. 

-- minute for normal incidence 



n — 1 



24. 

52.3° for 400 my 

26. 

(b) 90° 


47.4° for 700 my 

30. 

(a) 12.2° 

28. 

1° 


(b) 0.34° 


CHAPTER 3 

2. (a) Position of image is same as object 

(b) m = 1.5 

4. (a) Fish appears 1 inch nearer surface, and 8/9 X as large 

(b) Observer appears 36 inches further away, and 3 X as large 
6. (a) The first image 

(b) 30 cm 

(c) real 

(d) infinity 

(e) real and erect, or virtual and inverted 

(f) infinite 

8. (a) s' = —46 cm 10. (a) 1.5 cm 

(b) virtual, erect; y' = 2.0 mm (b) 2 

12. (a) Yes 

(b) s' = 2 R 

(c) Image is formed at surface of hemisphere vertically below its center 
of curvature 

4.94 cm; 5 cm 


14. 
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16. s' = 100 cm 
j/ = 5 cm 
virtual, erect 

20. (a) 10 inches below surface 

(b) Zero 

(c) Virtual object at center of 
globe 


18. (a) s' = H-24 inches; m = +2 

(b) Virtual, erect 
24. (a) Yes 

(b) 2.32 R to right of vertex 

(c) Virtual 

26. (a) s' = * 

(b) * 

(c) Coincides with original object 

(d) h 

(e) Inverted 




CHAPTER 4 

(b) s 

X 

s' 

x' 

m 

4" 

3" 

1.333" 

0.333" 

-1/3 

2" 

1" 

2" 

1" 

— 1 

1" 

0 

OO 

OO 

- 00 

3/4" 

-1/4 

-3" 

-4" 

+4 

(b) z 

s' 

m 

6. 

(a) 120 cm to right; —3 cm 

4" 

-2/3"* 

-1/3 


(b) 120 cm to right of second lens 

3" 

— 1/2" 

-1/2 


(c) 21.8 cm to right of second lens 

2" 

0 

— 1 


(d) 80 cm to left of second lens 

1" 

OO 

CO 




* s' measured relative to second lens 

1 1 (ti2 — ni ri3 ~ n 2 \ 

8. First focal length j = — y h R 2 / 

. 1 1 i n 3 ~ n 2 \ 

Second focal length j = — ^ ^ r /? 2 / 

10. o' a! = 4 mm o'b' = 2 mm o' c = 2 mm 
12. s' = 14 cm 14. 2 inches 

16. (a) -240 cm (b) « (c) 240 cm 

18. F is 20 cm to left of first vertex 20. F is 16.67" to left of first lens 

F' is 20 cm to right of second vertex F' is 6.67" to right of second lens 

// is 20 cm to right of first vertex U is 3.33" left of first lens 

//' is 20 cm to left of second vertex H' is 1.67" left of first lens 

22. at H 2 , m = 1 * = 13 33 ' / 

24. (d) For part (b) x' = 0.9 inch 26. 12 cm to right of V 2 

= —0.3 inch 28. 0.375 inch 

For part (c) x' = —0.61 inch 

y' = 0.21 inch 


2. (a) 3.5 diopters 

(b) —3.33 diopters 


CHAPTER 6 

4. (a) 12.5 cm to 25 cm 

(b) 100 cm to infinity 
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6. 

(a) 2 X 

8. 

(a) 842 X 


(b) 3 X 


(b) 50 X 

10. 

400 X 

12. 

(a) 10 mm 

14. 

(a) +5 lens should be 60 cm 

(b) 6 cm 


behind objective 


(c) 7.2 cm 


(b) 6 cm behind +10 lens 


(b) 0.46 cm away from objective 


(c) 5 X 



16. 

(a) 13 cm behind second lens of ocular 



(b) 6.67 cm 



18. 

(a) 7.14 mm 

20. 

(a) 1.2 ft 


(b) 0.857 inch 


(b) 15 inches 


(c) for D' = 2 mm /2 = 

0.24 inch 

(c) 3 inches; 5 inches 

22. 

(a) 2.86 cm 




(b) 1/40 sec 





CHAPTER 7 

2. 

(a) 32° 

4. 

1/16 


(b) 1.60 

10. 

(a) 355 mu 396 mu 

6. 

(a) 0.75 


(b) 430 m/i 860 m/i 1720 m/i 


(b) 0.50 


(c) elliptical, circular, linear 


(c) 0.25 


(rotated 90°) 

12. 

linear (rotated 90°) 

14. 

(a) Yes 




(b) Dark 




(c) Dark 



CHAPTER 8 

2. 

Dark; reversal of phase on reflection from medium of higher index 

4. 

500 m/i 6. 

700 m/i 

8. 1.4 mm 

10. 

(a) About 17 meters 

12. 

(a) 106 m/i 


(b) About 2.8 mm 


(b) 248°; 141° 


(c) About 4.5 wavelengths 

14. 

1.63 X 10~ 5 cm 



CHAPTER 9 

2. 

0.095 mm 

4. 

(a) 0° 257° 27' 442° 37' no 

6. 

17.5°; 36.9°; 64.1° 


(b) 1; 0.0474; 0.0165 

8. 

6.30 cm 

10. 

If X = 600 m/i 

12. 

2000 meters 


(a) 0.0022 mm 

14. 

(a) bright 


(b) 0.0073 mm 


(b) 25 cm toward opening 





CHAPTER 

10 

2. 

(a) 0.60 

4. (a) 0.80 6. 2.52 


(b) 150 X 

(b) 2.5 cm 


(c) 15 X 

8. 

4.46 X 10 4 meters 
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14. 

16. 

2 . 



2 . 

6 . 

8 . 









(a) 13.8 cm 

(b) 69 X (for pupillary diam. of 2 mm) 

(c) 2.61 cm 

(a) 2.18 cm 

(b) 6.72 X 10 -4 cm (for X = 550 m/i) 

(a) Deviations are equal (e.g., 25° for 550 m/i) 

AX 

(b) Resolutions are equal (i.e. — = 2.5 X 10 5 ) 


(a) 0.31 

(b) 76 X 

CHAPTER 11 


(a) 1.60 X 10 14 vib/sec; 1875 m/i 4. 

(b) Paschen 

(a) 3.27 X 10- 19 joule or 2.04 
electron volts 8. 


(a) 3.31 X 10- 10 joule 

(b) Same as (a) 

(c) 2.07 volts 
1.23 X 10° volts 


(b) 608 m/i 


CHAPTER 12 


3.78 
97.5 kw 

(a) 26.0 watts/m 2 

(b) 502 watts/m 2 
16.0 


4. (a) 459 watts/cm 2 

(b) 7350 watts/cm 2 

(c) 1.18 X 10 5 watts/cm 2 

12. 2.1 watts 

CHAPTER 13 


(a) 1.96 X 10“ 3 steradian 

(b) 25.5 candles 

(c) 320 lumens 

(d) 16 watts 


6 . 

8 . 


12 . 


0.37; 1.25; 3.14; 5.42; 6.28 
lumens/cm 2 

(a) 16,000 lumens/steradian or 16,000 

(b) 16,000 candles/cm 2 

(c) 50,300 lumens/cm 2 


(a) 5.12 footcandles 

(b) 5.55 ft 
227 candles 

(a) 10 lumens/m 2 

(b) 5 meterlamberts or 1.59 

candle/m 2 

(a) 0.126 lumen 

(b) 3.2 X 10 -6 lumen/cm 2 
candles 


CHAPTER 14 

(a) same 

(b) same 

(c) reflectance of second surface 1.5 times that of the first surface for 

illuminant C 

(a) Violet; yellow 

(b) Violet; purple; red; orange; yellow 
(b) Green 
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Common Logarithms 


N 

0 

X 

a 

3 

4 

5 

6 

7 

8 

9 

0 

• • • • 

OOOO 

3010 

4771 

6021 

6990 

7782 

845* 

903* 

9542 

I 

0000 

0414 

0792 

”39 

1461 

1761 

2041 

2304 

2553 

2788 

2 

3010 

3222 

3424 

3617 

3802 

3979 

4*50 

43*4 

4472 

4624 

3 

4771 

4914 

5051 

5185 

53*5 

544* 

5563 

S682 

5798 

59** 

4 

6021 

6128 

6232 

6335 

6435 

6532 

6628 

6721 

6812 

6902 

s 

6990 

7076 

7160 

7243 

7324 

7404 

7482 

7559 

7634 

7709 

6 

7782 

7853 

7924 

7993 

8062 

8129 

8195 

8261 

8325 

8388 

7 

8451 

8513 

8573 

8633 

8692 

875* 

8808 

8865 

8921 

8976 

8 

9031 

9085 

9138 

9i9i 

9243 

9294 

9345 

9395 

9445 

9494 

9 

9542 

9590 

9638 

9685 

973i 

9777 

9823 

9868 

99*2 

9956 

10 

OOOO 

0043 

0086 

0128 

0170 

0212 

0253 

0294 

0334 

0374 

I I 

0414 

0453 

0492 

0531 

os6g 

0607 

0645 

0682 

07*9 

0755 

12 

0792 

0828 

0864 

0899 

0934 

0969 

1004 

1038 

1072 

: 106 

13 

1139 

”73 

1206 

I2 39 

1271 

*303 

*335 

*367 

*399 

*430 

U 

1461 

1492 

1523 

1553 

1584 

1614 

1644 

1673 

*703 

*732 

IS 

1761 

1790 

1818 

1847 

1875 

*903 

*93* 

*959 

1987 

2014 

16 

2041 

2068 

2095 

2122 

2148 

2*75 

2201 

2227 

2253 

2279 

17 

2304 

2330 

235s 

2380 

240s 

2430 

2455 

2480 

2504 

2529 

18 

2553 

2577 

2601 

2625 

2648 

2672 

2695 

2718 

2742 

2765 

19 

2788 

2810 

2833 

2856 

2878 

2900 

2923 

2945 

2967 

2989 

20 

3010 

3032 , 

3054 

3075 

3096 

3”8 

3*39 

3160 

3181 

3201 

21 

3222 

3243 

3263 

3284 

3304 

3324 

3345 

3365 

3385 

3404 

22 

3424 

3444 

3464 

3483 

3502 

3522 

354* 

356o 

3579 

3598 

23 

3617 

3636 

365s 

3674 

3692 

37” 

3729 

3747 

3766 

3784 

24 

3802 

3820 

3838 

38S6 

3874 

3892 

3909 

3927 

3945 

3962 

25 

3979 

3997 

4014 

4031 

4048 

406s 

4082 

4099 

4116 

4*33 

26 

4150 

4166 

4183 

4200 

4216 

4232 

4249 

426s 

4281 

4298 

27 

4314 

4330 

4346 

4362 

4378 

4393 

4409 

4425 

4440 

4456 

28 

4472 

4487 

4502 

45«8 

4533 

4548 

4564 

4579 

4594 

4609 

29 

4624 

4639 

4654 

4669 

4683 

4698 

47*3 

4728 

4742 

4757 

30 

477i 

4786 

4800 

4814 

4829 

4843 

4857 

4871 

4886 

4900 

31 

4914 

4928 

4942 

49S5 

4969 

4983 

4997 

Sou 

S024 

5038 

32 

505* 

506s 

5079 

5092 

5 IO S 

5”9 

5*32 

5*45 

5*59 

5*72 

33 

518s 

5198 

5211 

5224 

5237 

5250 

5263 

5276 

S289 

5302 

34 

5315 

5328 

5340 

5353 

S366 

5378 

539* 

5403 

54i6 

5428 

35 

5441 

5453 

5465 

5478 

5490 

5502 

55*4 

5527 

5539 

555* 

36 1 

5563 

5575 

S587 

5599 

5611 

5623 

5635 

5647 

5658 

5670 

37 

S682 

5694 

5705 

5717 

5729 

5740 

5752 

5763 

5775 

5786 

38 

5798 

S809 

5821 

5832 

5843 

58SS 

5866 

S877 

5888 

5899 

39 

59” 

5922 

5933 

5944 

5955 

5986 

5977 

5988 

5999 

6010 

40 

6021 

6031 

6042 

8053 

6064 

607s 

6085 

6096 

6107 

6117 

4i 

6l28 

6138 

6149 

6l60 

6170 

6180 

6191 

6201 

6212 

6222 

42 

6232 

6243 

6253 

6263 

6274 

6284 

6294 

6304 

63*4 

6325 

43 

6335 

6345 

6355 

6365 

6375 

6385 

6395 

6405 

64*5 

6425 

44 

6435 

6444 

6454 

6464 

6474 

6484 

6493 

6503 

65*3 

6522 

45 

6532 

6542 

655* 

6561 

6571 

6580 

6590 

6599 

6609 

66x8 

46 

6628 

6637 

6646 

6656 

6665 

6675 

6684 

6693 

6702 

6712 

47 

6721 

6730 

6739 

6749 

6758 

6767 

6776 

6785 

6794 

6803 

48 

6812 

6821 

6830 

6839 

6848 

6857 

6866 

6875 

6884 

6893 

49 

6902 

69I I 

6920 

6928 

8937 

6946 

695S 

6964 

6972 

6981 

50 

6990 

6998 

7007 

7016 

7024 

7033 

7042 

7050 

7059 

7067 

N 

O 

X 

2 

3 

4 

5 

6 

7 

8 

9 
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6990 


9 * 

92 

93 

94 

95 

96 

97 

98 

99 


100 





7404 

7482 

75 S 9 

7634 

7709 


7782 


7853 

7924 

7993 

8062 

8129 

8195 

8261 

8325 

8388 


6998 


084 
168 
725* 

7332 

7412 

7490 

7566 

7642 

7716 


7789 


7016 I 7024 






875* 

8808 

8865 

8921 

8976 


9031 

9085 

9*38 

9191 

9243 

9294 

9345 

9395 

9445 

9494 


9542 


9590 

9638 

9685 

973 * 

9777 

9823 

9868 

99*2 

9956 


8000 

8069 

8136 

8202 

8267 

833 * 

8395 


8457 


85*9 

8 S 79 

8639 

8698 

8756 

8814 

8871 

8927 

8982 


9090 

9*43 

9196 

9248 

9299 

9350 

9400 

9450 

9499 


S 47 


9 S 95 

9643 

9689 

9736 

9782 

9827 

9872 

99*7 

9961 


0004 


7259 

7340 

74 X 9 

7497 

7574 

7649 

7723 


7796 


7868 

7938 

8007 

807s 

8142 

8209 

8274 

8338 

8401 


8463 


8S25 

858s 

8645 

8704 

8762 

8820 

8876 

8932 

8987 


9042 


9096 

9*49 

9201 

9253 

9304 

9355 

94 ®S 

9455 

9504 


9552 


9600 

9647 

9694 

974 * 

9786 

9832 

9877 

9921 

9965 



7427 

750S 

7582 

76S7 

773 * 


7803 


787S 

7945 

8014 

8082 

8149 

8215 

8280 

8344 

8407 


8470 


8710 

8768 

8825 

8882 

8938 

8993 


9047 


9101 

9*54 

9206 

9258 

9309 

9360 

9410 

9460 

9509 


9557 


9605 

9652 

9699 

9745 

979 * 

9836 

9881 

9926 

9969 


0013 




743 S 
75*3 

7589 

7664 

7738 


7810 


7882 

7952 

8021 

8089 

8156 

8222 

8287 

835 * 

8 ai 4 


8476 


8537 

8597 

8657 

8716 

8774 

8831 

8887 

8943 

8998 


9 ° S 3 


9106 

9*59 

9212 

9263 

93*5 

9365 

94*5 

946s 

95*3 


9582 


9609 

9657 

9703 

9750 

9795 

984* 

9886 

9930 

9974 


7033 


118 
202 
284 
364 
7443 
7520 

7597 

7672 

7745 


7818 


7889 

7959 

8028 

8096 

8162 

8228 

8293 

8357 

8420 


8482 


8543 

8603 

8663 

8722 

8779 

8837 

8893 

8949 

9004 


9058 


9112 

9*6S 

92*7 

9269 

9320 

9370 

9420 

9469 

95x8 


9566 


96x4 

9661 

9708 

9754 

9800 

984S 

9890 

9934 

9978 


0022 



79 

52 


7825 


7896 

7966 

8035 

8102 

8169 

8235 

8299 

8363 

8426 


8488 


8549 

8609 

8669 

8727 

878s 

8842 

8899 

8954 

9009 


9063 


9**7 

9x70 

9222 

9274 

9325 

9375 

942S 

9474 

9523 


957 * 


96*9 

9666 

97*3 

9759 

9805 

9850 

9894 

9939 

9983 


0026 


7832 


7903 

7973 

8041 

8109 

8176 

8241 

8306 

8370 

8432 


8494 


8555 

8615 

8675 

8733 

879 * 

8848 

8904 

8960 

9°*5 


9069 


9122 

9*75 

9227 

9279 

933 ° 

938 o 

9430 

9479 

9528 


9576 


9624 

967* 

97*7 

9763 

9809 

9854 

9899 

9943 

9987 


7059 


7*43 

7226 

7308 

7388 

7466 

7543 

7619 

7694 

7767 


7839 


79 *o 

798 o 

8048 

8116 

8182 

8248 

8312 

8376 

8439 


8500 


8561 

8621 

8681 

8739 

8797 

8854 

8910 

896s 

9020 


9074 


9128 

9180 

9232 

9284 

9335 

938s 

943 S 

9484 

9533 


958 * 


9628 

967S 

9722 

9768 

9814 

9859 

9903 

9948 

999 * 



7846 


79*7 

7987 

8055 

8122 

8189 

8254 

83*9 

8382 

8445 


8506 


8567 

8627 

8686 

8745 

8802 

8859 

89*5 

8971 

902s 


9079 


9*33 

9186 

9238 

9289 

9340 

9390 

9440 

9489 

9538 


9586 


9633 

9680 

9727 

9773 

9818 

9863 

9908 

9952 

9996 



















































































382 NATURAL TRIGONOMETRIC FUNCTIONS 










CONSTANTS 

AND 

CONVERSION FACTORS 
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x - 3.1416 
« - 2.7183 
log« 10 - 2.3026 

1 Angstrttm unit - A - 10 -8 cm 
1 micron ■ 0.001 mm 
1 centimeter — 0.39370 in 
1 inch — 2.5400 cm 
1 foot = 30.480 cm 
1 radian - 57.2958 degrees 

1 gram — 15.432 grains 
1 ounce “ 28.350 gm 
1 newton - 0.224 lb - 10» dynes 
1 pound (wt.) - 445,000 dynes 

1 atmosphere - 14.697 lb per sq in 
1 joule - 10,000,000 ergs 
1 calorie — 4.186 joules 
1 sq inch “ 6.4516 sq cm 
1 sq foot - 929.03 sq cm 
1 cu inch - 16.387 cu cm 
1 liter - 1000 cu cm 
1 gallon - 3.785 liters 
1 gallon - 231 cu in 

1 pound *■ 453.59 gm 
1 kilogram — 2.2046 lb 
1 slug - 14.6 kgm 

1 foot-pound “ 1.3549 joules 
1 Btu - 252.00 cal 
1 Btu - 778 ft-lb 
1 horsepower *■ 746 watts 




Periodic Table of the Elements. 

Atomic weight* are based on the most recent values adopted by the International Union of Chemistry. (For artificially produced elements, the approximate atomic 
weight of the most stable isotope is given in brackets.) 



89 Ac 90 Th 91 Pa 92 U 93 Np 94 Pu 95 Am 96 Cm 97 Bk 98 Cf 99 E 100 Fm 101 Md 102 No 103 
••Actinide series: 227 232.05 231 238.07 (237) (242) (243) (245) (249) (249) (253) (255) (256) 















































































INDEX 


Abbe’s sine condition, 70 
Aberration of light, 11 
Aberration, chromatic, 127 
spherical, 63 
Absorptance, 309 
Absorption, 308 
spectrum, 300 
Accommodation, 134 
Achromatic, doublet, 128 
light, 360 
prism, 51 
Adaptation, 133 
Amici prism, 46 
Ametropic, 135 
Analyzer, 184 
Anderson, W. C., 15 
Angle, critical, for total 
reflection, 43 
of deviation, 47 
glancing, 243 
of incidence, 26 
polarizing, 175 
of reflection, 26 
of refraction, "26 
Angstrom, 18 

Angular magniflcation, 139 
of telescope, 146 
Antinode, 210 
Aperture, numerical, 260 
relative, 117 
stop, 158 

Aplanatic lens, 122 
Aqueous humor, 132 
Astigmatic pencil, 41 
Astigmatism, of eye, 135 
of lens, 122 

Astronomical telescope, 145 
Atom, Bohr, 292 
Atomic number, 302 
Average reflectance, 361 
Axis, 60 
optic, 177 

Babinet compensator, 190 
Band spectrum, 302 
Beam, 5 

candlepower, 328 
Biaxial crystal, 177 
Blind spot, 133 
Birefringence, 177 
table, 181 
Blackbody, 310 
Bohr, Niels, 292 
Bohr atom, 292 


Boundary conditions, 170 
Bradley, James, 11 
Bragg, W. L., 242 
Bragg's law, 244 
Brewster, Sir David, 175 
Brewster’s law, 175 
Brightness, 322, 336 

Camera, 157 
Candle, 327 
standard, 329 

Cassegranian mounting, 155 
Caustic, 118 
Center of curvature, 60 
Chromatic aberration, 127 
Chromaticness, 322 
Chromaticity, 350 
diagram, 355 

Circle of confusion, 115, 158 
Circular light, 185 
Collimator, 161 
Color, 350 

complementary, 362 
mixture, additive, 351 
subtractive, 363 
nonspectral, 362 
of an object, 359 
primary, 352, 367 
sensation of, 322 
Colorimetry, 350 
Coma, 121 

Compensator, Babinet, 190 
Complementary color, 362 
Complete radiator, 310 
Component of color mixture, 351 
Compound, lens, 86, 107 
microscope, 142 
Compton, A. H., 3 
Compton effect, 3 
Concave grating, 240 
Conventions of sign, 61 
Converging lens, 101 
Cornea, 132 
Critical angle for total 
reflection, 43 
Crystalline lens, 132 
Curvature, center of, 60 
of field, 68, 122 
Cylindrical lens, 102 

DeBroglie wave length, 220 
Depth of field, 158 
Deuterium, 297 
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INDEX 


Deviation, angle of, 47 
minimum, 48 
by a prism, 47 
Dichroism, 182 
Diffraction, 65, 221 
Fraunhofer, 225 

by circular aperture, 244 
Fresnel, 225 

by circular aperture, 248 
by circular obstacle, 251 
by straight edge, 252 
grating, 233 
by a slit, 223 
of x-rays, 241 
Diopter, 138 
prism, 139 
Dioptric power, 138 
Direct-vision prism, 51 
Dispersion, 17, 49 
by a prism, 47 
Dispersive power, 50 
Distortion, 125 
Diverging lens, 101 
Dominant wave length, 350, 360 
Double refraction, 176 
Doublet, achromatic, 128 

Eclipses, 9 

Efficiency, luminous, 325 
Einstein, Albert, 2, 289 
Einstein’s photoelectric equation, 290 
Electromagnetic spectrum, 19 
Electron microscope, 270 
Elliptical light, 185 
Emission, 308 
Emittance, radiant, 309 
spectral, 313 
Emmetropic, 135 
Energy, radiant, 307 
Erect image, 70 
Erecting lens, 147 
Ether, 2 

Exit pupil, 151, 263 
Extraordinary ray, 180 
Eye, 132 
lens, 141 

limit of resolution, 260 
point, 151 
Eyepiece, 140 

Far point, 134 
Fermat, Pierre de, 30 
Fermat 's principle, 30, 66 


Field, curvature of, 68 
depth of, 158 
lens, 141 
stop, 158 

Fizeau, A. H. L., 13 
Fluorescent lamp, 345 
Flux, luminous, 324 
radiant, 308 
f/number, 157 
Focal length, of lens, 90 
of thick lens, 104 
of thin lens, 92 
of thin lenses in contact, 108 
of thin lenses not in contact, 108 
of mirror, 74 

Focal lengths of surface, 73 
Focal planes of lens, 87 
Focal points, of lens, 87 
of mirror, 74 
of surface, 73 
of thick lens, 104 
Footcandle, 330 
Foucault, Leon, 1, 13 
Fovea centralis, 133 
Fraunhofer, Joseph, 18, 216 
Fraunhofer, diffraction, 225 
lines, 302, 344 
Frequency, threshold, 288 
Fresnel, Augustin, 1, 18 
Fresnel, diffraction, 225 
zones, 245 

Fresnel's formulae, 174 
Galileo, 9 

Galilean telescope, 149 
Gamma rays, 20 
Gauss, Karl F., 94 
Gaussian lens equation, 94 
Geometrical optics, 60 
Glancing angle, 243 
Graphical methods, 75, 106 
Grating, concave, 240 
diffraction, 216, 233 
limit of resolution, 274 
reflection, 238 
replica, 238 
transmission, 238 

Half-period element, 245 
Half-wave plate, 187 
Heat transfer by radiation, 317 
Hertz, Heinrich, 2, 288 
Hue, 322, 350 
Huygens, Christian, 1 
Huygens ocular, 141 
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Huygens’ principle, 5, 222 
Hyperopia, 135 

I.C.I. color mixture data, 354 
Illuminance, 330 

by extended source, 337 
Image, 60 
erect, 70 
inverted, 70, 100 
perverted, 38 
in plane mirror, 34 
primary, 124 
real, 34, 63 
secondary, 124 
virtual, 34, 63 

Images in three dimensions, 38, 98 
Incandescent lamp, 344 
Incidence, angle of, 26 
plane of, 29 
Infrared, 20 

Index of refraction, 17, 49 
Intensity, luminous, 326 
Interference, 203 
in thin films, 203 
double slit, 214, 233 
many slits, 216, 237 
Interferometer, Michelson, 213 
Inverted image, 70, 100 
Iris, 133 
Irradiancc, 308 
Irrational spectrum, 239 

Kerr effect, 194 
Kirchhoff’s law, 307 

Lambert, 341 
Lambert's law, 336 
Lateral magnification, 68 
Least confusion, circle of, 115 
Lengths, focal, of lens, 87, 90, 104 
of mirror, 74 
of surface, 73 
Lens, aplanatic, 122 
compound, 86, 107 
converging, 101 
crystalline, 132 
cylindrical, 102 
diverging, 101 
erecting, 147 
eye, 141 
field, 141 

focal length of, 87, 90, 104 
focal planes of, 87 


Lens (Coni.): 

focal points of, 87, 104 
negative, 101 
positive, 101 
principal planes of, 89 
principal points of, 89 
simple, 86 

spherical aberration of, 114 
thick, 86. 103 
thin, 86. 91 

Lensmaker’s equation, 92 
Light, achromatic, 360 
circular, 185 
definition of, 3 
elliptical, 185 
linear, 168 
linearly polarized, 4 
monochromatic, 49 
natural, 168 
nature of, 1 
plane polarized, 4 
polychromatic, 49 
quanta, 290 
unpolarized, 168 
velocity of, 9 
white, 360 

Limit of resolution, 257 
of eye, 260 
of grating, 274 
of microscope, 262 
of prism, 276 
of telescope, 268 
Line spectrum, 282 
Linear light, 168 
reflection of, 169 
Linearly polarized light, 4, 168 
Lippmann process, 211 
Longitudinal magnification, 99 
Looming, 7 

Lorentz, Hendrik A., 285 
Luminosity, relative, 323 
Lumen, 324 
Luminance, 334 
Luminous, efficiency, 325 
flux, 324 
intensity, 326 
Lux, 330 

Macula, 133 

Magnification, angular, 139 
lateral, 68 
longitudinal, 99 
normal, 150, 263, 269 
overall, 142 
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Magnification ( Cont .): 
of telescope, 151 
transverse, 69 
Magnifier, 139 
Magnifying glass, 139 
Maksutov corrector, 121 
Malus, Etienne L., 184 
Malus’ law, 183 
Maxwell, James Clerk, 2 
Michelson, Albert A., 14 
Michelson interferometer, 213 
Micron, 18 

Microscope, compound, 142 
electron, 270 
limit of resolution of, 262 
simple, 139 
Microwaves, 20 
Millikan, R. A., 3 
Millimicron, 18 
Minimum deviation, 48 
Mirage, 7 

Mirror, focal length of, 74 
focal points of, 74 
plane, 34 

spherical aberration of, 117 
Monochromator, 346 
Monochromatic light, 49 
Myopia, 135 

Natural light, 168 
Near point, 134 
Negative lens, 101 
Newton, Sir Isaac, 18, 95 
Newton’s rings, 207 
Newtonian, lens equation, 95 
mounting, 155 
Nicol prism, 181 
Node, 210 

Nonreflecting films, 206 
Nonspectral color, 362 
Normal magnification, 150, 263, 269 
Number, atomic, 302 
Numerical aperture, 260 

Object, 60 
virtual, 77 
Objective, 142 
Ocular, 140 
Huygens, 141 
Rarnsden, 141 

Oil-immersion objective, 267 
Opera glass, 150 
Optic, axis, 177 
nerve, 132 


INDEX 

Optical activity, 194 
Optics, geometrical, 60 
physical, 167 
Ordinary ray, 180 
Overall magnification, 142 

Pencil, 5 

astigmatic, 41 
homocentric, 5 
Penumbra, 8 
Penta prism, 46 
Percentage polarization, 183 
Perverted image, 38 
Photoelasticity, 192 
Photoelectric effect, 3, 288 
Photoelectron, 3 
Photometer, 332 
flicker, 334 
Photometry, 322 
Photon, 3, 290 
Phototube, 291 
Physical optics, 167 
Planck, Max, 2, 311 
Planck’s constant, 290, 311 
law, 311 

Plane, of incidence, 29 
mirror, 34 

Plate, half-wave, 187 
quarter-wave, 187 
retardation, 185 
Points, focal, of lens, 87, 104 
of mirror, 74 
of surface, 73 
Polarization, 167 

by double refraction, 181 
partial, 183 
percentage, 183 
by reflection, 173 
Polarizer, 176 
Polarizing angle, 175 
Polaroid, 182 
Polychromatic light, 49 
Porro prism, 46 
Positive lens, 101 
Power, dispersive, 50 
Presbyopia, 134 
Primary, colors, 352, 367 
image, 124 

Principal, planes of lens, 89 
points of lens, 89 
Principle of superposition, 203 
Prism, achromatic, 51 
Amici, 46 
binocular, 148 
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Prism (Coni.): 
deviation by, 47 
diopter, 139 
direct vision, 51 
dispersion by, 47 
limit of resolution, 276 
Nicol, 181 
penta, 46 
Porro, 46 
reflecting, 44 
refraction by, 47 
spectrometer, 160 
Projection lantern, 155 
Pupil, exit, 151, 263 
of eye, 133 
Purity, 360 
Purkinje effect, 323 

Quanta, 290 

Quantum mechanics, 298 
Quarter-wave plate, 187 

Radiant, emittancc, 309 
energy, 307 
flux, 308 

Radiation, resonance, 301 
thermal, 307 
Radiator, 307 
complete, 310 
Rainbow, 54 
Ramsden ocular, 141 
Rangefinder, 158 
Rational spectrum, 239 
Ray, 4 

extraordinary, 180 
ordinary, 180 

Rayleigh, limit of resolution, 257 
scattering formula, 200 
Real image, 34, 63 
Reflectance, 173, 309 
average, 361 
spectral, 334 
Reflecting prism, 44 
telescope, 153 
Reflection, 24 
angle of, 26 
grating, 238 
law of, 25 
of linear light, 169 
at spherical surface, 67 
total, 28, 43 

Reflector, retrodirective, 37, 90 
Refracting telescope, 145 


Refraction, 24 
angle of, 26 
atmospheric, 6 
double, 176 
index of, 17, 49 
law of, 25 

by plane parallel plate, 46 
by a prism, 47 
at a spherical surface. 60 
Relative, aperture, 117 
luminosity, 323 
Replica grating, 238 
Resolution, limit of, 257 
Resonance, level, 301 
radiation, 301 
Retardation plate, 185 
Retina, 132 

Retrodirective reflector, 37, 90 
Roemer, Olaf, 10 
Roentgen, W. K., 241 
Rowland, J. H., 240 

Saturation, 322, 350 
Scattering, 195 
Schmidt corrector, 120 
Secondary image, 124 
Series, spectral, 284 
Shadow, geometrical, 8, 221 
Sign, conventions of, 61 
Simple, lens, 86 
microscope, 139 
Sine condition, Abbe's, 70 
Snell, Willebrord, 27 
Snell's law, 27 
Spectacles, 136 
Spectral, emittancc, 313 
reflectance, 334 
series, 284 
transmittance, 334 
Spectrograph, 163 
Spectrometer, prism, 160 
Spectroscope, 162 
Spectrum, absorption, 300 
band, 302 
electromagnetic, 19 
irrational, 239 
line, 282 
rational, 239 
visible, 18 
x-ray, 302 

Spectrophotometry, 334, 357 
Spherical aberration, 63 
of lens, 114 
of mirror, 117 
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Spyglass, 147 
Standard, candle, 329 
meter, 214 
Standing waves, 209 
Stefan, Josef, 316 
Stefan-Boltzmann, constant, 316 
law, 315 

Stop, aperture, 158 
field, 158 

Subtractive color mixture, 363 
Superposition, principle of, 203 

Telescope, angular magnification of, 146 
astronomical, 145 
Galilean, 149 
limit of resolution, 268 
reflecting, 153 
refracting, 145 
terrestrial, 147 
Terrestrial telescope, 147 
Thermal radiation, 307 
Thick lens, 86, 103 
focal length of, 104 
Thin lens, 86, 91 
focal length of, 92 
Threshold frequency, 288 
Total reflection, 28, 43 
Transmission grating, 238 
Transmittance, spectral, 334 
Transverse magnification, 69 
Trichromatic coefficient, 354, 355 
Tristimulus value, 354 


Ultraviolet, 20 
Ultramicroscope, 160 
Umbra, 8 

Uniaxial crystal, 177 
Unpolarized light, 168 

Vertex, 60 

Virtual, image, 34, 63 
object, 77 

Vitreous humor, 132 
Wave front, 3 

Wave length, DeBroglie, 220 
Wave mechanics, 270, 298 
Wave length, dominant, 350, 360 
Waves, standing, 209 
White, light, 360 
point, 360 

Wien’s displacement law, 315 
Wiener’s experiment, 211 
Work function, 290 

X-ray, diffraction, 241 
spectra, 302 
X-rays, 20 

Yellow spot, 133 
Young, Thomas, 1, 18, 214 
Young’s experiment, 214 

Zeeman, Pieter, 285 
Zeeman effect, 285 
Zones, Fresnel, 245 
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